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PKEFACE. 

The rapid growth in recent years of all branches of applied 
Bcience and the consequent increasing claims on the time of 
students have given rise in various quarters to the demand 
Ifor a change in the character of mathematicaJ text-books. 
To meet this demand several works have been published, 
addressed to particular classes of students and designed to 
supply them with the special kind and quantity of mathe- 
matics they are supposed to need. 

With many of the arguments urged in favour of the 
change I am in hearty sympathy, but it is as true now 
as it was of old that there is no royal road to mathematics, 
and that no really useful knowledge can be gained except 
by strenuous effort. 

It is sometimes alleged that a thorough knowledge of 
the derivatives and integrals of the simpler powers, of 
I the exponential and the logarithmic functions, and perhaps 
of the sine and the cosine, is quite suflScient preparation 
in the Calculus for the engineer. This contention has a 
solid substratum of truth; but a knowledge that goes 
beyond the mere ability to quote results is not to be 
obtained by the few lessons that are too often considered 
sufficient to expound these elementary rules. It may be 
possible to state and illustrate in a few lessons a sufficient 
amount of the special results of the Calculus to enable 
a student to follow with some intelligence the more 
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elementary treatment of mechanical and physical problems } 
but, though such a meagre course in the Calculus may 
not be without value, it is quite inadequate, both in kind 
and in quantity, as a preparation for the serious studys^ 
of such practical subjects as Alternate Current Theory,, 
Thermodynamics, Hydrodynamics, and the theory of Elas- j 
ticity, and to a student so prepared much of the recent i 
literature in Physics and Chemistry would be a sealed! 
book. Besides, it should surely be the aim of every well- 
devised scheme of education to place the student in a 
position to undertake independent research in his own! 
particular line of work, and the very complexity of the! 
problems presented to modem science, with the vast accum-: 
ulation of detail so characteristic of it, enhances in no 
small degree the value of a liberal training in mathematics. 
Subsequent specialisation makes it the more, not the less, 
necessary that the mathematical training in the earlier 
stages should be the same whether the student afterwards 
devotes himself to pure mathematics or to the more 
practical branches of science, especially as the processes of 
thought involved in any serious study of mechanical, 
physical, or chemical phenomena have much in common 
with those developed in the study of the Calculus. 

The early text-books on the Calculus, such as Maclaurin's 
or Simpson's, were not written for pure mathematicians 
alone, but drew their illustrations largely from Natural 
Philosophy ; the later text-books, probably in consequence 
of the ever-widening range of Physics, gradually dropped 
physical applications, and even tended to become treatises 
on Higher Geometry. In the present position of mathe- 
matical science, however, it is just as much out of place to 
make an elementary work on the Calculus a text-book 
of Higher Geometry as it would be to make it a text- 
book of Physics or of Engineering or of Chemistry. What 
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may be reasonably required of an elementary work on 
the Calculus is that it should prepare the student for 
immediately applying its principles and processes in any 
department of his studies in which the Calculus is generally 
used. With this end in view, the subject should be 
illustrated from Geometry, Mechanics, and Physics while 
the peculiar diflSculties of these branches are relegated 
for detailed treatment to special text-books, so that the 
illustrations may really serve their purpose of throwing 
light on general principles, and may not introduce rather 
than remove intellectual obscurity. As regards Chemistry, 
a sound knowledge of the Calculus is of special importance, 
since it is the properties of functions of more than one 
variable that are predominant in chemical investigations ; 
the lately published book of Van Laar, Lehrbuch der 
Matkematischen Ch&mie^ is a sign of the times that cannot 
be mistaken. 

In this text-book an effort has been made to realise 
the aims just indicated. With respect to mathematical 
attainments, the reader is supposed to be familiar with 
Geometry, as represented by the parts of Euclid's Elements 
that are usually read, with Algebra up to the Binomial 
Theorem for positive integral indices, and with Plane 
Trigonometry as far as the Addition Theorem ; but no 
use is made of Complex (imaginary) number, nor is a 
knowledge of Infinite Series presupposed. The excessive 
refinements of modem mathematics have been deliberately 
avoided, as being neither profitable nor even intelligible 
to the young student; constant appeal has been made to 
geometrical intuitions, while at the same time considerable 
attention has been paid to the logical development of the 
subject. 

The early chapters may seem to contain a great deal 
of matter that is foreign to the book : but the theory 
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of graphs and of units is of such importance, and is as 
yet so imperfectly treated in elementary teaching, that some 
account of it appeared to be a necessity. After considerable 
hesitation I have included in my plan the elements of 
Coordinate Geometry, so far as these were likely to be of real { 
service in elucidating fimdamental principles or important 
applications ; but for many applications of the Calculus an 
extensive acquaintance with Coordinate Geometry is not j 
necessary, and I hope that a suflSciently clear account of ' 
its principles has been given to meet the practical needs I 
of many studenta I have, however, excluded the discus- 
sion of the theory of Higher Plane Curves and of Surfaces 
as unsuitable for an elementary treatise. 

Another innovation is the chapter on the Theory of 
Equations ; the innovation seems to be justified, not merely 
as an arithmetical illustration of the Calculus, but also by 
the practical importance of the subject, and by the absence 
of elementary works that treat of transcendental equations. 

The general development is that which I have followed 
in class-teaching for several years. The somewhat lengthy 
discussion of the conceptions of a rate and a limit I have 
found in practice to be the simplest method of enabling a 
student to grapple with the special difficulties of the 
Calculus in its applications to mechanical or physical 
problems ; when these notions have been thoroughly 
grasped, subsequent progress is more certain and rapid. 
No rigid line is drawn between differentiation and inte- 
gration, and several important results requiring integration 
are obtained before that branch is taken up for detailed 
treatment. The discussion in Chapter X. of areas and of 
derived and integral curves is designed, not only to furnish 
a fairly satisfactory basis for the geometrical definition 
of the definite integral, but also to illustrate a method 
of graphical integration that is of some importance to 
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engineers, and that may be of some value even in purely 

> theoretical discussions. 

As in some of the more recent text-books, the discussion 

, of Taylor's Theorem has been postponed ; the Mean Value 

^Theorem is sufficient in the earlier stages, and the some- 
what abstract theorems on Convergence and Continuity of 
Series are most profitably treated towards the end of the 

[course. The treatment, however, is such that teachers who 

[prefer the usual order may at once pass from the Mean 
Value Theorem to Chapters XVII. and XVIII. 

I Functions of more than one variable are treated in less 

i detail than functions of one variable ; but I have tried to 

' select such portions of the theory as are of most importance 

I in physical application& The book closes with a short 
chapter on Ordinary Differential Equations, designed to 
illustrate the types of equations most frequently met 

I with in dynamics, physics, and mechanical and electrical 

] engineering. 

I Simple exercises are attached to many of the sections; 
in the formal sets will be found several theorems and 

: results for which room could not be made in the text, and 
which are yet of sufficient importance to be explicitly 
stated I have tried to exclude all examples that have 
nothing but their difficulty to recommend them ; and 

' with the object of encouraging the student to put himself 
through the drill that is absolutely necessary for the 
acquisition of facility and confidence in applying the 
Calculus, I have freely given hints towards the solution 

, of the more important examplea 

In the preparation of the book, I have consulted many 
treatises, and where I am conscious of having adopted a 

) method of exposition that is peculiar to any writer, I have 
been careful to make due acknowledgment. It is difficult, 

^ however, when one has been teaching a subject for years to 
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recognise the sources of his knowledge, and it may well be 
that I have borrowed more largely than I am aware. 

I am greatly indebted to my friends Professor Andrew 
Gray, F.R.S.; Mr. John S. Mackay, LL.D.; Mr. Peter Bennett ; 
Mr. John Dougall, M.A.; and Mr. Peter Pinkerton, M.A., for 
help in the tedious task of the revision of proof-sheets and 
for useful criticism. In all matters bearing on Physics, 
Professor Gray's advice has been of the greatest service. 
To Mr. Dougall my obligations are specially great ; he has 
taken a lively interest in the work from its inception, and 
has read the whole of it in manuscript, placing at my dis- 
posal, in the most generous way, his great knowledge of 
the subject and the fruits of his experience as a teacher ; to 
him, too, I owe the verification of the examples. 

I desire to thank Professor R. A. Gregory for his constant 
and kindly advice on matters relating to the passage of the 
book through the press. I am also grateful to the printers 
for the excellence of their share of the work. 

GEORGE A. GIBSON. 

Glasgow, September, 1901. 



CONTENTS. 



CHAPTER I. 
COORDINATES. FUNCTIONS. 

ABT. PAGE 

1. Directed Segments or Steps, 1 

2. Addition of Steps, 2 

3. Symmetric Steps and Subtraction of Steps, .... 3 

4. Abscissa of a Point. Fundamental Axiom, .... 4 

5. Measure of a Step, 5 

6. Axes of Coordinates. Squared Paper, 6 

7. Distance between two Points, ....... 9 

8. Polar Coordinates, 10 

9. Variable. Continuity, 12 

10. Greometrical Representation of Magnitudes, . . 13 

11. Function. Dependent and Independent Variables, . 13 

12. Notation for Functions, 16 

13. Explicit and Implicit Functions, 16 

14. Multiple- valued and Inverse Functions, 17 

Exercises /., 19 



CHAPTER 11. 

GRAPHS. RATIONAL FUNCTIONS. 

15. Object of the Calculus. Graphs, 20 

16. Graph of ar*, 20 

17. Equation of a Curve. Symmetry. Turning Values, 23 

18. Graph of car», 24 

19. Scale Units, 26 

20. Coordinate Geometry, 27 

Exercises II. y 29 



xii AN ELEMBKTARV tfeEATISE ON THE CALCULUS. 

ART. PA.CEV I 

2L The Linear Function. Litercepts, 90 

22. Gradient, 32 

Exercises III., 32 

23. Rational Functions. Point of Inflexion, 34 

24. Asymptotes, 37 

Exercises IV 41 



CHAPTER III. 

GRAPHS. ALGEBRAIC AND TRANSCENDENTAL FUNCTIONS. 

CONIC SECTIONS. 

25. Algebraic Functions. Gtuph of Inverse Functions. Cusps, . 43 

26. Conic Sections, 47 

27. Change of Origin and of Axes, 52 

Exercises F., 54 

28. Transcendental Functions. Trigonometric Functions, . . 56 

29. The Exponential Function and the Logarithmic Function, . 57 

30. General Observations on Graphs, 59 

Exercises F/., . . . . . . 60 



CHAPTER IV. 

RATES. LIMITS. 

31. Rates, 65 

32. Increments, 65 

33. Uniform Variation. Measure of a Uniform Rate, ... 67 

34. Dimensions of Magnitudes, 68 

35. Variable Rates, 71 

36. Average Rate, 71 

37. Measure of a Variable Rate, 73 

38. Limits, 74 

39. Examples of Limits. Definition of Tangent, .... 74 

40. General Explanation of a Limit, 79 

41. Definition of a Limit. Notation. Distinction between Limit 

and Value, 79 

42. Theorems on Limits, 81 

43. Examples. Mensuration of Cylinder and Cone, ... 83 



I CONTENTS. xiii 

CHAPTER V. 
CX)NTINUITY OF FUNCTIONS. SPECIAL LIMITS. 

ABT. PAOB 

a. Continuity of a Function, 87 

•45. Theorems on Continuous Functions, 89 

46. Continuity of the Elementary Functions, 90 

47. L (a^-a»»)/(a;-a), 91 

92 



|48. L (l+— ) . The number e, 



49. The Function e«, 96 

60. Compound Interest Law, 97 

Exercises VII., 98 

CHAPTER VL 

DIFFERENTIATION. ALGEBRAIC FUNCTIONS. 

5L Derivatives. Differentiation, 101 

52. Increasing and Decreasing Functions. Stationary Values, 103 

53. Geometrical Interpretation of a Derivative, .... 105 

54. Derivative as an Aid in Graphing a Function, .... 106 

55. Derivative not Definite, 107 

66. Fluxions. Velocity, . .109 

67. Derivative of a Power, Ill 

68. General Theorems, Ill 

Exercises VIIL, 115 

59. Derivative of a Function of a Function and of Inverse Functions, 116 

Exercises IX,, 119 

eO. Differentials, . . . . * 120 

61. Geometrical Applications. Tangent. Subtangent, etc. , . . 122 
02. Derivative of Arc, 124 

Exercises X, ....... 125 

CHAPTER Vn. 

DIFFERENTIATION [continued), TRANSCENDENTAL 
FUNCTIONS. HIGHER DERIVATIVES. 

63. Derivatives of the Trigonometric Functions, .... 129 

Exercises XI,, 131 

64. Inverse Trigonometric Functions, 133 

Exercises XIL, 134 



1 



xiv AN ELEMENTARY TREATISE ON THE CALCULUS. 

ART. PAQB 

65. Exponential and Logarithmic Functions, 13^ 

Exercises XIILy 139 

66. Hyplerbolic Functions, 139 

67. Higher Derivatives, 142 

68. Leibniz's Theorem. Examples, ^ 144. 

Exercises XIV,, 146 



CHAPTER VIII. 

PHYSICAL APPLICATIONS. 

69. Applications of Derivatives in Dynamics. Simple Harmonic 

Motion. Potential, 149 

70. Coefficients of Elasticity and Expansion, 156 

71. Conduction of Heat, 157 

Exercises XV. y 159 



CHAPTER IX. 

MEAN VALUE THEOREMS. MAXIMA AND MINIMA. 

POINTS OF INFLEXION. 

72. RoUe's Theorem and the Theorems of Mean Value, . . .161 

73. Other Forms of the Theorems of Mean Value 164 

74. Maxima and Minima, 166 

75. Examples. Graph of e"*** sin (6a? +c), 168 

76. Elementary Methods, -171 

77. Variation near a Turning Value, 174 

Exercises X VL a, X VI. 6, X VI. c, . 176-180 

78. Concavity and Convexity. Points of Inflexion, . . . 180 

Exercises XVIL, 182 



CHAPTER X. 

DERIVED AND INTEGRAL CURVES. INTEGRAL FUNCTION. 
DERIVATIVES OF AREA AND VOLUME OF A SURFACE 
OF REVOLUTION. POLAR FORMULAE. INFINITESIMALS. 

79. Derived Curves, 183 

80. Derivative of an Area, 185 

81. Interpretation of Area, 187 



CONTENTS. XV 

kBT. PAGK 

S2. Integral Function, 188 

83. Integral Carve, 190 

84 Graphical Integration, 192 

85. Surfaces of Revolution, 193 

86. Infinitesimals, 195 

87. Fundamental Theorems, 197 

88. Polar Formulae, 200 

Exercises XVIIL, 201 



CHAPTER XL 

PARTIAL DIFFERENTIATION. 

89. Partial Difierentiation. Continuity of a Function of two or 

more Independent Variables, 204 

89a. Coordinate Geometry of Three Dimensions. Direction Cosines. 

flqnations of Line and Plane. Equation of Surface, . . 205 

90. Total Derivatives. Complete Differentials, . . . .211 

91. Greometrical Illustrations. Tangent Plane. Normal, . . 214 

92. Rate of Variation in a given Direction. Note on Angles, 218 
93w Derivatives of Higher Orders. Commutative Property. 

Laplace's Equation, 220 

94. Complete Differentials, 224 

95. Application to Mechanics. Potential, 225 

96. Application to Thermodynamics, 228 

97. Four Thermodynamic Relations 231 

98. Change of Variable. Differentials of Higher Orders, . . 233 

99. Transformation of V^, 235 

Exercises XIX., 238 



CHAPTER XIL 

APPLICATIONS TO THE THEORY OP EQUATIONS. 

100. Rational Integral Functions. Zeroes, 242 

101. Any Continuous Function, 243 

102. Newton's Method of approximating to the Roots of an Elquation, 244 

103. Tests for Degree of Approximation, 245 

104. Examples, 246 

106. Successive Approximations, . 247 



xvi AN ELEMENTARY TREATISE ON THE CALCULUS. 

ART. PAOl 

106. Expansion of a Root in a Series. Reversion of Series, . . 240 

107. The Equation x= tan a?, 251 

Exercises XX., 2S3 

108. Proportional Parts, 2S5 

109. Small Corrections, 258 

ExercUea XXL, 



m^ 



CHAPTER XIIL 
INTEGRATION. 

110. Integration. Indefinite and Definite Integral. Constant of 

Integration, 

111. Standard Forms, 

112. Algebraic and Trigonometric Transformations, ... 267 

Exerdsee XXIL, 269 

113. Change of Variable, 271 

114. Examples of Change of Variable, 272 

115. Quadratic Functions, 274 

116. Trigonometric and Hyperbolic Substitutions, .... 277 

117. Some Trigonometric Integrands, 278 

Exercises XXIIL, 280 

118. Integration by Parts, 281 

119. Successive Reduction. The Integral / fdn^xocM^dXf . . 284 

Exercises XXIV., 288 

120. Partial Fractions, 290 

121. Integration of Rational Functions, 292 

122. Irrational Functions, 294 

123. General Remarks, 295 

Exerciser XXV., 296 



CHAPTER XIV. 

DEFINITE INTEGRALS. GEOMETRICAL APPLICATIONS. 

124. Definite Integrals. Theorems 298 

125. Related Integrals, dOl 

126. Infinite Limits. Infinite Integrand 304 

Exercises XX VL, 306 



J 



CONTENTS. xvii 

ART. PAQB 

127. Some Standard Areas and Volumes. Curve Tracing, . . 309 

Exercises XX VIL, 312 

128. Area of Closed Curves, . . ' 316 

129. Area Swept out by a Moving Line, 319 

130. Planimeters, 321 

Exerdsea XXVIIL, 322 



CHAPTER XV. 

INTEGRAL AS LIMIT OF A SUM. DOUBLE INTEGRALS. 

131. Integral as the Limit of a Sum, ' 324 

132. Examples, 327 

133. Approximations. Simpson's Rule, 328 

Exercises XXIX,, 331 

134. Mean Values, 333 

135. Double integrals, 334 

136. Notations for Double Integrals. Polar Elements. Triple Integrals, 337 

137. Centres of Inertia, 341 

138. Moments of Inertia, 343 

139. Polar Element of Volume. Definition of Line Integral and of 

Surface Integral, 346 

Exercises XXX,, 347 

Gramma and Beta Functions, 349 



CHAPTER XVL 

CURVATURE. ENVELOPES. 

140. Curvature. Fundamental Formula, 352 

141. Circle, Radius, and Centre of Curvature, .... 354 

142. Various Formulae for the Curvature. Intrinsic Equation of a 

Curve, 355 

Exercises XXXI. , 369 

143. Evolute, Involute, Parallel Curves, 361 

144. Envelopes, 364 

145. Equation of Envelope. Contact Theorem, .... 365 

146. Cycloids. Epicycloids. Hypocycloids, 368 

Exercises XXXII. , 371 



xviii AN ELEMENTARY TREATISE ON THE CALCULUS. 



CHAFIER XVII. 
INFINITE SERIES. 

ABT. PACa 

147. Infinite Series — Convergent, Divergent, Oscillating, « . SIS 

148. Existence of a Limit. Theorems, ...... 377 

149. Tests of Convergence. Fundamental Test ; Comparison Test ; 

Test Ratio. Remainder, 379 

150. Absolute Convergence. Power Series, 382 

151. Uniform Convergence. Continuity of Series, .... 38^ 

Exerciaea XXXIILy .... 387| 



CHAPTER XVIII. 

TAYLOR'S THEOREM. 

152. Taylor *s Theorem. Maclaurin's Theorem. Remainder, . 390 

153. Examples of Expansions : sin a;, cos a;, c*, (1 +»)"*, log(l +,a;), . 393 

154. Calculation of the n*^ Derivative. Examples, . . . 397 

155. Differentiation and Integration of Series, .... 399 

156. Expansions. Approximations. Examples of Integration of 

Series, 401 

Exercises XXXIV.y 403 



CHAPTER XIX. 

TAYLOR'S THEOREM FOR FUNCTIONS OF TWO OR MORE 

VARIABLES. APPLICATIONS. 

157. Taylor's Theorem for Functions of two or more Variables, . 408 

158. Examples :— Tangent Plane, Euler's Theorems of Homo- 

geneous Functions, 411 

159. Maxima and Minima of a Function of two or more Variables, 412 

160. Examples. Undetermined Multipliers, 414 

Exercises XXX V.y 416 

161. Indeterminate Forms. Elementary Methods, . . . 418 

162. Method of the Calculus, 419 

Exercises XXX VL, 422 



CONTENTS. xix 



CHAPTER XX. 

DIFFERENTIAL EQUATIONS. 

163. Differential Equations. Definitions. Examples, . . 424 

^. Complete Integral, 426 

Exercises XXXV I L, .... 427 

|85. Equations of the First Order and of the First Degree. Vari> 
ables Separable. Homogeneous Equations. Linear Equa- 
tions. Exact Equations, 428 

106. Equations of First Order, but not of First Degree. Clairaut's 

£k][uation. Singular Solutions, 431 

167. Equations of the Second Order. Simple Pendulum, . . 432 

168. Linear Equations. General Property, 433 

169. The Complementary Function, 434 

170. The Particular Integral, 436 

171. Simtdtaneous Equations. Example from Electric Circuits, . 437 

Exercises XXX VI IL, . . . .439 

Answkbh, 442 

Index, 454 



AN ELEMENTARY 
TREATISE ON THE CALCULUS. 

CHAPTER I. 

COORDINATES. FUNCTIONS. 

§ 1. Directed Segments or Steps. Let AyB (Fig. 1) be any 
two points on a straight line. In Elementary Geometry it 
is customary to denote the segment of the line between 
A and B by AB or by BA indifferently, the order of the 
letters being of no consequence. It is useful, however, for 
many purposes to distinguish the segment traced out 
by a point which moves along the line from A io B from 
that traced out by a point which moves from B to A, 
When this distinction is made, the segment is called a 
directed segment or vector or stepy and the distinction is 
represented in the symbol for the segment by the order of 
the letters ; thus, AB denotes the segment traced out by a 
point which moves from -4 to -B, while BA denotes the 
segment traced out by a point which moves from B to A, 
The length of the step AB is the same as that of the step 
BA, but the steps have opposite directions. 



•t^ 



B D' 



Fig. 1. 



Two steps AB, CD are defined to be equal if (1) they are 
oa the same straight line or on parallel straight lines, (2) 
the lengths of 45 and CD are equal, and (3) D is on the 

Q.C. A « 
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same side oi C as B is oi A, Thus, if iX be at the same < 
distance from (7 as Z) is, but on the opposite side, ABia not 
equal to CD' but to Z)'(7. The step AB has the same length 
and the sd,me direction as CD or 1/0, but though it has the 
same length as CD\ it has not the same direction and is 
therefore not equal to CI/ in the sense in which "equal" 
has been defined for steps. 

§ 2. Addition of Steps. Let A, B, C he any three points ; 
on a straight line. Whatever be the relative position of 
the points A, B, G, a, point which moves along the line ' 
from A to B, and then from B to C, will be at the same 
distance from A and on the same side of ^ as if it had 
moved directly from A to C, ^C7 is therefore taken as the 
sum of the steps AB and BG, and the operation of addition 
of steps is defined by the equation 

AB+BG=AG. 

When B lies between A and G, the sum of the lengths of 
the steps AB and BG is equal to the length of the step AC, 
and therefore in this case addition of steps agrees with the 
usual geometrical meaning of addition of segments in 
which length alone is considered. But when B does not 
lie between A and G, the sum of the lengths of the steps 
AB and BG is not equal to the length of the step AG. it 
will be seen immediately that steps can be represented as 
positive or negative, and that addition of steps corresponds 
to algebraical addition. 

If D be any fourth point on the line 

AB+BG+GD=AG+GD = AD, 

and in the same way the sum of any number of steps may 
be defined. 

To find the sum of AB and GD when B arid G are not 
coincident, take the step BE equal to the step GD ; then 

AB+GD=AB+BE=AE. 

If X be any positive number, xAB is a step in the same 
direction as the step AB, and of a length which is to the 
length of AB in the ratio of a; to 1 ; thus, SAB is a step 
thrice as long, and in the same direction as the step AB, 
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^AB is ^ step five-thirds of the length of AB and in the 
same direction. 

The student will have no difficulty in showing that the 
cominutative and associative laws for the addition of 
numbers hold for the addition of steps. 

§ 3. Symmetric Steps and Subtraction of Steps. If in the 
first case of the preceding Article the point C be supposed 
to coincide with A, the step AG becomes the zero-step 44, 
which is denoted by 0. Hence, in symbols, 

AB+BA = AA = 0. 

Similarly, AB+BG+ 04 =4(7+ (7^ = 0. 

In Algebra the negative number —a is defined by the 
equation 

a+(-a)=0. 

In the same way the negative step —45 may be defined 
by the equation 

AB+BA^O 

as being the step BA", that is, the step ^AB is the step 
BA of the same length in the opposite direction. The 
symbol + may now be attached to a step AB, and +AB 
may be called a positive step. The two steps +AB and 
rr-AB (or BA) are called symmetric steps. Obviously, if 
two steps ar« equal, so also are their symmetric steps. 

The operation of subtraction of a step is defined as the 
addition of the symmetric step ; in sympols, 

AC-BG^AC+CB^ABl', 

or, AB^CIB=^AB+DG=AG'\ if BC^DG. 

Precisely as in Algebra, the commutative and associative 
laws may be shown to hold for subtraction of steps, and 
there wifl be no confusion caused by the use of the symbols 
+ and — to indicate symmetric steps as well as the 
operations of addition and subtraction. 

By the definition of subtraction, if 4, J5 be any two 
points on a line and emy third point, 

4J5=40+05=0£+40 = 0£-04. 
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§ 4. AbscisBa of a Point. Let be a fixed point on a 
Kne X'OX and P, P' two points on opposite sides of but 
at the same distance from it (Fig. 2); let U be another 
point on the line on the same side of as P is, say to the 
right of 0. 

The steps OU, OP have the same sign; the steps OCT, 
OF have opposite signs. 

Let OU be taken as a standard of length, say 1 inch, and 
as a standard of direction ; it may therefore be called the 
unit step. Steps measured like OU to the right will be 
called positive steps, while those measured to the left will 
be called negative. Thus OP, FP are positive, OP", PP 
negative steps. 

If. I I I I * 

X' P' A' U' O U A P X 

Fia. 2. 

If OP is equal to xO U, then 

0R= -FO='-OP= --xOU. 

The positive number x is called the absdaaa of P with 
respect to the origin ; the negative number — aj is called 
the abscissa of F with respect to the same origin, and the 
line X'OX is called the dxis of abscissae. Every point of 
the line to the right of will have a positive number for 
abscissa, and every point to the left of a negative 
number ; the abscissa of itself is zero. Thus if OA = 20U, 
the abscissa oi A is 2; the abscissa of U isl; the abscissae 
of U' and A\ the points symmetric to U and -4, are —1 
and — 2 respectively. 

As thus defined, the abscissa of a point P is the ratio of 
OP to the unit step i7, taken with the positive or negative 
sign according as P is to the right or to the left of 0, 
U being supposed to be to the right of 0. When a point P 
has the abscissa x, it is convenient to say that the point P 
and the number x correspond to each other. Thus the 
point A and the number 2, the point U' and the number 
— 1, the point and the number correspond to each 
other. 

Axiom. — The fundamental axiom on which the application 
of Algebra to Geometry rests is that, when the origin and 
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the unit step OU have been fixed, there is a one-to-one 
correspondence between the points of the axis and the 
system of real numbers ; that is, to every point on the axis 
corresponds a definite number, namely the abscissa of the 
point, and to every number corresponds a point on the axis, 
namely the point which has the number for abscissa. 

When the ratio of OP to CT is a rational number, that 

is, a positive or negative integer or fraction, P is determined 

by laying oS OU, or a submultiple of OCT, a certain number 

of times along the axis, to the right or to the left, according 

as the number is positive or negative. Thus if the number 

be — 1^, we lay off to the left a line equal to 7 times the 

third part of OU. When, however, the ratio of OP to OU 

is an irratioTuU number, such as ^2 or tt, the position of 

P may be determined in practice by taking a rational 

approximation to the irrational number. Thus for tt we 

may take 31 or 314 or 3142, etc., according to the size of 

the unit line. Of course, whatever size the unit line may 

be, a stage is soon reached when the closer approximations 

become indistinguishable in the diagram; if the unit be 

1 inch it would be difficult to distinguish the points whose 

abscissae are 314 and 3142 from each other. Irrational 

numbers are, however, subject to the same laws of operation 

as rational numbers, and though in a diagram it may be 

impossible to distinguish the points corresponding say to 

TT and 3142 from each other, yet in our reasoning they 

are to be considered distinct, just as in reasoning about a 

straight line we consider it to have no breadth, although 

we cannot represent such a line in a diagram. 

Ex. 1. Mark the points whose abscissae are : 

^; -3; V2; -\/3; --^; tt; -|; -^ir. 

Ex. 2. If X be the abscissa of a point, mark the points which are 
determined by the equations : 

2^-3=0; 3a?+5=0; ^-4=0; 3^2_4^_1^0. 

§ 5. Measure of a Step. If the abscissae oi A, B are a, b 
" respectively, then 

AB = OB-'OA==bOU-aOU={b--a)OU. 
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The number 6 — a may be taken ka the measure of ^J5; 
the mumerical value of 6 — a gives the ratio of the length 
of ^5 to the length of the unit step OtT, and the sign of 
6 — a gives the direction of AB, Thus if IT be 1 inch, 
6=5, a = 2, AB will be 3 inches and B will be to the right 
ot A; if 6= — 5, a= — 2, AB will be 3 inches long, and 
sinde —5 + 2 is negative B will be to the left of A. The 
unit step OfT is generally omitted, and AB is said to be 
equal to 6 — a. 

By the definition of the expression " algebraically greater," 
b is algebraically greater than a when b—a is positive; 
therefore when o is algebraically greater than a, B lies to 
the right of A. Similarly when 6 is algebraically less thali 
a, B Ties to the left, of A. We have, therefore, the (ion- 
veinient relation that the nilmber 6 is algebraically greater 
or less than the number a, according as the point whose 
Abscissa is 6 lies to the right ot' to the left of the point 
whose abscissa is a. Instead of the expression " the point 
trhose abscissa is a" it will be more Compact arid equally 
dear to use the phrase " the point a" 

£x. 1. Determine in sign and magnitude the step AB for the cases : 

a=J, 6=4 ; as= — l, 6=1 ; a^ —2^ 6= —6 ; a= — V2> h=Tr. 

Ex. 2. Show that the abscissa of the middle point ot AB iM J(a+6). 

Ex. 3. llAP:PB=-k:l show that the abscissa of P is (a + kb)l(k -f 1). 

For if ^ is the abscissa of P 

AP—x-a^ PB=h-x and 47-a=it(6-^). 

What is the sign of h (i) when P lies between A and 5, (ii) wheii 
P does not lie between A and B ? 

§6. Axes of Coordinates. Let X'OX, TOY (Fig. 3) be 
two unlimited straight lines at right angles to each other, 
and P any point in the plane of the diagram; draw PM, 
PN perpendicular to X'X, F' F respectively. 

When P is given, the steps OM, ON are definitely deter- 
mined ; and conversely when the steps Oil/, ON are given, 
P is definitely determined as the point of intersection of 
the perpendiculars MP^ NP. 

Let OU he the unit step for the direction X'X, OV the 
unit step for the direction Y'T^ and for the present suppose 
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tbese two steps to be of the same length, say an inch. The 
step OM or its equal, the step NP, will be considered 
positive when P lies to the right of YY; but negative 
when P lies to the left of FT; the step ON or its equal, 
the step -MP, will be considered positive when P lies above 
X'X, but negative when P lies below X'X. 



n (-,+) 



I (+, +) 




IV(+,.) 



Y 

Fig. 3. 



Of course, the direction which is to be considered positive may be 
chosen at pleasure, but unless the contrary is stated, the positive 
directions will be assumed to be from left to right and from below 
upwards respectively. Again OM and MP will only be compared as 
to their lengths ; we only compare steps with each other when they 
are on the same straight line or on parallel straight lines. Obviously 
the theorems that hoM for the comparison of steps with each other are 
true, whatever be the particular line on which the steps are taken, but 
we have given no definition of equality or of sum or of difference, 
except when the steps compared are on the same straight line or on 
parallel straight lines. 

Suppose now that 

OM=NP = aOU; ON^MP^bOV; 

the numbers a, b are called the coordinates of P with 
respect to the aoces X'X, YY; a is the abscissa, b the 
oraiTiate, and P is described shortly as " the point (a, 6)." 
*ln thus describing the point the first coordinate is under- 
stood to be the abscissa, the second the ordinate. The axes 
are at right angles to each other, and it will be assumed, 
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unleBS the contrary is stated, that the axes are always 
rectangular. is called the origin of coordinates, and its 
coordiuabes are 0, 0. 

The axes divide the plane into four quadrants ; the first 
quadrant is that bounded by OX, T, the second by O Y, 
OX', the third by OX', 07\ and the fourth by OT, OX. 



The signs of the coordinates show at once the quadrant in 
which a point lies : in the first quadrant XO Y the signs 
(the first being that of the abscissa) are + , + ; in the 
second, YOX\ -, + ; in the third, X'OV, -, - ; in the 
fourth, Y'OX, +, -. 
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Paper called " squared paper," ruled twice over with two 
sets of equidistant parallel lines, can be readily purchased, 
and its use greatly facilitates the plotting of points. 

Fig. 4 shows several points referred to the axes X'X, 
Y'Y, The four points A, B, C^ D are each at unit distance 
from both axes, but no two of them are in the same 
quadrant, since no two pairs of coordinates agree both in 
sign ajid in magnitude 

JE lies on X'X, and its ordinate is therefore zero; the 
abscissa of iT is zero, since K lies on Y'Y. 

Since OU is divided by the faintly ruled lines into 
10 equal parts, each of these parts will represent '1 ; it is 
easy, therefore, to mark off a length such as 1*3 or —'7. 
In the same way — ^2, —^mJS are represented by — 1*41, 
— '87, though the second decimal can only be roughly 
indicated. 

Ex. 1. Plot the points (1, -2) ; (-f, 0) ; (-3, -2) ; (0, f) ; (1, 0) ; 
(-1,0); (0,1); (0, -1); (^, J^); (x/2, ^3) ;.(-V2, -^3). 

Ex. 2. What is the locus of a point whose abscissa is (i) 2, (ii) - 2, 
(iii) 0, (iv) a ? What is the locus of a point whose ordinate has these 
values? 

Ex. 3. Two points P, Q are said to be symmetric vnth respect to a line 
when the line bisects PQ, and is perpendicular to PQ ; two points 
P, Q are said to be symmetric with respect to a point 0, when is the 
middle point of the line PQ. If P is the point (a, b) show 

(i) that the point (a, — 6) is symmetric to P with respect to X'X. 

(ii) that the point (-a, 6) is symmetric to P with respect to Y'T. 

(iii) that the point {—a, — 6) is symmetric to P with respect to 0. 

For simplicity take first the case a = l, 6=2. 

Ex. 4. If J is the point (^1,^1), B the point (a?2, v^, and P the point 
dividing AB in the ratio of if to 1, show, as in § 5, Ex. 3, that the 
coordinates of P are 

l+k ' l+k • 

What is the sign of k (i) when P lies between A and B, (ii) when P 
does not lie between A and B ? 

§ 7. Distance between two points. Let P (Fig. 5) be the 
point (ajj, yA Q-the point (ojg, 2/2) » draw PM, QN perpendi- 
cular to X'X, and let PR be drawn parallel to X'X to meet 
mQ (or NQ produced) at E, 
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Whatever be the relative position of P and Q^ we have 
for the measures of PRj RQ 

PR^MN=x^-x^\ RQ^y^-Vv 

As regards magnitude we have, by Euclid I. 47, 

P(^=PR^+RQ\ 

and whether the signs of 0^,-0^ 
and y^^Vi b© positive or nega- 
tive the squares of these numbers 
will give the number of square 
units in the squares described on 




M N X PiJ and i?Q. Hence 

^^- ^' PQ' = («?2-^i)'+(y2-2/i)'> 

and therefore the length of PQ is 

where the positive sign must be given to the root. 

If Q coincide with 0, x^ and y^ are both zero, and the 
length of OP is J{x^^+yS 

The student should verify the result for different positions 
of P and Q. 

Ex. 1. Find the distance between the points (3, 7), (9, 6), the 
length of the unit being 1 inch. 
Let the distance be r inches ; then 

r2=(3-9)2+(7-6)«=37; r = V37=6-083, 

so that the distance is 6*083 inches. 

Ex. 2. Find the distances between the following pairs of points : 
plot the points in each case. 

i. (1, 1), (3, 2). ii. ( - 1, IX (3, 2). iii. ( - 1, 0), (0, 2), 

iv. (-2, -3), (2, 3). V. (,r, -tt), (-|, |). 

Ex. 3. Show that if the point (:f, y) be any point on the circle 
whose radius is 3, and whose centre is tne point (2, 1), 

^2 + y 2 _ 4^ _ 2^ _ 4 = 0. 

§ 8. Polar Coordinates. The position of the point P 
(Fig. 6) would clearly be determined by the angle which 
OP makes with the fixed line OZ, and by the length of thft 
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radius OP. We must be clear, however, as to the meaning 

of the vrord "angle/' Following the usual convention in 

Trigonometry, we consider the radius OP to be always 

positive, and define the angle that OP makes with the 

positive direction of OX as 

the SLiigle through which a line 

comciding with OX (not with 

OX') has to be turned till it 

passes through the point P. 

The angle will be considered 

positive when the rotation is 

ootmter-clockwise. 

If OP be r units of length 
and the angle XOP 6 degrees 
or radians according to the 
unit of angle adopted, the two 
numbers r, are called the 
polar coordinates of P, and P 
is described as the point (r, 0). Similarly, P is the point 
(y, 6^; 0" ia negative. 

With the usual system of rectangular axes in which OX 
has to be rotated counter-clockwise through 90° till it 
coincides with OF, the positive direction of the axis FT, 
see that the polar coordinates (r, 6) of P are connected 




Fig. 6. 



vrith the rectangular coordinates {x, y) by the equations 

x—rooaQy y^^rsinO. 

These equations, when solved for r and 6 in terms of 
fic and y, give 

r=+V(aj2+2^2), tan0=^. 

It must be noted, however, that tan 6 does not definitely 
determine the angle 6. For if tan 6 be positive we can 
only infer that P lies in the first or third quadrant, while 
if tan 6 be negative that P lies in the second or fouHh 
quadrant. We must consider also the signs of x and y or 
of cos 6 and sin 0. 

It is usually most convenient to suppose 6 to vary from 
— 180** to +180° so that a point above the axis X'X has a 
positive angle, and a point below that axis a negative angle. 
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Ex. 1. If P is the point ( - 3, 4), find its polar coordinates (r, $). 

r=V(9+16)=5; tan ^ =-^= -1-3333 ; ^=126^52'. 

Since tan is negative, d is in the second or fourth quadrant ; but 
X or COB 6 is negative, and therefore d is in the second. 

Ex. 2. If P is the point (3, -4^ show that its polar coordinates 
are (5, - 53' 8'). 

§ 9. Variable. Gontinaity. Let -4 be a fixed point on a 
line, say, on the aj-axis X'X, and let a point P start from 
the position A and move steadily along the axis, say to the 
right, till it reaches another position A The segment A.B 
described by the point P is the most perfect type of a 
coTdiTt/vboria magnitude ; there is no gap or Ijreak in it. As 
P moves from Aio B, the step AP steadily increases ; AP 
is a continuously varying magnitude during the motion 
of P. 

If a, 6 are the abscissae of -4, J5, and x the abscissa of P 
at any stage of the motion, then, as P moves from A to B, 
since AP = x^a,* x steadily increases (algebraically) from 
a to 6; a; is a continuously varying number or, more 
briefly stated, a: is a continuous variable. 

Again, since P coincides in succession with every point 
lying between A and B, so x assumes in succession every 
value lying between a and 6. If a be negative and b 
positive, A will be to the left and B to the right of the 
origin 0, and when P passes through 0, x will be zero so 
that as X passes from negative to positive values it passes 
through the value zero. Had P instead of moving always 
to the right moved sometimes forward, sometimes back- 
ward, then every time it passed through the value of x 
would have been zero, so that x would only change from 
negative to positive or from positive to negative by passing 
through zero. 

We will assume then, as characteristic of a continuous 
variable, that as it varies continuously from a value a 
to a value b it assumes once at least every value inter- 

*Here, and in similar cases, it is the measure of the step AP that 
is of importance ; it will cause no confusion to let ^P stand for the 
step, and also for the measure of the step as is usually done in all 
applications of geometrical theorems. 
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mediate to a and h\ if one of these values, say a, be 
negative and the other positive, one of the values the 
variable takes will be zero. 

§ 10. Geometrical Representation of Magnitudes. The 
measure x of any magnitude A is the ratio of A to another 
magnitude U of the same kind that is chosen as the unit. 
If then on any axis a unit step OCT is taken as representing 
the unit magnitude U, the step OM where OM is equal to 
scOU will represent the magnitude A. There is thus 
established a correspondence between the magnitudes of 
the particular kind considered and the points of the axis ; 
the point 1 corresponds to the unit magnitude Z7, the 
point 2 to the magnitude 2 U, and so on. 

Many of the magnitudes considered in Geometry and 
Physics, for example, lines, angles, velocities, forces, are 
often treated as directed magnitudes, and their measures 
, may then be either positive or negative ; when the meas- 
ures are negative, the points that correspond to the magni- 
tudes w^ill lie on the opposite side of from that on which 
U lies. 

A variable magnitude P will be represented by a variable 
segment OPy and when the magnitude varies continuously 
the point P will trace out a continuous segment of the axis. 

For purposes of calculation it is the measure of the 
magnitude that is of importance, and, to avoid a tedious 
prolixity of statement, such an expression as " a velocity v " 
-will often be used in the sense " a velocity whose measure 
is 'U units of velocity.'* Of course in all cases care should 
be taken to prevent ambiguity as to the units employed. 

§ 11. Function. Dependent and Independent Variables. In 
""any problem the magnitudes dealt with will usually be of 
^t^wo classes, namely, those that retain the same value all 
through the investigation and those that are supposed to 
tahie diiferent values: the former are called comstants, the 
latter variables. It has become customary to denote con- 
stants by the earlier letters of the alphabet, a,byC, ..., and 
variables by the later letters, z^y.Xy .... Of course when 
I there is any advantage in denoting a variable by a or a 
, constant by z there is no reason against doing so. 
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Again, taking first the case of only two variables, it will 
usually happen that when one of the variables is given a 
series of values the other variable will take a series of 
definite values, one for each that the first is supposed to 
have been given. The second variable is then said to be 
a function of the first, or to be a variable dependent on the 
first, which is distinguished as the irhdepmdent variable. 
Instead of the phrase " independent variable," the word 
argument is often used, and the dependent variable is then 
called a function of its argument 

Thus, if we consider a series of triangles, all of the same 
altitude, the area of any triangle is a function of its base. 
The distance travelled by a tram which moves at a constant 
speed is a function of the time during which it has moved 
at that speed. The pressure of a given quantity of gas 
which is maintained at a constant temperature is a function 
of its volume. In these examples the independent variable 
or argument is the base, the time, the volume ; and the 
dependent variable or function is the area, the distance, the 
pressure respectively. 

It is usually a mere matter of convenience which of the 
two variables is considered as independent. Thus if the 
time at which the train passed certain stations on the 
railroad were the subject of inquiry, the distance would be 
taken as the independent variable and the time as the 
dependent. 

When there are more than two variables it may happen 
that when definite values are assigned to all but one of 
them the value of that one becomes determinate ; this one 
variable is then said to be a function of or to be dependent 
on the other variables which are called the independent 
variables of the problem. 

Thus the area of a triangle is a function of the base and 
of the altitude when both base and altitude vary. The 
pressure of a given quantity of gas is a function of the 
volume and of the temperature when both volume and 
temperature vary. 

Generally, a variable y is said to be a ftmction of anotlier 
variable x when to every value of x there corresponds a definite 
value of 2/ ; a variable y is said to be a fonction of two or moze 
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yaxi^bles, x,Uf ..., when to each set of values of the variables 
X, tc, ... there corresponds a definite valne of y. 

While it is important to keep this general notion of 
functional dependence in mind, it will, however, be usually 
assumed that a function is defined by an equation (see 
§§ 13, 26, 27, 28), and that it can be represented by a 
graph (§ 16). This assumption implies (i) that as the 
argument varies continuously, in the sense explained in 
§ 9, from a value a to a value 6, the function also varies 
continuously from a value, A say, to a value B; (ii) that 
to a small changfe in the arg^ument corresponds also a small 
change in the function. Ihe assumption imi>Ue8 a good 
deal more than what is here stated, but at this stage the 
student is earnestly urged to pass lightly over the purely 
theoretical difficulties and to try to get a thorough grasp 
of the fundamental conceptions of variation and functional 
dependence by working out for himself the graphical 
exercises in the next chapter. He will find by trial that, 
except for special values of the argument, the property (ii) 
is actually found in all the ordinary functions ; the pro- 
perty (i), though apparently simpler, is really much harder 
to demonstrate mathematically. A mathematical definition 
of the continuity of a dependent variable will be given in 
Chapter V., § 44. 

The student should notice the phrase "definite value" 
or " determinate value." It may happen that the analytical 
expression for a function ceases to have meaning for certain 
values, of the argument; for these values, therefore, the 
function is not affined. Thus the function (a;^— l)/(a; — 1) 
is defined for all values of Xy except the value 1 ; because 
'when x=\ the expression takes the form 0/0, which is 

' absolutely meaningless. We should not get out of the 
difficulty by first dividing numerator and denominator by 
a? — 1 and then putting 1 for x ; because in dividing by aj— 1 
'we assume that 05 — 1 is not zero, division by zero being 
excluded by the fundamental laws of algebra. 

Again, such a function as ,^(1— aj*) is only defined for 
values of x that are numerically less than or equal to 1 ; in 
this case we may say that the function is defined for values 

, of the argument in the range from —1 to +1 inclusive. 
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It has always to be understood in reasoning about a 
function that only those values of the argument are to be 
considered for which the function has a definite value, or, 
in other words, for which the function is weU-defined. 

. § 12. Notation for Functions. A function of a variable is 
often denoted by enclosing the variable in a bracket and 
prefixing a letter ; thus, j^a?), F(x), 0(aj) denote functions 
of X, The letters /, F, <h are functional symbols, not 
multipliers; the symbol f{x) must be taken as a whole, 
and means simply "some function of aj," the context or 
some explicit statement determining which particular 
function is meant. For different functions occurring in 
the same investigation different functional symbols must 
of course be used. 

/(a) means " the value of the function f(x) when x has 
the value a" or " the value of the function f{x) when x is 
replaced by a." Thus, if f{x) denote the function 

aj2-3x-l, 

then y^0)=-l;/(l)=-3;y(a+6) = (a+5)2-3(a+6)-l; 

/(aj2) = (aj2)2 - 3a;2 - 1 = a;* - 3aj2 - 1. 

A similar notation is used for functions of two or more 
variables ; thus, /(oj, y), F(p, v), <f>{x, y, z) denote functions 
of X and y, of p and v, of Xy y, and z respectively. 

H /(^> y) = 3aj' - 2x1/ - 2/H 4, 

then /(I, -l)=3 + 2-H-4 = 8; 

The letters should be separated by a comma to indicate that there 
are two or more variables, and thus distinguish the function from one 
in which the argument is the product of two or more variables. Thus, 
f(xy) is a function whose argument is the product xy^ and if j{x) be 
ax+h^ then fl^xy) is cbxy + h, 

§ 13. Explicit and Implicit Functions. One variable is 
usually defined as a function of another by an equation. 
The dependent variable is called an explicit function of its 
argument, or is said to be given explidUy when the 
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equation is solved for the dependent variable in terms of 
the argument. Thus 

* y=a?'~2x+3; 8=co8(nt+e); p = -'i 

y=f{x); 5=^(0; p^F(v) 

are equations which give y, 8, p explicitly as functions of 
X, t, V respectively. 

When the equation is not solved, the dependent variable 
is called an vmplidt function of its argument, or is said 
to be given implicitly. Thus y is given as an implicit 
function of x by the equation 

(ixy-\-hx+cy-\'d = 0. 

This equation when solved for y in terms of x gives 

__ bx+d 
^~~ax+c 

and y is now an explicit function of x. 

§ 14. Multiple-valaed and Inverse Functions. When a 
function is given implicitly by an equation, it may happen 
that to one value of the one variable there correspond two 
or more values of the other. The definition of a function 
given in § 11 assumes that to each value of the argument 
there corresponds but one value of the function, and in 
reasoning about a function we must always suppose that it 
haa but one value for each value of its argument; in other 
words, that the function is single-valued. When the 
defining equation gives more than one value of the one 
variable for one value of the other, we can usually consider 
tiie equation as defining a function that is made up of 
two or more functions each of which is single-valued; 
such a function is called a multiple-valued function. 

Thus, if y is given as a function of a; by the equation 

then y=^±V(2^^~l), 

and to each value of x there correspond ttpo values of v ; y is a two- 
valued function of x. The equation really gives two functions of s^ 
namely, 

y=^+V(2^-l), y=a;-V(2^-l), 
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each of which is single-valued, and defined for those values of x for] 
which ar* is greater than or equal to 1. 
Again, the equation 

^-y+l=0 ^ 

defines y as a single- valued function of ^r, but ^ as a two- valued function 
of y, namely x i9k either sf(y—l) or — ^(y — 1). 

When the graphical representation of functions is considered, it will 
be seen that tne separate functions represent different parts of the one 
curve (e.g, § 20). 

The equation 05^— y + l=0, aswe have just seen, not only 
defines j/ as a function of x but also defines a; as a function 
of y. More generally, the equation y =^f(x), which defines 
y explicitly as a function of x, also defines x implicitly as a 
function of y, the two functions thus defined by the one 
equation are said to be inverse to each other. 

For example the equation y = a5* when solved for x gives| 
x= ^y and thus defines two functions which are inverse toj 
each other, namely the cube and the cube root. 

It is usual in English bookB to employ/"^ as the symbol 
of the function inverse to that denoted by the symbol / so 
that 

^=f~Ky) when y=f{x\ 

The student will be already familiar with this notation 
in the case of angles. Thus sin"^i/ means, not 1/siny but, 
the angle (within a certain range) whose sine is y ; and just 
as we have the identity, sin(sin"^) = y, so we have 

f{f-Ky))=y 

or, as the identity is usually written, i 

ff-\y)'=y- i 

Again it may well happen that the inverse function iaj 
not single- valued. Thus, sin"^x may, unless some restric- 
tion be imposed, be any one of an infinite number o^ 
angles. To secure definiteness some restriction has in, 
such cases to be placed on the range of the variable j 
for example, sin-^aj may be restricted to angles lying 
between — '7r/2 and +7r/2 (inclusive of — '7r/2 and -f 7r/2), 
and then sin-^a; is single- valued. For further information, 
see §§ 25, 27, 28. 
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EZEBCI8ES I. 

L IfXar)=^-^+l, find XO), /!),/( -IX and show that 

2. J£J{x)=a^'-x-2y write down f(cux:+b). 

Si Jff(x)=^a^~6x+lj write downf(a^yf(a^),J{8ijia), 

What is the value of /( sin^ ) ? 
L JtJ(x)=\ogx, show that 

fi. If y(a?)=ar'+64:*+car*+rf, show that^-or) is equal tof{a:). 

When ^— *)=yi[d?X *^© function f{ai) is called an even function of 
\ argument. 

8. 11 J{x)= 0x^+10^+ ea^-^dx, show that^-j:) is equal to —f(x). 

When ^— ^)=3 ^f(x), the function /(x) is called an odd function 
its argrument. 

7. Show that sin or, cosec^, tan^, cot a? are odd functions of x, and 
at cos Xy aecjD are even functions of x, 

8. Show that {e* — e'^)fx is an even function of x, 

9. lif(^Xy y)=:cta^-\-hxy+Cy write down^/(y, x\f(Xy x\ and^/(y, y), 

10. If y=X^)=^, show that y(y)=^t^. 

11. If y=/*)=^— :. show that «=/y). 

12. If X^j3^)=^-y*, show that ^cos^, 8intf)=cos2^, and that 
lec^, tan^)=l. 



CHAPTER II. 

GRAPHS. RATIONAL FUNCTIONS. 

§ 15. Oldect of the Calcnlos. Oraphs. Stated in the mos^ 
general terms the object of the Calculus may be said to be tht 
study of the changes of a continuously varying functioa 
The investigation of the rcite at which a given function is 
changing for any specified value of its argument belongs to 
the fiifferential Calculus; the converse problem of deter- 
mining the amovunt by which a function changes for a 
specified change in its argument, when the rate of change 
of the function is known, belongs to the Integral Calculus. 

An almost indispensable aid to this study is furnished h^ 
the graphical representation of a function, and for the sake 
of those students who may have had little or no experience 
in graphical work a few hints will now be given that may 
be of service to them. At times the tracing of a graph 
involves a good deal of tedious calculation, but the student 
will be well repaid for his labour by the insight he ^mSi 
obtain into the fundamental conceptions of variation ajixi 
continuity of a function. When he has made but a little 
progress in the differential calculus he will find several 
methods of reducing the necessary calculations. An ex- 
tremely good discussion of graphs from an elementary 
standpoint will be found in Professor Chrystal's IntrocLuc- 
tion to Algebra. (London : A. & C. Black.) 

§ 16. Graph of aj^. In geometry and physics we freqiientW 
find a function defined by an equation of the form 3/ = or 
where c is a constant. Thus the area of a circle varies a^ 
the square on the radius; the distance that a body fallf 
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Erom rest, the resistance of the air being neglected, varies 
as the square of the time of fall ; the heat generated by an 
electric current in a given time varies as the square oi the 
current in the circuit and so on. These statements when 
expressed in the usual algebraical way all lead to an 
equation of the above form ; x denotes the number of units 
rf the one kind of quantity, for example the number of feet, 
or the number of seconds, or the number of amperes; y 
lenotes the number of units of the second kind, for example 
the number of square feet, or the number of linear feet, or 
the number of ergs (or other heat units). The number c is a 
constant, that is, does not change when x changes ; it is not, 
bow^ever, the same constant in the different problems ; thus 
for the area of the circle c = 7r, for the falling body c = ^g, 
Por the electric circuit c depends on the resistance and on 
bhe heat unit. 

Suppose for simplicity that c= 1 ; the more general case 
can he deduced from this one. Let X'X, rY he two 
rectangular axes (Fig. 7), OU, OV unit segments on these 
Btxes. Give to a; a series of values, and from the equation 
y^=ay^ deduce the corresponding values of y. Associating 
each value of x with the corresponding value of y, we 
:>btain a series of pairs of numbers, and each pair may 
be taken as the coordinates of a point in the plane of the 
diagram, the value of x being the abscissa and the 
corresponding value of y the ordinate of the point. If the 
iralues given to x form an increasing or a decreasing series 
:>f numbers, and if the difference between any two con- 
lecutive values be small it will be found that the consecu- 
tive points determined on the diagram lie pretty close to 
3ach other ; the curve drawn through these points with a 
Eree hand is called the graph of the function x\ 

Tabulating values, we have 



X 



y 

X 



", '1, 'Ily *«5, ... 1, 1*1 ... 



y 



0, 01, 04, 09, ... 1,1-21... 
-1, --2, --3, ... -1, -M 



•01, 04, 09, ... 1, 1-21 ... 



Take OU, OV each, say, 1 inch and plot the points 
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(0,0), (1, 01) ... (-1, -01), (--2, -04) ...; by drawing a 
curve through the points we get the graph of o? (Fig. 7). 




Fig. 7. 

Of course only a comparatively small number of points can 
be plotted, but by actual calculation we find that a small 
change in x produces but a small change in y ; we are there- 
fore warranted in concluding that an ordinate corresponding 
to a value of x that has not been used in plotting the points 
but that lies between two values that have been used can 
differ but little from the ordinate of the graph correspond- 
ing to that value of x. When there is any room for doubt, 
a few more values of y at closer intervals may be calculated. 

When X is at all large, y will be much larger and it 
becomes impossible to plot the points in the diagram ; we 
must then try to follow in imagination the course of the 
graph or if it be of importance to know the form of thd 
graph for such values we may take the unit lines 0?7, 07\ 
smaller. See further § 19. 
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§ 17. Equation of a Curve. Symmetry. Tnmixig Values. 
Let us now consider the graph of a^ from the purely geo- 
metrical point of view. 

(i) Equation of the Curve. A point in the plane will or 
will not be on the graph of x^ according as the ordinate of 
the point is or is not equal to the square of its abscissa ; in 
lOther words, the condition that a point should lie on the 
graph is that the coordinates of the point should satisfy the 
equation y=a? which states the law according to which the 
curve was constructed. This equation is generally called 
ihe equation of the curve, and the curve is said to be repre- 
sented by the equation ; the two expressions " the graph of 
the function a;*" and "the curve whose equation is y=x^'' 
/jor "the curve represented by the equation 2/= a?*") mean 
the same thing. 

More generally, ** the graph of the function f{x) " and 
"the curve whose equation is y =f{xy* mean the same thing, 
and the condition that a point should lie on the curve or 
graph is that its coordinates should satisfy the equation 
y=f{x). Thus the point ( — J, i) (Joes, and the point 
(— -J, i-) does not, lie on the graph of a? ; the origin lies on 
the graph of x^ but not on that of x^+1, 
^ (li) Symmetry. The ordinate of the point on the graph 
of 05^ which has —a for its abscissa is equal to the ordinate 
of the point which has a for its abscissa, since each ordinate 
is a*, if -4 is the point (a, a*) and B the point (—a, a^) 
AB will be perpendicular to OF and will be bisected by 
0Y\ that is, since a may be any number whatever, the 
^raph is symmetrical about OF, or OF is an axis of sym- 
'^metry (cp. § 6, ex. 3). In plotting the graph by points 
therefore, it would be sufficient to calculate y from positive 
values of x alone; the part of the curve to the left of OF 
is simply the reflection in OF of the part to the right. We 
might imagine the plane of the diagram turned through 
two right angles about OF and the part of the curve origin- 
a41y to the right of F would after rotation form the part 
'to the left of OY. 

The graph of a function f{x) is not, as a rule, sym- 
metrical about the ^/-axis or about any other line ; but the 
functi<Hi should always be examined for symmetry since 
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the presence of symmetry saves labour. The graph of f{x) 
will be symmetrical about OF if f{x) is an even function 
(Exer. I, ex. 5), for in that case the ordinate /(—a) of the 
point whose abscissa is —a is equal in sign and in magni- 
tude to the ordinate f(a) of the point whose abscissa is a. 

(iii) Variation of the Function, Suppose a point to start 
from and move along the graph. At first the ordinate of^ 
the point increases very slowly ; as the point gets nearer to 
the point (1, 1) its ordinate grows more rapidly; when it 
has passed (1, 1) its ordinate grows still more rapidly. As 
X increases from to | the ordinate increases from to J ; 
as X increases from ^ to 1 the ordinate increases from J to 1 ; 
as X increases from 1 to f the ordinate increases from 1 to -f^, 
Thus for the same increase of | in a; the ordinate increases^ 
by the amounts J, |, |- respectively. The course of the 

'aph shows very clearly that after a certain point has 

>en reached the ordinate grows more rapidly than the 
abscissa while near the origin it grows less rapidly; the 
ffraph thus gives a vivid picture of the variation of the 
function x^ represented by the ordinate. 

(iv) Turning Values. If a point move along the graph 
from any position on the left of F to any position on the 
right the ordinate of the point decreases till the point ^ 
reaches and then increases. The point where the ordi- 
nate* ceases to decrease and begins to increase is called a 
turning point of the graph, and by analogy the value 
of the function x^ at 0, namely zero, is called a turning 
value of the function. The turning value is in this case a 
minimum value of the function or ordinate. 

In general those points on a graph at which the ordinate^ 
ceases to decrease and begins to increase, or else ceases to ! 
increase and begins to decrease are called turning povrits of 
the graph, and the corresponding values of the function turn- ' 
vng vahies ; the turning values are respectively mini/ma aiid i 
mojxima values of the function, that is values respectively 
less and greater than any other values of the function 
in their neighbourhood. 

§ 18. Graph of cx^. We might by assigning values to x, 
and calculating the corresponding values of y from the 
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equation y==ca? construct the graph of cx^; it will be 
inistructive to consider another method of deriving the 
graph. 

First let c be positive. Let any ordinate of the graph of 

a? be denoted by j/i and the ordinate of the graph of cx^ for 

ffie same value of a; by j/g; then y2=(^yv o^a^se y-^=x\ 

^^2 = 03?* and X is the same number in both equations. The 

Wo ordinates may be called " corresponding ordinates." 




Hence to obtain any ordinate of the graph of ca? we 
have only to multiply the corresponding ordinate of that 
of fic* by c ; in other words, if MP is any ordinate of the 
graph of a? divide MP or MP produced at P' so that MF 



26 AN ELEMENTARY TREATISE ON THE CALCULUS. 

V 

is to MP as c to 1 and R will be a point on the ^raph of 

CO?, 

The upper dotted curve (Fig. 8) is the graph of 2a;*, and 
is obtained by doubling each ordinate of the graph of x^ 
(full curve). It will be noticed that the general character 
of the two graphs is the same ; the graph of 20.*^ however j 
recedes more rapidly from X'X than does that of <ii? and is*^ 
steeper. In general, the graph of cx^ lies above or below 
that of x^ according as c is greater or less than 1. 

Next let c be negative, say — 2. The graph of — 2a?^ may 
be got from that or 2ai? by reflection in X'X, or by rotating 
the graph of 2x^ through two right angles about X'X ; for 
the ordinates of the graph of — 2ic^ are simply those of the 
graph of 2ic* with signs changed. The lower dotted curve* 
IS the gra^h of — 2x^ ; is a turning point of the graph 
and zero a 'majomriura value of the function — 2,3?, the value 
being taken algebraically. 

§ 19. Scale Units. Let us now consid^the graph of cx^ as 
the geometrical representation of the law of falling bodies ; 
c may be taken as 16 when the foot and the second are the 
units of space and time. The graph shows clearly how 
rapidly the distance fallen increases with the time, for the ' 
curve moves rapidly away from the axis OX ; in this case 
the part of the curve to the left of OF does not belong 
to the representation since negative values of x are not 
considered. 

But ii OU and OV are, as has been supposed, of the 
same length it will be impossible to represent the connection 
between the distance fallen and the time of fall, even for , 
values of a? up to 1, within the limits of an ordinary sheet 
unless V and V are both very small. The remedy is to 
choose these segments of different lengths. The foot and 
the second are magnitudes of different kinds and there is no 
necessity therefore that the segment which represents 
1 second should be of the same length as that which repre- 
sents 1 foot, nor is it implied in the definition of the coordi- 
nates of a point that U and V should be of the same I 
length. M being the foot of the perpendicular from P on ! 
X'Xy the coordinates of P are a?, y if OM=xOU, MP^yOV 
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and P is definitely determined whether OU, OV are of the 
same length or not. 

In the case ot y = ICa;^ we might therefore take U equal 
to 1 inch and OV equal, say to ^th of an inch ; an abscissa 

1 inch long would therefore represent 1 second while an 
ordinate 1 inch long would represent 16 feet; an abscissa 

2 inches long would represent 2 seconds, an ordinate 2 inches 
long would represent 32 feet and so on. A similar choice 
-would in other cases bring the graph within manage- 
able size. 

But even when the two magnitudes whose connection is 
represented by a graph are of the same kind it is often 
advisable to have units of different lengths. The value of 
the graph will not be thereby impaired ; the purpose of the 
graph is to show to the eye how one magnitude changes as 
another with which it is connected changes, and the ratio 
of the two lines, say MP and iVQ, which represent any two 
values of the first magnitude is independent of the size 
of the line which represents the unit magnitude. For 

MP:NQ=y^OV:y^OV=y^:y^ 

where OF represents the unit magnitude and t/jOF, y^OV 
the two values considered. 

Thus, in a contour road map, if the heights were represented on the 
BBJne scale as the horizontal distances, it would be difficult to trace the 
character of the road ; hence the heights are exaggerated by using a 
much larger unit for the vertical than for the horizontal distances. If 
the graph is to be used to determine actual heights, the scale of the 
drawing must of course be given. 

§ 20. Coordinate Geometry. Many of the properties of a 
cnrve^ can be most simply investigated by using the 
equation of the curve ; the study of curves from this point 
ot view is the subject of coordinate geometry. 

On the one hand the curve may be defined by some 
geometrical property; the law oi the curve is then 
expressed in the equation of the curve. Thus the law of 
the circle is that every point on it is at the same distance 
from the centre. Now, taking rectangular axes, let be 
the centre of the circle, c its radius and P (a;, y) any point 
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on it. Then (§ 7) OP^ is equal to x^+y'^', also OP is equal 

to c. Hence 9.99 •-• \ 

aj2-f t/2=c2 (1) 

and this equation is true for the abscissa and the ordinate 
of every point on the circle but of no other point. As P 
moves round the circle, x and y change in value, but always 
the sum of their squares is equal to c^. Equation (1) is 
therefore called the equation of the circle with radius c. 

On the other hand an equation between x and y defines 
y as a function of x, and the graph of this function may be 
plotted point by point; numerous examples will be found 
in later articles. As a simple case we might consider the 
equation y=^x^ which gives the graph of § 16 ; or we might 
take equation (1). In that case y is defined as a two- 
valued function of a;, y= ±^(c^— 05^), for values of x from 
a;=— ctoaj=+c; clearly if x is numerically greater than c 
y is imaginary. The graph will be symmetric about 
the axis X'X, and by considering the inverse function 
x= ±„J(c^—y^), we see that the graph is also symmetric 
about y'F We might then plot points for which x and y 
are both positive and thus arrive at the form of the graph. 
The two functions +^(c^—x^) and —^(c^—x^) are repre- 
sented respectively by the semicircles above and below the 
aj-axis. 

In later sections it will be seen how the geometrical 
properties of the graphs of the simpler functions can be 
deduced from the equations (see § 26). 

If in plotting the graph of the function defined by 
equation (1) the units 0J7, OF are of different lengths the 
graph will seem to be not a circle, but an ellipse (Exer. V. 4) ; 
if OF be, say, half of OU, each ordinate will be only half 
the actual length of the ordinate of the circle. So long as 
OU, OV are of the same length the shape will not be 
altered ; a change in the size of the units, so long as the 
units remain of equal length, only enlarges or reduces the 
figure since all lines are altered in the same proportion. 

Even in studying the geometrical properties of curves, 
however, it is often necessary to choose units of different 
lengths in order to get the curve represented on a sheet of 
reasonable size; it must then be borne in mind that the 
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graph will only show the ratios and not the actual lengths 
of the lines whose measures are the numbers taken as the 
ordinates. 

In all cases the units should be chosen so as to make the 
graph as large as possible; a diminutive graph usually 
defeats the end of its existence. 

EXERCISES II. 

1. Are the points A(i, 1), B(i, i\ C(-i, J), 7)(5, 100), jg(3, 40) on 
the curve whose equq.tion is ^=4tjrl 

2. Is the y-axis T'OY an axis of symmetry for the graph of any of 
the functions — 

(i) 2^:2 - 3a?* ; (ii) 2^ - 3a?6 ; (iii) x^ ; (iv) a^-^\n integral) ; 

(v) (a?+l)/(^+l); (vi) l/(a?2-fl); (vii) a+ha^+cai^'{-dafi'i 

Does the point (1, - 1) lie on any of the graphs ? What must be 
the value of a if the origin lies on the gi'aph of (vii) ? 

3. Trace the graphs of the following functions for values of x 
between -2 and +2, and find the turning points of the graphs and 
the abscissae of the points where the graphs cross the axis of 
abscissae — 

(i) a^-\ ; (ii) %x^-l ; (iii) -2a?2+l ; 

(iv) 3ar-2a?2; (v) \-x-si^\ (vi) -H-3a?-2ar«. 

How may the graphs (i), (iiV (iii) be derived without calculation 
from the graphs of x\ 2x^, — 2^?^ respectively ? How may the graph 
of (iii) be derived from that of (ii), and the graph of (vi) from that 
of (iv) ? 

4. Having given the graph of the function f(a:\ show how to obtain 
the roots of the equation J{x)=0. Illustrate n-om the graphs of ex. 3. 

[Let a be the abscissa of any point A on the graph ; by the 
nature of a graph the ordinate of A v^fia). Hence, if ^a)=0, A must 
be on the axis of abscissae ; but if ^a)=0, then a is a root of the 
equortion f{x)=^0. Therefore the roots of the equation y(a7)=0 are the 
abscissae of the points where the graph of j{x) crosses the axis of 
abscissae.] 

5. Trace the curve whose equation is y=a;^. 

To every point P on the curve there corresponds another point 
P on the curve which is symmetric to P with respect to the origin 
(§ 6, ex. 3.) ; for if P is the point (a, h\ P' is the point ( - a, - 6), and 
when h=d? then also — fe=( — a)^ When, as in this case, the equation 
is not altered by replacing x and y hj —x and —y respectively, the 
origin is called a centre of symmetry of the curve. 

6. On which of the curves given by the following equations is the 
origin a centre of symmetry — 

(i) if=€Ux^-{- hafi ; (ii) y=x^ ; (iii) y=.r2 ; (iv) aa^-\-hy^==c ? 
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§ 21. The Linear Function. If any point be taken on the 
bisector of the angle XOYy the ordinate of the point will be 
equal both numerically and in sign to the abscissa of the 
point ; but if any point not on that bisector be taken its 
ordinate will not be equal both nv/merically and in sign, to 
its abscissa. Hence the bisector has for equation y=x; the 
bisector is the graph of the function x. 

Similarly y^ -^xia the equation of the bisector of the 
angle YOX\ 




Fig. 9. 



If P is any point on the straight line BOA (Fig. 9) and 
if X, y are the coordinates of P, then y = x tan XOA ; this 
equation is true whether the coordinates of P are both 
positive or both negative as when P has the position P^. 
Conversely, if the point is not on BOA the equation 
y = x tan XOA will not be true for the coordinates of 
the point. Hence the straight line BOA has for its equa- 
tion y=^x tan XOA; BOA is the graph of the function 
X tan XOA. 

Similarly y = x tan XOA' is the equation of the straight 
line ROA'; the angle XOA' and tan XOA' are both 
negative. 

Hence the equation y = (ix always represents a straight 
line through 0, the origin of coordinates, and a is the 
tangent of the angle which the line makes with OX- 
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If through G a line J)GE be drawn parallel to BOA then 

ME=MP+PE= OM tan XOA + 00 

M^D = M^P^+F^D = 0M^t8LnX0A + 0O 

by the rule for addition of steps (§ 2). 

Hence if x, y are the coordinates of JS and 0(7 is equal to 6 

y=xta,n XOA+b 

and the same equation holds if x, y instead of being the 
coordinates of E are the coordinates of D or of any other 
point on DE. 

If G were taken on 0Y\ the only difference would be 
that its measure b would be a negative number. . 
I The graph of any function of the form aa;+fe is therefore 
a straight line ; a is the tangent of the angle which the line 
makes with OX and b is the distance from of the point 
where the line crosses the axis F, or as it is usually called 
the intercept on OY. (See also Exer. III., ex. 2.) 

If a = 0, the line is parallel to the axis OX if 6 is not also 
zero ; if both a and b are zero the line is the axis itself. 

The equation x=c represents a line parallel to the axis 
OF if c is not zero; if c = 0, the equation represents the 
Saxis YY. In this case, the line is perpendicular to OX and 
the tangent of the angle it makes with OX is infinite. 

Since the graph of aaj+6 is a straight line, aa;+6 is often 
(sailed a linear function of its argument x. 

It is important that the student should attach a definite 
meatiing to the phrase "the angle that a straight line makes 
iirith the axis of abscissae." We make the following con- 
vention which will save constant repetitions; the line is 
understood not to be perpendicular to OX. Through 
draw a parallel to the given line ; by the angle which the 
given line makes with OX is meant the acute angle (positive 
or negative) through which a line coinciding with OX 
(not OX") must be turned till it coincides with the parallel 
fchrough : or, what amounts to the same thing, it is the 
acute angle (positive or negative) through which a line 
drawn from any point on the given line parallel to OX 
(not OX^ must be turned till it coincides with the given 
line. 
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4 

Thus the angle which DE makes with OX is XOj± or 
AGE, if CA be parallel to OX ; this angle is positive. The 
angle which RA' makes with OX is XOA' and is negativa 

§ 22. Ghradient. The gradient of a line is the tangent of 
the angle the line makes with the axis of abscissae 02^; 
the gradient is therefore positive or negative according as 
the angle is positive or negative. Instead of "gradient*^ 
the word " slope " is used by some writers ; but the term 
" gradient " is already well established in this meaning. 

If we suppose the axis of abscissae OX to be horizontal 
and the axis of ordinates OF vertical, the positive directions 
being to the right and upwards respectively, we can 
describe tte motion of a point which moves along the. 
line briefly thus: as the projection of the point on X.'X 
moves to the right or to the left the point itself moves 
upwards or downwards ; or, if the coordinates of the point 
be («, y), we may say, as the 'point x moves to the right or 
left the 'poitd (x, y) moves upwards or downwards. 

When, as on the straight line DE, the gradient is positive 
we see that as the point x moves to the right the point 
{x, y) on the line moves upwards ; but when, as on the 
straight line RA\ the gradient is negative, as the point cc 
moves to the right the point (a?, y) on the line moves dozon- 
wards. Of course if the direction of motion of the point x 
be reversed so is that of the point {x, y). Instead of " the 
point (x, y) on a line or curve " we shall sometimes say 
simply " the graphic point " meaning the point supposed to 
be describing the graph. 

EXERCISES III. I 

1. Find the gradients of and the intercepts on the axis of y made by 
the lines whose equations are 

(i) y= -07+2 ; (ii) y=f.r-l ; (iii) y= -f^-1. 

Trace the lines on a diagram. 

2. Show that the equation 

2y +3^7- 1=0 1 

represents a straight line, and find its gradient. ' 

The equation may be written y= -fa7+ J ; it therefore represents 1 
a straight Une with the gradient — f . 
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In the same way it may be seen that the equation 

^w?+6y+c=0 (i) 

represents a straight line. If 6 is not zero, the gradient is — a/b. If 
b 18 zero, the equation becomes x= —cja and represents a straight line 
perpendicular to the :t7-axis ; in this case the gradient is infinite. 

If a, 6 are both different from zero, and if the line cut the ^-axis 
at A and the y-axis at B^ then OA^-cja^ OB==-c/b. For the 
y^oorcLinates of A are {OA, 0), and since these satisfy (i), we must have 

aOA+c=0 or OA=-c/a. 

Similarly the coordinates of B are (0, OB), and therefore bOB+c=0. 

OA^ OB are called the intercepts made by the line on the coordi- 
nate axes ; of course, the simplest method of graphing the straight 
line is to find the intercepts OA, OB, and to join An. 

3. Determine whether any or all of the points A{1, 1), B(2, - 1), 
tC{9y — 4) lie on the straight line given by the equation 

4. Show that whatever constant value a may have the point (^Fj, y^) 
will lie on the line given by the equation 

y-yi=«(^-^i-) 

The equation is true when for x we put ^^ and for y we put y^, 
and this is the only condition required. 

5. Determine the constanib a in Ex. 4 so that the point (^2) 2/2) ^^7 
lie on the line. 

Since the coordinates (^2> 2/2) ni^ist satisfy the equation, we find 

y2-yi=a(^2-^i) or a=(y2-yi)/(^2-^i)» 
and therefore the equation of the line through the points (a?^, yj). 



y 



_^^ — ^ — ^07- ^1). 



^2~*^1 



6. Find the equations of the lines through the following pairs of 
points — 

(i) (1, 2U2, 1) ; (ii) (-1,2), (2,-1); 

(iii) (0, OX (1, - 1) ; (iv) (0, 3), ( - 2, 0). 

7. Find the equation of the line with the gradient 2 passing through 
fclie point (3, 1). 

8. Find the equation of the line with the gradient c passing through 
the point (a, b). 

9. Find the coordinates of the point of intersection of the two lines 
jriven by the equations 

(i) ^+2y=3; (ii) 3a7+y=4. 

Since the point of intersection lies on both lines, its coordinates 
oanst satisfy bom equations (i) and (ii). Solving these as simultaneous 
G.c. c 
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equatious, we get for the required coordinates ^=1, y = l. Verify th< 
result by means of a diagram. 

10. Draw on one diagram the curves whose equations are 

and find by measurement the coordinates of the points of intersection 
Verify by solving the equations as simultaneous equations. 

11. Show that the roots of the equation ar+jp*-3=0 are -the 
abscissae of the points of intersection of the curves of ex. 10. 

12. Show that the roots of the equation j{x)=c are the abscissae of 
the points of intersection of the curves given by 

Compare Ezer. II. ex. 4. 

§ 23. Rational Functions. An expression of the form 

a+6a;+caj2+...+Axc*»-i+ZiU» (1) 

where the coefficients a, 6, c, . . . are constants and the 
indices of the powers of x are all positive integers of which 
n is the greatest is called a Rational Integral Function of 
X of degree n. 

The quotient of two rational integral functions of a; is 
called a Rational Fraxstional Function of x. 

It is known from the theory of equations that ane 

expression of the form (1) will in general vanish for ni 

values of x ; hence the graph of the function (1) will iiij 

general cross the cc-axis n times. (See Exer. II. ex. 4) 

Some of the values of x for which (1) vanishes may how*. 

ever be imaginary and for such values of the abscissa there] 

are no real points on the axis so that the graph may not hav< 

^, P^f-^y as n crossings. When two of the values of x f 

wnich (1) vanishes are equal, the student will find that 

S^n touches the a;-axis at the corresponding point. 

Dowl^^ ^-^ o^ ^^^^ 2>o'M;er». The graphs of the ew, 

theV^, u if ' aj* ... are all of the same general character! 

of svmm f m.*^'® *^ ^ *^^ ^^^® ^^® 2/-«^xis as an axii 

does the !nf^\ ^ greater the index however, the slowG 

the other K^-i ^1^^^ ^^"^ ^^® ^-«'^8 ^^^ the origin ; oi 

does the Jrf"^?- ^^^,^^^^^ the index the more rapidli 

than 1 §?fP^^ point move upwards when x is greaU 

. • -I He general shape of the graphs of aa? aa^ < 
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can be seen by dividing the corresponding ordinates of the 
graphs of aj^, aj* ... in the ratio of a to 1, as in § 18. 

&raph8 of the Odd Powers. The graphs of the odd 
po^wers higher than the first, a?, aj^, . . . touch the o^-axis at 
the origin but they do not have the ^-axis as an axis of 
symmetry. For these the origin is a centre of symmetry, 
(Elxer. 11. 5). For positive values of x the graphs resemble 
those of the even powers ; near the origin the graph of «* 
is flatter than that of x^, 
not so flat as that of a^, Y 

i^hile for values of x 
greater than 1 the graph 
of ce^ lies above that of 
te*, below that of a^. 

To construct the graph 
of 05* for negative values 
of (c, take a point P on 
the graph of the posi- 
tive values of x, produce 
FO backwards its own 
length to P', and P will 
^be the point on the graph 
symmetric to P (Fig. 10). The same construction holds for 
any curve that has the origin for a centre of symmetry. 

The graphs of the odd powers thus both touch and cross 
the a;-axis at 0, bending away from the axis in opposite 
directions on opposite sides of (Fig. 10). 

Definition. A point such as where the curve crosses its 
tangent and bends away from it in opposite directions on 
apposite sides is called a Point of Inflexion, and the tangent 
at the point is called an InfUodonal Tan^genb. 

The student should plot on the same diagram for values 
of X between —1 and +1, using a pretty large unit, the 
graphs of a?y a?, aj*, x^. He will gain useful ideas of the 
relative magnitude of the powers of x when a; is a proper 
fraction. He will also be able to deduce the general course 

of the graph of such a function as x^ for values of x 
betinreen and 1 ; the graph will lie below that of a:*, but 
above that of a?. If a; be negative x^ is imaginary, and 
there is no part of the graph to the left of the j/-axis. 
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In the same way by plotting the graphs of the same 
functions for values of x between 1 and 3, using a small 
unit, he will see how rapidly the higher powers of x 
increase when x is greater than 1. He can readily verify 
the important principle that the term of highest degree in a 
rational integral function will for sufficiently large values 
of X be numerically greater than the sum oi all the other 
terms, and will therefore determine the sign of the function 
for large values of x. 

The construction of the graph of the general rational 
integral function is usually laborious ; when the student is 
able to differentiate a function he will find that the labour 
may be considerably reduced. 

As an example take the function fix), where 

Write' y(a,) = ^(l_|+^). 

Now, if X is numerically equal to or greater than 2 the 
expression within the bracket will be positive, as a little 
consideration shows. Hence if x is positive and equal to or 
greater than 2, f{x) will be positive ; if au is negative and 
numerically equal to or greater than 2, f{x) will be 
negative, since x^ will be negative and the expression 
within the bracket positive. The graph must therefore 
cross the a;-axis once at least between the points on that 
axis at which a? is — 2 and 2 respectively. 

Examining further, we find 

/(-2)=-l; /(-l)=+3; /(1)=-1; /(2)=+3, ' 

and therefore the graph must cross thricey namely, between 
the points —2 and —1, —1 and 1, 1 and 2; since the 
equation is of the third degree, the graph cannot cross 
more than thrice. There will thus be two turning points. 

Again, /(-l-9)=--159, 

/(-l-8)=+-568, 

so that the graph crosses between — 1*9 and — 1'8. 
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When aj=-l-88, /(a*) =-'005, 

80 that the graph crosses very nearly where x= — 1'88, and 
this value is an approximate root of the equation 

In the same way it may be found that the other two 
xoots are approximately '35 and 1'53. 

V 




The turning points occur where a;=— 1 and a;=l, and 
the calculation of a few values of f{x) shows that the graph 
is of the form shown in Fig. 11. 

§ 24. Asymptotes. The simplest example of a rational 
fractional function is 1/a;. 

When X is small and positive, Ijx is large and positive, 
and as x tends towards zero Ijx becomes extremely large 
or, in the usual language, Ijx tends toward infinity; thus 
when X takes the values *1, '01, '001, ... l/cc takes the values 
10, 100, 1000, ... respectively. Hence as the point x moves 
from the right toward till it all but coincides with the 
graphic point moves upward and recedes to a very great 
distance from the aj-axis while approaching very close to 
the 2/-axis; when x is zero, that is when the point x 
coincides with 0, the graphic point may be said to be at 
infinity. In this case the graph is said to approach the 
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positive end of the y-axis asymptoticaUy, or to have the 
^-axis as an asymptote. 

In the same way it may be seen that when x is very 
large and positive l/x is very small and positive; the 
graph approaches the positive end of the aj-axis asymp- 
totically. 

. Y 



1 



X' 




The graph is obviously symmetrical with respect to the 
origin, and approaches both ends of both coordinate axes 
asymptotically (Fig. 12). 

DEFiNrriON. In general, when a curve has a branch 
extending to infinity, the branch is said to approach a 
straight line asymptotically, or to have the straight line 
for an asymptote^ if as a point moves off to infinity along 
the branch the distance from the point to the straight line 
tends towards zero as a limit, that is, if as the point moves 
off to infinity the distance becomes and remains less than 
any given length. 

If aj — a be a factor of the denominator of a rational 
fractional function of x in its lowest terms, the function 
will tend towards infinity as x tonds towards a and the 
line whose equation is a; = a will be an asymptote. If as a; 
tends towards infinity the function y tends to a finito value 



ASYMPTOTES. 39 

3 then 2/ = jS will be the equation of an asymptote. These 
asymptotes are parallel to or coincident with the coordinate 
axes, as in the example just considered ; but there may be 
'"asymptotes that are not parallel to either axis, as in the 
following example : 

V" x^ ' 
Here we may write 

If we denote by y^ the ordinate of the graph and by y^ 
the corresponding ordinate of the straight line whose equa- 
. tion is y=x+l, we see that 

Hence whether x be positive or negative y^ is greater 
thaoi ^2 ^^^ therefore the graph of the function is always 
above the straight line. 

Again when x is numerically very large 1/x^ is very small, 
ajid the difference between y^ and y^ will as the point x 
moves either to the extreme right or to the extreme left 
of the a;-axis become less than any given fraction ; hence 
the graph approaches both ends of the line whose equation 
is 2/ = 05+1 asymptotically. 

The y-axis is also an asymptote ; y is positive when x 
is either a small positive or a small negative number and 
therefore the graph does not approach the negative end of 
the y-axis but it approaches the positive end both from the 
right and from the left. 

The graph will cross the aj-axis for those values of x 
which make the numerator x^+x^ + 1 zero; a few trials 
will show that the numerator vanishes only once, namely 
when aj=— 1*47 approximately. When x is algebraically 
less than — r47, y is negative ; for all other values of x the 
ordinate is positive. 

When x=l,y = S'y 

when x = 2,y = il, 

and there is a turning point when a;= 13 approximately. 
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The graph is shown in Fig. 13. The unit for the 
abscissae is double that for the ordinates ; if the units were 
equal the portion ABC would be at a considerable distance 
above X'A and the diagram would have to be very large' 




Fig. 13. 

to show that part clearly. The curve approaches the 
asymptote OH very rapidly but the asjnnptote OY more 
slowly. 

In plotting the graph of a fractional function it will be frequently 
found convenient to split the function up into partial fractions as has 
been done above. Thus, if 

^■^ (a?- 1X^-2)' 

1 2 ^ 5 

we can write ^^^"I^'^^^^' 

and we see that there are three asymptotes whose equations are 

y = l, i5P=l, x — 2. 

In this case the graph crosses the horizontal asymptote at the point 
whose abscissa is J, because when ^=sl we have 

^-(^-1X^-2)' '''' ^"*- 

For the equation v==3 =w ^.j 

^ ^ (^-1X^-2) 



we should have 



y=^+3-_^ + _^, 
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and there would again be three asymptotes, two of which are parallel 
to the ^-axis while the third has for equation 

^d this third asymptote cuts the graph again at the point whose 
abscissa is ^. 

EXERCISES IV. 

Graph the functions 1 — 6 : 
1. 3a;2_5a?-l ; 2.^+2^+2; 3.ar^-a;; 

/V— L X— 1 

7. Show that the roots of the equation ^ — cm? -6=0 are the 
.abscissae of the points of intersection of the graphs of a? and of flw?-l-6. 

8. Find to two decimals the roots of the equations 

(i) ^-747+3=0; (ii) ^-7^+9=0. 

*- Graph the functions. 

9. If X^)=^-4^-4^+l&F+l, show that the equation /a?) =0 
has four real roots, and find these to two decimals. 

[Find the values oij{x) for x equal to - 2, - 1, 0, 3, 4 respectively. 
The ordinate ^ - 2) is positive and the ordinate f^-\) negative, so that 
the graph crosses the axis of abscissae between the point - 2 and the 
point — 1. Proceed in the same way with the other numbers.] 

10. A point is moving in a plane and at time t seconds reckoned 
from a fixed instant, its coordinates with respect to two rectangular 
^xes in the plane are x and y feet. Construct the path of the point 
in the following cases : 

(i) x—t-\-\^y^%t\ (ii) x=a-\-ht^y^c-\-dt\ 

(iii) x—1t^ y = 8^2 ; (ivj x=% y—^- 

Glie position of the point at any instant may be found by 
ting the values of x and y for the value of t at that instant ; 
having found the position of the point for a number of values of i, 
•the graph can be drawn in the usual way. Or, the equation of the 
path may be found by eliminating t. Thus in (i) t may be considered 
a function of x^ namely t—x—\ ; but y is always 2^, and therefore 
y and x are always connected by the equation y=2(a7 — 1). In this 
case therefore the path is a straight line. In (ii) the path is also a 
straight line. The equations of the paths in (iii), (iv) are y — 2x^^ 
y=^3^. This method of representing the path of a point by means of 
two equations is of frequent occurrence both in Geometry and in 
Mechanics.] 
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11. The angle 6 between the two straight lines whose equations are 

(i) tf^mx+c, (ii) y^^m'x-^-d 
may be found from the equation 

tan^= 



1+wm 



TLet (i) make the angle a^ (ii) the angle )3 with X'OX ; suppose 
a> p, then O^a-fi and 

^_ tana-tanff _ m — m' 

~ 1 + tan a tan j8~ 1 -H«im'' 

If the nummca^ value of (m-m')l(l +inm') be taken, the acute angle, 
between the lines will be ootained whether a > j3 or a < )3.] 

12. The angle between the lines given by 

«^+6y4-c=0 and afx+h'y+if^O 
is given by tan 6 = {ab' - a*b)/(aa^ + &6'). 

18. Show that the lines of ex. 12 are 

(i) parallel if a/b=a'/b'y 
(ii) perpendicular if aa'+56'=0. 



CHAPTER III. 

GRAPHS. ALGEBRAIC AND TRANSCENDENTAL 
FUNCTIONS. CONIC SECTIONS. 

§ 25. Algebraic Functions, y is called an Algebraic 
FuTiction of X when it is determined by an equation of the 
form 

Ay^^+By^'-^+.^. + Ky+L^O, 

in which the indices of the powers of y are positive integers 
and the coefficients A, B,...K, L, are rational integral 
functions of x. Manifestly, rational functions are special 
cases of algebraic functions. 

y will usually be multiple- valued and its graphical repre- 
sentation is much more difficult than that of the rational 
function except in particular cases of which the following 
are of special importance ^ : 

Type I. 2/*— aj = or y = a^. 

When n is an even integer, x must be positive and y will 

be two- valued ; when n is an odd integer, x may have any 

1 

value and y will be single-valued. The graph of x'^ is 
readily found from that of x'^. 

Let QOP (Figs. 14, 15) be the graph of oj", and let PN 

be perpendicular to FF; then ON=NP^, or NP^ON'', 

Hence if OF be taken as the axis of abscissae, that is, 
as the axis of the argument, and OX as the axis of ordi- 

^ The beginner may find this article somewhat difficult ; he should work 
out the simple examples of the various cases that are set down at the end 
of the article and the discussion will become more definite. He need not 
however spend much time on this article at a first reading of the subject. 
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nates, that is, as the axis of the function, the curve QOP 

1 

• will be the ^raph of the function ON^. It is desirable 

however to have OX as the axis of abscissae and F as ^ 

the axis of ordinates, that is, the figure has to be turned 

so that OY becomes horizontal and coincides with the 

present position of OX, while OX becomes vertical and 

coincides with the present position of OT. The simplest 





Fio. 15. 

way of securing this is to suppose the whole figure rotated 

through two right angles about the bisector BOA of the 

angle XOY as axis; JyAP will thus come into the position ' 

N'AR, and QOP will come into the position (^OR, QOF 

1 1 

will be the graph of x^\ because N'P'^ON'^, since 
N'F = NP and ON' = ON. 

Fig. 14 is the graph when n is even and when, therefore, 
for one value of x there are two values of t/ ; on the other 
hand, when n is odd, as shown in Fig. 15, to one value of - 
X there is but one value of y. 

Construction of Graph of an Inverse Function. The same 
transformation gives the gi^aph of the function inverse to a 
given function. If y = x'^ and if x be taken as the argu- 
ment, QOP is the graph of x'^ ; the function inverse to y is 

1 

X where x = y^\ and, when y is taken as the argument, QOP 
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1 
is the graph of y^, that is, of the function inverse to y or 
x\ It is convenient however to represent the argument 

. in all cases by lines measured along X'OX and to denote 
the argument of the inverse function by the saToe letter 
as is used for the argument of the original function ; that 
is when the inverse function has been formed we then 
replace y hy x and x by y, and the graph of the inverse 
function, when this replacement has been made, will be the 
original graph rotated through two right angles about the 

► bisector of the angle XOY. 

In this notation the graph of x^ is QOP\ the inverse 

function, which as first stated is 2/", is now x^, and its 
graph is QOP*, 

Again, when the graph of a function has been constructed, 
we see how to choose the range of the variables so that the 
inverse function may be single-valued. When n is even 

or is the graph of +a;^ and OQ that of -a;~ ; that is, OP' 
and OQ' are the two branches of the two-valued function 
inverse to x^ when n is even 

Type n. y^ — x^ = where m, ti are nneaual and not both 
even. 

If m, n were both even the equation would be equivalent 

to the two equations j/^— a;2 = 0, y'^+x^ = Oy and there 
would therefore be two graphs, each of which would come 
under one of the following groups. 

The student should notice the remark in § 23 about the 

graph of such a fimction as ajt ; it will be found useful in 
the discussion of the groups contained in the general 
equation. 

- m 

(a) m>7i; y=x^ where — is an improper fraction. 

(Aj) m, 7h both odd. The graph is of the form QOP 
(Fig. 15); is a point of inflexion and X'OX a tangent 
at 0. 

(Aj) m even, n odd. The graph is of the form QOP 
(Fig. 14); OF is an axis of symmetry and X'OX a tangent 
at 0. 
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(a,) m odd, n ttrmL y is imaginary when x is negative; 
OX is an axis of symmetry, and both branches touch OX 
(and each other) at 0. (Fig. 16.) 

Definition. A point on a curve such as 0, at which " 
two branches OA, OB have the same tangent, but beyond 
which they do not pcLsa, is called a Ousp. It must be 
observed that neither branch passes beyond ; a point 
moving from A slons the curve to reverses its direction 
in order to proceed dong the other branch OB. 



X' 




Fig. 16. 




m 



m 



(b) m<n\ 2/ = x" where — is a proper fraction. 



n 



(b^) m» n both odd. The graph is of the form QfOP 
(Fig. 16); is a point of inflexion and Y'OY a tangent 
at 0. 

(Bj) m odd, n even, y is imaginaiy when x is negative ; 
Oa is an axis of symmetry and Y'OY a tangent at 0. 
The graph is of the form QfOF, (Fig. 14.) 

(B3) m even, n odd. OF is an axis of symmetry and is a 
tangent at ; is a cusp. (Fig. 17.) 

Tnus if m = 2, n = 5, since \ lies between f or |^ and 

|- or ^, the graph of x^ will, when x is positive, lie 

between those of o^ and xs, each of which has the form 
OP' (Fig. 15). The branch OB is present because OF is an 
axis of symmetry. 

The student will have no difficulty in deducing the 
graphs when the equation is y**+aj"* = 0; they are deduced 
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from those of y'*— a5*" = by rotation about one of the 

coordinate axes. Thus the graphs corresponding to (a^) 

and (b^) are obtained by rotation about X'A. More gene- 

' rally, the graphs of y^—ax^=0 can be deduced by dividing 

the ordinates of y**— a;*"=0 in the ratio of a** to 1. 

Ex. 1. Draw the graphs of the following cases of T^pe I. : 

(i) y*=a: ; (ii) y^=a: ; (iii) y2= -a: ; (iv) yS= -a?. 

Ex. 2. Draw the graphs of the following cases of Type II. (a) : 

(i) y3=a?« ; (ii) 2^=a?* ; (iii) y2=4;8 ; 

(iv)y»=-^; (v)5^=-.4^; (vi) y2= _^, 

Ex. 3. Draw the graphs of the following cases of T^pe II. (b) : 

(i) /=a?3 ; (ii) y3=4?2 ; (iii) 1^=2^ ; 

(iv)/=-^; (7)^=-^; (vi)y*=-^. 

Ex. 4. Draw the graphs of 

(i) y« = 9^ ; (ii) y« = - 9a:» ; (iii) y5= 27^. 

Ex. 5. Graph the functions 

(i)±; (ii)l; (iii) i. 

0?* x^ x^ 

§ 26. Oonic Sections. For the sake of readers unfamiliar 
with the conic sections we give in this article the equations 
of the conic sections and define the most frequently occur- 
ring technical terms connected with them. 

Definition. — A conic section is the locus of a point 
which moves in a plane so that its distance from a fixed 
point is in a constant ratio to its distance from a fixed 
straight line. 

The fixed point is called ihe focus, the constant ratio the 
eccentricity, and the fixed line the directrix. 

Let 8 (Fig. 18) be the focus, KN the directrix and 8K 
perpendicular to KN. 

Let e be the eccentricity and on K8 take A so that 
A8=eKA ; then ii is a point on the conic. 

As axes of coordinates take KA8 and the perpendicular 
through A to KA8. Let P be any point {x, y) on the 
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conic and draw PM perpendicular to K8\ then x = AM,^ 

y^MP, 1 

Let KA==p\ then 

A8=iep. 
Now 

SM=AM-AS=x-ep', 
NP = KM=p+x, 

But 8P=eNPhy the 
definition of the conic:, 
hence \ 

8P^=^NP^ 



K 


Y 




P 










K 


A 


S M X 






Fio. 18. 



or 8M^+MP^=eWP^, 



so that, inserting the values of 8M, MP, NP, we get 

(aj - ep)* + 2/^ = e*(a? + p)^, 
or after reduction ' 

(1 - e2>c2-. 26(1 + e)paj+ 2/2=0 (1). 

Every point whose coordinates satisfy equation (1) will 
be a point on the conic section ; for different values of the 
constants 6, p there will be diflferent conies. Evidently AS 
is an axis of symmetry. 

It AK were taken as the positive direction of the axis of abscissae, 
then in equation (1^ we should have +2«(1 +e)px^ for the change in the 
direction of the axis is equivalent to writing — ^ in place of x. 

Special Foi^ma of the Conic Section, — I. If e = l, the 
conic is called a parabola. In this case equation ( 1 ) reduces to 

y^ = 4epx '. (p) 

A is called the vertex, AX the axis of the parabola. 

When e = l, A8=p and if 8L is the ordinate at 8 equa-! 
tion (p) shows that 8L — 2p = K8. 8L is called the semi- 
tatus-rectum of the parabola ; in every conic section the ' 
double ordinate through the focus is called the latus rectum. ' 
Sometimes 4p is called the parameter of the parabola. * 

It is easily seen that the curve is of the form of Fig. 19, 
extending to infmity towards the right. The graph of x^ is 
a parabola with its axis vertical (see § 16) ; its latus rectum 
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} 1, its focus the point (0, J) and its directrix is the line 
hrouffh (0, — J) parallel to the axis of abscissae. 
II. If e is less than unity the conic is called an ellipse. 
a this case equation (1) takes the form 

1 — e 1— e^ 
r, putting a for epKl—e) and 6^ for a\l—e^)y 

—+^ = ^ (E) 



a 



2 



a 



in. If e is greater than unity, the conic is called a 
yperbola. In this ca,se, if a = ep/(e— 1) and b^ = a\e^^l\ 
quation (1) becomes 

S + ^-g = 0. (H) 



a' 



a 




Fio. 19. 

A more convenient form for the equations of the ellipse 
ttd the hyperbola is got as follows : 

In (e) let 2/ = ; then aj = or 2a. The ellipse therefore 
its the o^-axis at two points, namely at A where a; = 0, 
ad at another point, A' say, to the right of A where 
=^AA'=2a. A A' is called the major axis and -4, A' the 
zrtices of the ellipse. 

Similarly from (h) it will be found that the hyperbola 
its the X-axis at A and at another point. A' say, to the 
o.c, D 
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left of A where AA' is equal in length to 2a. AA' is called 
the transverse axis and A, A' the vertices of the hyperbola. 

To find the shape of the ellipse take the origin of 
coordinates at C, the middle point of AA' (Fig. 20). 

Attending to the sign of the segments we have in all cases 

AM=AC+CM. 
Let CM=x' ; AM=x\ then since AC==a 

x = a+x\ 
Replacing x in (e) hy a+x' and reducing we get 



^'2 r,j2 



a- 62 
In exactly the same way we find, in place of (h), 



(E') 



X 



/2 



— _^ = 1 



a 



2 



62 



(h7 




Fig. 20. 

If we remember that the abscissae are now measured 
from G and not from A we may drop the accent; the 
equations are then 

^2+52-A ana ^^ 52-^' i^) 

and these may be considered the standard forms. 

From these equations we see that both curves are 
symmetrical about both axes. The origin is a centre of 
symmetry; C is called the centre of the conies, and the 
ellipse and the hyperbola are called central conica. The 
parabola has no centre. 

The axis of ordinates meets the ellipse (Fig. 20) at twc 
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points B, R; BR is called the miiwr axis. From the 
equation a^/a^ + y^b^ = 1 

it is easy to see that x is never numerically greater than a 
^nor y greater than b. The ellipse is therefore a closed curve. 

The circle is the particular case of the ellipse in which 
b = a and e = 0. 

The axis of ordinates does not meet the hyperbola 
because when a; = 0, 3/^= — 6^ ^q^j therefore y is imaginary. 
It will be seen further that y is imaginary if x is numeri- 
cally less than a, so that no part of the hyperbola lies 
rbetween the lines through A, A' perpendicular to AA\ 




Fig. 21. 



The curve consists of two branches extending to infinity to 
the right of A and to the left of A' respectively. It will 
be a good exercise for the student to prove that the lines 
J?'^, F'F whose equations are 

y = hxja, 2/ = — 6aj/a, 
are asymptotes (Fig. 21). 

If 6 = a the hyperbola is said to be eqwilateral ; since the 
asymptotes are in that case at right angles the hyperbola is 
also said to be rectangvlar. 

From the symmetry of the central conies about the axis 
of ordinates through C it may be inferred that they have 
a second focus 8" and a second directrix K'N' symmetrical 
to S and KN with respect to C; the curves might be con- 
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structed from S' and K'N' in the same way as from S 
and.A'iV, the eccentricity being the same. 

Some useful properties of the Conic Sections will be 
found in Exercises F., VI. 

§ 27. Ohange of Origin and of Axes. The device of chang- 
ing the origin of coordinates is often useful in simplifying 
the equation of a curve and thus making the construction 
of the curve more simple. 

I. New Axes parattel to Old Aa^es, In Fig. 22 let B be 
the new origin, and let X\BX^, Y\BY^ l^ parallel to 
X'OX, TOY respectively. 



Y 


Y, 




? 


x; 


B 


M' 


X, 


X' 
Y' 


A 

y; 


^ 


^ . X 



Fio. 22. 

Let (a, 6), (x, y) be the coordinates of B and of any other 
point P with respect to the old axes X'OX, Y'OY; and let 
(x\ y') be the coordinates of P with respect to the new axes 
X\BX^, Y\BY^, Then 

OA = a,AB = b; OM=x,MP = y\ BM'=x'\ M'P = y') 

and OM = OA+AM=OA+BM' ] 

MP=:MM'+MT = AB+M'P; 

and therefore x = a+x'; y = b+y' (1) 

Conversely x' = x — a; y' = y^b (1') 

When x and y have been replaced by a+x' and b + y* 
the accents may be dropped, it oeing remembered that the 
origin is then B, so that x will mean not OM but BM\ and 
y not MP but M'P, 
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Example. The equation y2_4^-2^-l=0 may be written 

(y-l)2=4(^+i). 

,Put a:+i=a/, that is, .r= - J +.j/ and y - 1 =y, that is, y = 1 +y, which 
means transferring the origin to the point (-^, 1), and the equation 
becomes y2 _ 4^ 

This equation, and therefore also the given one, represents a parabola 
with its vertex at the new origin and with the new axis of abscissae 
as its axis. The latus rectum is 4 ; the focus is the point (1, 0) with 
respect to the new axes, and therefore the point (i, 1) with respect to 
the old because the coordinates of any point with respect to the old 
^axes are equal to those with respect to the new increased by the 
coordinates of the new origin. 

II. TTie origin not changed, hut the New Axes obtained 
by turning the Old Axes through a positive or negative 
angle ft In Fig. 22a let P 
be the point (x, y) when 
referred to the old axes 
X'X, TY, and the point 
{x\ y') when referred to 
the new axes X\X^y ^\^v 
so that 

x=OM, y = MPi 

x'=OM\ y' = MT; 

LXOX^ = e=LYOY^. 

By elementary trigono- 
finetry, 

0M=0M'co8e-MTame; MP = OM'sme+MTcose; 
that is, 

x=afco&6—y'smd; y=x'sm6+y'cos6 (2) 

Conversely, solving for x' and y' in terms of x and y, 

a;'=flj cos 0+2/ sin 6; y'=-.x sin d+ycos 6 (2') 

It may be possible to choose 6, so that the new equation 
is simpler than the old or even is an equation of which the 
graph is known. 

Example. By turning the axes through 45* the equation xy^c^ 

^.^'=«a or x^-y»=2c3 




Fio. 22a. 



becomes 



since, by (2X 






1 ^_i_ 1 . 
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The new form shows that the curve is a rectangular hyperbola i 
half the transverse axis, denoted in § 26 by a, is >J^c, Hence the 
graph of c^/47 is a rectangular hyperbola referred to its asymptotes as 
coordinate axes. 

III. The origin chaTiged to (a, b) and the axes tv/med 
through an angle ft Combining cases I., II. we get the 
more general transformation 

x = a+af co^d—y mnQ\ 

y = b+x'8me+y'co&e (3)^ 

x' = (x — a) cos 6 + (y — b) sin 6; 

2/'=-(aj-a)sin0+(t/-fe)eosft (3') 

EXERCISES V. 

' Unless otherwise stated the equations of the conic sections in this 
set of Exercises are supposed to be in the standard forms (P), (C} 
of § 26. 

1. In the central conies prove CS=eCAy CA—eCK. 
For the ellipse, A8 : AK^e^A'S : A!K, 

and therefore e=A'8-AB : A'K-AK=&S : A'A=CS : CA, 

e=^A'8-\-AS: A'K+AK=A'A : K'K=CA : CK, 

For the hyperbola, ^'>S^ - AS : A'K- AK^ CA : GK, 

A'S+AS : A'K+AK=CS : CA. 

2. In Fig. 20, S is the point ( - ea, 0), & the point (ca, 0). 
In Fig. 21, S is the point (ca, 0), S^ the point ( -ea, 0). 
In Fig. 19, >S' is the point (jt?, 0). 

3. Show that the latus rectum (or parameter) of a central conic is 
262/a. 

4. On A A' (Fig. 20) as diameter a circle is described; if MP is 
produced to meet the circle at Q, show that 

MP : MQ =zb :a= constant. 
For MQ^=^CA^^OM^=a^-a^; MF^ =^^(a^ - x^). 

The circle is called the Auxiliary Circle of the ellipse. The theorem 
shows that if the ordinate MQ of a circle to any diameter is divided 
internally at P, so that i/P : J/§= constant, the locus of P is an 
ellipse whose major axis is the diameter of the circle. 

Tlie student may prove that if P is in MQ produced, the locus is' 
an ellipse whose minor axis is the diameter of the circle. ] 
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5. Show that the point (a cos 6, b aiii $) lies on the ellipse, whatever 
be the value of $, 

For the equation of the ellipse is satisfied by :F=aco8 0, y = 6sin 6, 
, As 6 varies from 0° to 360° the point travels round the ellipse. In 
the notation of ex. 4, if P is the point (a cos $y b sin 6) $ is the angle 
A'CQ and is called the Eccentric Angle of P, 

6. Show that the point (pt^y 2pt\ p being a constant, lies on a 
' parabola whatever be the value of t. 

7. In Fig. 20, if CM=x, prove that 8P=^a+ex^ S'P=a-ex, 
SP+S'P=2a. 

For SP^ei^P=eKC+eCM=a+ex, 

S'P=e.PN'=^e.CK'-eCM=a-ex, 

SPf S'P are called the focal distances of P, and therefore in the 
ellipse the smn of the focal distances is constant, the constant being 
' the major axis. 

8. In Fig. 21, if CM=a:, piwe SP=ex - a, S'P^ea^+a, S'P-'SP^2a, 

Hence the difference of the focal distances of a point on a hyperbola is 

constant. 
> 

9. In the parabola (Fig. 19) prove 

SP=KA+AM==AS+AM=p-^a^y 
X being the abscissa of P. 

. 10. On any of the conies (Figs. 19, 20, 21) a point Q is taken and 
the chord PQ (produced if necessary) meets the directrix KN at Z, 
Prove that SZ bisects the exterior angle PSQ^ except when P and Q 
are on different branches of the hyperbola when SZ bisects the 
interior angle. 

> Draw (^R perpendicular to KN-, then 

SP'.PN^e^SQ'.QRy 
therefore SP:SQ= PN : QR = PZ : QZ, 

' and the theorem follows by Euc. vi. 3 or il. 

11. Trace the conies given by the equations, 

(i) ^ + 4/=4; (ii) 2^-3y2=6, 

* and find the eccentricity of each. 

In (i) a2=4, 62 = i, and l^^a'O^-e'), so that e^^{a^-b^)\a^ etc. 

12. Show by transferring the origin to (0, - 6) that the equation of 
the ellipse when B is the origin and EB the axis of ordinates is 

^/a'+yV&2_2y/6 = 0. 

If ^ is the origin and BB the axis of ordinates the equation is 

^2/^2+^2/52 + 23^/6=0. 
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13. Show by fiDding the values of A and B in terms of ^, a, 6 thatj 
when A is positive the equation 

represents (i) a parabola if 5=0; (ii) an ellipse if 5 is negative, the^ 
elfipse becominga circle if 5= - 1 ; (iii) a hyperbola if 5 is positive. 

Show that when B is negative and numerically greater than 1 tHe 
major axis of the eUipse lies along the axis of ordinates. Show that 
all the results hold also when A is negative. (See note on sign of 
term in :r in equation (1) § 26.) 

14. Gi-aph the ellipses given by 

(i) y«=4r-ia^; (ii) ^21.4^-2^, * 

and find their eccentricity. 

16. Show that the equation 

4/-a;34.8^ + ar-5=0 

represents two straight lines through the point (3, - 1). 

§ 28. Transcendental FunctionB. All functions that are 
not algebraic are classed as Transcendental functioTis. 

The elementary transcendental functions are (i) the 
Trigonometric Functions, Direct and Inverse, (ii) the 
Exponential Function and its Inverse the Logarithmic 
Function. 

Graphs of the direct trigonometric functions, sin a?, cos x, 
tan X, cosec a?, sec x, cot x will be found in most textbooks of 
Trigonometry. The characteristic property of these func- 
tions is that they are periodic ; that is, if f{x) denote any 
one of these functions and if 71 be any positive or negative 
integer f{x+2n'jr)^f{x). 

In other words the function is not altered if its argument 
be increased or diminished by any multiple of 27r. This 
number 27r is called the period of the function. The tang- 
ent and cotangent have also the shorter period tt. 

The graphs of the Inverse Functions can be constructed 
as explained in § 26 by rotation about the bisector of the 
angle ZO F. To make the inverse functions single- valued 
we shall always suppose the angle denoted by sin-^o;, 

cosec -laj, tan-i^j, cof^a; to lie between -| and | and the 

angle denoted by cos-i^, sec-i^; to lie between and ir. 
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Thus 



tan"^a;+cot'^a3 = ^ if a? be positive, 



TT 



= — ^ if oj be negative. 

Ex. 1. Plot to the same axes the graphs of sinj:, 2sind;, 3sinj?, 
J sin 0?, J sin a: between - 2ir and 2ir. 

Ex.2. Plot to the same axes the graphs of sin|^^, sin^, sin 2^ 
between — 27r and 27r. 

Ex. 3. Plot the graph of sin^a;4-sina?+sin2a7, making use of the 
graphs of ex. 2. (-|<^<|)- 

Ex. 4. From the graph of sin^F deduce without calculation the 
)h of sin (a? + a) where a is any positive or negative number, 
uce the graph of cos ^. 

[Shift the origin to the point (a, o).] 

Ex. 5. Plot the graph of sin ^-f cos ^. 




sin 07 + cos a: = i^2 sinf ^+ 2 j, etc. 



Ex. 6. With the notation of ex. 10, Exer. IV. construct the path of 
the point when 

(i) x=2t, y=3sin4^; (ii) .r=2^, y=3tan-^^; 

(iii) j: = a COS nty T/^bsinnt. 

§29. The Exponential Function and the Logarithmic Func- 
tion. The power a* is called an Exponential Function 
of X ; here the base a is any positive constant, and the 
index or exponent x is the argument of the function. 

a* is always positive. If aj be a positive fraction — 

(m, n integers), a* means the (positive) n^ root of a"' ; if x 

be negative, say (tr, n positive integers), a* means the 

reciprocal of the (positive) n^^ root of a^; if x is zero, 
a* is 1. If a; be an irrational number we may for the 
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present suppose it to be replaced by a rational approxi- 
mation. 

(i) a >1. As a? increases from —N to +iV, where N is 
a lar^ positive number, a* will increase from a very small 
positive number a'^ through 1, the value of a* when x=0, 
to a very large positive number a"*"-^. 

(ii) as 1. In this case a^ is always 1. 

(iii) a<l, say a = 1/6 where 6 is greater than 1. As a? 
increases from — iV to +N, a* will decrease from a large 
positive number 6+^ to a very small positive number b~^. 




Fig. 23. 

ABC in Fig. 23 shows the graph of a* when a =2. The 
^aph approaches the negative end of the a;-axis asymptot- 
ically. 

If a is gi-eater than 1, 1/a is less than 1, and since 
(l/a)* = a"* it is evident that the graph of (1/a)* can be 
found from that of a* by rotating the latter about the 
axis Y'Y. Hence when a is less than 1, the graph of a* 
will approach the positive end of the a;-axis asymptotically. 
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By the definition of a logarithm, x==logay if y = a*. 
Hence the logarithm x is the function inverse to the 
exponential fimetion a*. By the method given in § 25 
for finding the graph of an inverse function, we get the 
graph of logaX by rotating the graph of a* about OD the 
bisector of the angle XO Y. The curve A'B'C in Fig. 23 is 
the graph of loggOJ. 

The most convenient base for the exponential function 
is an irrational number, usually denoted by e and called 
Napier's base; approximately e = 2'71828. Logarithms to 
the base e will throughout the book be denoted by the 
symbol "log" (without suflSx), unless the contrary is ' 
expressly stated; they can be converted into logarithms 
to the base 10 by the ordinary rule. 

^^gio^ = log«^ ^ l^gio^ = logeOJ -^ log JO, 
and logioe = 434 294 log, 10 = 2*302 585. 

The exponential function will be considered more fully 
when the number e is defined (§ 48). 

§ 30. General Observations on Graphs. The graphs that have 
been discussed up to this point have been those of functions 
defined by equations of the kind that occur in elementary 
algebra and trigonometry, and it has been assumed that the 
functions are Uontvnuous, It is only on this assumption 
that we are justified in joining the points whose coordinates 
satisfy an equation and concluding that the coordinates of 
the points which lie on the short lines or arcs that we draw 
will actually satisfy the equation. In other words we 
assume that when the argument x changes by a small 
amount the function y will also change only by a small 
amount. The only exception we have found has been in 
those cases in which as x tended towards a special finite 
value y tended to a very large value (numerically). See § 24. 
Thus if y=l/x, as x changes say from 1/1000 to 1/1001, 
y changes from 1000 to 1001, that is, an extremely small 
change in x produces a change of 1 unit in y; as x gets 
nearer still to a change of the same amount as before 
would produce a still larger change in y. Hence as x 
approaches 0, y or 1/x ceases to be continuous, or, as it is 
usually expressed, becomes discontinuous. 
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Since division by zero is expressly excluded in stating the 
rules of division in algebra, the symbol ^ is really meaning- 
less ; but since it is possible by taking x nearer and nearer 
to to make - greater than any given finite number, it is 

usual to define tj as " infinite," or " an infinite number." 

Hence a function becomes discontinuous for those values 
of its arguroent that make it, in the above sense, infinite. 

The question of continuity will be taken up in Chap. V. 

When, as frequently occurs in practical work, the relation 
between a function and its argument is determined by 
measurements, it is only possible to calculate a compara- 
tively small number of corresponding values of function 
and argument. In such a case it would be possible to find 
a great variety of curves which would be continuous in the 
mathematical sense and would pass through all the points 
that are plotted. In practice the points are not joined by 
straight lines ; but the simplest curve on or near which the 
points seem to lie is usually taken as the graph of the func- 
tion. The broken line or curve which would be obtained 
by joining the plotted points by straight lines would have 
this disadvantage, that its curvature would not be con- 
tinuous ; in the language of the Calculus, the deHvative of 
the function as represented by the graph would change 
abruptly, as a rule, for the values of the function actually 
calculated. 

Of course considerable care must be taken in selecting the 
curve and no inference should be drawn, as a rule, from the 
form of the graph outside the range of the argument for 
which the values of the function have been calculated. 
Examples of such graphs will be found in most text books 
of mechanics, physics or chemistry. 

EXERCISES VI. 

1. From the graph of y(.r) derive that of f{ka;), k being a constant. 
Denote the graph of f{x) by O^ and that of J{kx) by G^. When 
x^a, the ordinate of O^ is f{ha) ; but fijca) is the value of %v) when 
x=ka. Hence the ordinate of O^ when x--=a i^ equal to that of G^ 
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when x=ka. Since a may be any value whatever of the abscissa, 
(?2 may be derived from O^ without further calculation of ordinates ; 
we may say that every line parallel to the :r-axis is contracted in 
the ratio iSr to 1, while every line parallel to the y-axis is unaltered. 

2. Apply the principle of ex. 1 to construct (i) the graph of sin ^x 
and of sm '2x from that of sin x ; (ii) the graph of 2** from that of 2* ; 
(iii) the graph of 2~** from that of 2~* 

3. From the graph of f{x) derive that of cf(Jcx\ c and k being 
constants. 

Deduce the graph of the ellipse a^ja^+y^ll^—l 

(i) from that of the circle a^+y^=a^ ^ 
(ii) from that of the circle .r*+y*= 1. 

4. A point moves in a plane and at time t its coordinates are 

x= Vt cos a, y=^yt sin a - ^t^ ; 

show that the path of the point is a parabola with its axis vertical 
downward, that its vertex is the point ( F^ sin a cos a/^, F2 8in*a/2^), 
and that its latus rectum is equal to 2 F* cos* ajg, (Compare Exer. 
IV., 10.) 

Eliminate ^, then the equation between x and y may be written 

/ F^sinacosaX* ^V^co^^ai F^sin^aX 

V — -g — ) — T v—w-y 

5. Show that the equation of the directrix of the parabola in ex. 4 is 

y=y^i^ 

6. If the coordinates of a point are given by 

x=^a + bt, y=A + Bt+W 

where t is variable and a,b^..,C constants, show that the locus of the 
point is in general a parabola whose vertex is the point 

/ bB . B^\ 

and whose latus rectum is equal to b^/C, 

7. Apply the transformations of § 27, (2) to the equation 

Aa^-^2Bxy + Cy^=-D, (i) 

and show that the new equation will be 

La/^+2Mx^y' + Ny'^=D, (ii) 

where L = Aco&^e+2B6inecoa e+C6m% 

M=={C-A)smecosO+ B(cos^e - sin*^), 
iV= 4 sin26^ - 25 sin ^ cos ^+ Ccos^'ft 
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8. Show that equation (i) of ex. 7 represents, in general, a central 
conic. 

For equation (ii) will become Laf^ •\- Ny'^ — D, which is of the form 
(c), § 26, if M^O. It is always possible to choose d so that M shall 
vanish, because 

(C- J)8indcos^+^cos2e-sin2^)=0, if tan2^=^^, 

and whatever be the values of Ay B^ C, an angle can always be found 
to satisfy this equation. The values of cos ff, sin found from this 
equation have to oe inserted in the values of L and N. 

9. Show by turning the coordinate axes through 45*' that the 
equation 

iar«-10A^ + 13y2^72 

represents an ellipse whose axes are 6 and 4. Sketch the curve. 

10. The coordinates of a point are given by 

jr=acos-^, y=6cos2irf «y+a j, 

where < is a variable, say the time. Show that the point describes the 
ellipse given by the equation 

-s - 2-\ cos 27ra +?o = sin*27ra. 
a* ah b* 

11. The coordinates of a point are given by 

a7=acos(2ir«/T), y=bcos(47rt/T) ; 
show that the point describes the parabola given by 

12. Find the coordinates of the centre and the lengths of the axes 
of the central conies given by the equations 

(i) 4:r2+V-24:F+72y+144=0; 

(ii) 3^-42^2 + 66^+40^ + 251=0. 

Equation (i) may be written 

(^-3)g (y + 4)« 
9 "^ 4 ""^' 

13. Show by turning the axes through 45** that the equation 

^+^=3V2ib3^ (i) i 

becomes, the accents being dropped, 

{a^'hk)2/^Hk'-ix)x^ (ii) 
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From the form (ii) show that there is an asymptote perpendicular 
to the new axis of abscissae. Show further that the new or is not 
greater than Zk nor less (algebraically) than —k, it being assumed 
that k is positive. 

14* In Fig. 20, taking S as origin, SK as initial line, SP=^r, 
lKSP— 6, show that for this system the polar equation of an ellipse is 

r=;/(l+ecos^), 

where l=eKS=SL=Bemi-hit\iB rectum. 
By the definition of a conic SP=eNF; hence, since NP=KS+SMj 

r ^ eKS + €SM= I + er cos(7r-6)=' I -er cos Of 
and therefore r(l+e cos 6) = L 

The equation is the same if S' is origin, J^K' initial line, and 
lK'S'P=0. 

15. Show that the polar equation of a hyperbola is 

r=;/(l + eco8^). 

16. Show that the polar equation of the parabola (Fig. 19) is 

r = 2^/(1 + cos ^), 

where "^^SL and lKSP= 6, the origin being 8 and the initial line SK, 
If lXSP^ 6y we shall have 1 - cos ^ instesS of 1 + cos 0. 

17. Show that the length of the perpendicular from the point 
(^i> 2fi) ^ *^® ^^^ ^ -artan ^=0 is 



(yi - a?! tan 0)1^(1 + tan^ 

In Fig 22o, § 27, let P be the point (^j, y,) ; then M'P is the 
required perpendicular, since X^'OJC. is the line y-xtsin6=0. But 
by (n § 27, 

M'P=^ =^1 cos^ - ^1 sin = cos 0(i/i - a^^ tan $) 
= (2/1-^1 tan ^)/V(l + tan20. 

By putting - a/b for tan 0, we see that the perpendicular on the 
line whose equation is am? +6^=0 is 

(aa7i + 6y,)/V(«H62). 

Hence to find the length of the perpendicular from the point 
(^v2fi) on the line whose equation is ax-\-hy—Of substitute ^1,^1 for 
Xj y in the expression cue ■\- by and divide by the square root of the sum 
of the squares of the coeflicients of x and y. 

18. By the method of ex. 17 show that the length of the perpen- 
dicolax from the point (;r„ y^ to the line whose equation is 

flW74-6y+c=0 

is {axx + ^1 + c)/\/(«^ + *')• 

The dgn of the expression for the perpendicular will be positive 
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or negative according as arj + i^yi+c is positive or negative if the root 
have always the positive sign; the numerical value however al^^ays 
gives the length. 

19. Find the length of the perpendicular in the cases : 

(i) point (2, 1); line, 3iF-4y + 5=0. 
(ii) point (2, -1); line, 12:^-13^-10=0. 

20. Find the length of the perpendicular on the line given by 

-cos ^+? sin ^=1, 
a o 

from the points (i) (0, 0) ; (ii) (««, 0) ; (iii) ( - ea, 0). 

If e^=(a*-h^)la^ show that the product of the perpendiculars from 
the points (ii) and (iii) is equal to 6^. 

21. Show that the straight line in ex. 20 meets the ellipse given by 

^/a«+y2/^=l 

at only one point, namely the point (a cos ft 6sin^). (Compare 
Exercises III. 9, 10.) 

The line is therefore a tangent to the ellipse; the three perpen- 
diculars are those from the centre of the ellipse and the two foci. 
(See Exercises X. 9.) 

22. If MP (Fig. 21) is produced to meet the hyperbola again at J^ 
and the lines CE, CF, at Q, Q show that 

From these equations prove that CE and CF are asymptotes ; also 
that PQ and ^P are equal. 



CHAPTER IV. 

RATES. LIMITS. 

§ 31. Bates. The fundamental problem of the Differential 
Calculus may be considered as the investigation of the rate 
at i^hich a function changes with respect to its argument. 

The element of time does not necessarily enter into the 
conception of a rate. Whatever be the nature of the 
magnitudes under consideration a change in the one which 
Ls taken as the independent variable or argument will 
usually produce a change in that which is taken as the 
dependent variable or function, and by comparing the 
change in the function with the change in the argument 
we can determine the rate at which the function changes 
with respect to its argument. Many problems in pure 
and applied mathematics depend on such a comparison, so 
that their solution reduces to the determination of a rate ; 
for example, the problem of drawing a tangent to a curve 
is equivalent to that of determining the rate at which the 
ordinate varies Tvath respect to the abscissa. 

§ 32. Increments. When a variable x changes from a 
value o;^ to a value x^ the difference 3:^2 ""^i (^^^ ^i"^2) ^^ 
sailed the increment that x has taken, and is often denoted 
by the symbol Soc^ or AaJi, read " delta cCj " ; ^, A are the 
Breek forms of the small d and capital d, the initial letter 
of the word " difference." The symbol &Ci must be taken as 
A whole ; S by itself in this use of the letter is meaningless. 

If x^ > x^ the increment is positive, so that x has increased 
algebraically ; \i x^< x^ the increment is negative, so that 
% has decreased algebraically. In both cases the one word 

G.C. E 
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"increment** is used, so that a negative increment is an 
algebraic decrease. 

Since x^ — x^ — &c, we have ajg = ajj + ^^c^, so that if x change 
from the vahie x^ to another value and if the increment 
that X takes is &jc^ that other value is o^^ + ^^i; the student 
must accustom himself to this method of denoting the 
value to which x changes, for although x^ + Sx^ seems more 
cumbrous than Xo its form is more suggestive and is really 
simpler in many investigations. 

Let y be a function of x, say 5aj — 3, and let x^, y^ be 
corresponding values of x and y. When x changes from 
X, to x^ + Sxy^ let y take the increment ^t/u so that the value 
ot y corresponding to x^ + Sx^ is yi + Syi ; then 

yj = 5aJi-3; yy^ + Sy^ = f>{x^+6x^)-^, 

and therefore Sy^ = bSx^. 

If t/ = 3ic2+7a; — 2, we find, using the same notation, 

yi = 3xi2 + 7aji-2; y^+Sy^ = ^x^ + 8x^f+l{x^+8x^)^% 

and therefore, by subtracting the left side of the first 
equation from the left side of the second, and the right 
side of the first from the right side of the second, 

8y^ = Qx^Sx^ + ^Sx^ + ^&x^ 
In general, if y =/(a:), we have 

The same notation is used whatever letters denote the 
variables, so that if 8 = 0(^), 

and so on. 

As this process of finding increments is of constani 
occurrence the student should make himself quite familial 
with it. The following examples should be work 
through, 

Ex. Mf ,4. show that ^.= -^5^. 
Ex. 2. If /(^)=^_ 1^ show that 
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Ex. 3. If ^=logj7, show that 

8y,=81og^,=log^l±^'=log (l+^). 

Ex. 4. If y=^, 8yi=(iri+&Pi)'-a;i^, calculate %i and Si/JSa^i when 

^=10, S.ri=I, -5, 1, -01, -001. 
Ex. 5. If y=8ina?, show that 

8^1 = 8 sin Xi = sin(^i + &Fj) - sin a?j . 

From the Tables calculate Sy^ and ^ for the following values 
of OTj and &ri, the numbers denoting the value of the angles in degrees : 
(i) a;i=30, &Pi = l, -5, % -1; 
(ii) a;i = 60, &ri = l, '5, -2, -1. 

Ex. 6. If y =logio^, find from the Tables the values of S^i and ^ 
(i) when a?i = 325 and &Fi = 2, 1, '5, 1 ; 
(ii) when a7i = 72 and Sa?i = 2, 1, -1, -01. 

§ 33. Uniform Variation. When the argument of a func- 
tion takes a series of values ic^, ojg, ajg, x^,.. the function 
takes a corresponding series of values y^, y^, y^, y^. When 
the increment of the function is in a constant ratio to the 
corresponding increment of the argument the function 
is said to vary uniformly or at a constant rate with respect 
to its argument. 

If the constant ratio is a, then 

and 2/2 - ^1 = «(«^2 - ^i) ; 2/4 - 2/3 = «(^4 - ^s)- 

If the increments (aJ2'"^i) ^^^ (^4 ""^3) of the argument are 
equal so are the corresponding increments (2/2 — ^1) ^^^ 
(2/4—2/3) o^ ^^® function. The increment (x^—x^) may be 
either positive or negative and may be of any magnitude 
whatever; the corresponding increment of the function is 
0(2:2— ajj), ^^^ always, when the argument takes two equal 
increments so does the function. 

It follows from the definition that the uniformly varying 
function is a linear function of its argument. For when 
the argument changes from any value x^ to any other 
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value X, let the function change from y^io y\ then the 
increment of the argument is (x— a^), the increment of the 
function is {y^y^ and 

(y-yi)K^--^)=a; 

that is, y = oic + ^1 — aoCy 

But Xy t/i are fixed vahies of the argument and function 
and the ratio a is constant, so that ^ is a linear function 

of 05. 

It is easy to see conversely that if j/ is a linear function, 
ax-^-h say, of x, then y varies uniformly with respect to x. 

Measure of a Uniform Bate, — The constant ratio a is 
taken as the measure of the rate at which the function 
varies with respect to its argument. Instead of saying that 
the ratio a measures the rate we shall generally use the 
briefer expression that a is the rate. 

When a is a positive number, y increases as x increases 
and decreases as x decreases ; when a is a negative number, 
y decreases as x increases and increases as x decreases. 
The particular case in which the function reduces to a 
constant, y = h, may be included in the general category of 
uniformly varying functions by saying that the function 
varies at the rate zero ; a = 0. 

Since the graph of aaj+ 6 is a straight line with the 
gradient a (§ 22) the gradient of the line measures the rate 
at which the function varies with respect to its argument. 
It should be noticed that if in plotting the graph the unit 
for the ordinates is not of the same length as the unit for 
the abscissae the tangent of the angle shown on the diagram 
will not be equal to the rate a ; if the unit for abscissae is 
1 inch and for ordinates, say *! inch, then to an increment 
1 of the abscissa the diagram will show an increment, not 
of a but of 'la of the ordinate, so that the real gradient 
or rate will be found by multiplying by 10 the tangent of 
the angle shown on the diagram. 

§ 34. Dimensions of lAagnitudes. It is customary and 
convenient to use such expressions as "the area of a 
rectangle is the product of its base and its altitude," " the 
speed of a body which moves uniformly is the distance 
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gone in a given time divided by the time," and these 
expressions are represented in the form of equations : 

. 1 1,., J T distance 

' area = base x altitude : speed = - t^ . 

^ time 

When considered as equations in the sense commonly 
understood in algebra these must be interpreted as "the 
number of square feet (or square inches, etc.) in the area is 
equal to the product of the number of linear feet (or inches, 
ete.) in the base and in the altitude," " the number of units 

• of bpeed is equal to the quotient of the number of units of 
length in the distance by the number of units of time." 

But the equations may be interpreted in a different 
manner. Let capit.al letters denote, not numbers but 
magnitudes; L the straight line of unit length, T the 
interval of time taken as the unit. Taking as unit of area 
the square on the line Z, and as unit of speed that of a body 
which moves uniformly a distance L in time T, the 
equations may be stated for the unit magnitudes in the 
form 

unit area = LxL; unit speed = ^ ; 

or, combining the symbols by the algebraic laws of indices, 

unit area = L^ ; unit speed = LT' \ 

► These equations are usually called diTn^nsioTial equations, 
and the indices are said to give the dimensions of the 
magnitudes ; thus the first equation states that the unit area 
is of 2 dimensions in i, the unit of length, and the second 
states that the unit of speed is of dimension 1 in L and of 
dimension — 1 in T. Since all areas are magnitudes of the 
same kind as the unit area, area is said to be of 2 

• dimensions as to length and to have L^ as its dimensional 
formula. Similarly, the dimensional formula of speed is 
LT-K 

If M denote the unit mass the dimensional formula of 
momentum will be MLT'^, because momentum is the 
product of mass and velocity. 

It may happen that a magnitude has zero dimensions; 
thus angles when measured in radians have zero dimensions, 
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because the radian is "arc divided by radius," and its 
dimensional formula therefore is LjL, that is L^. 

A notation that suggests the dimensional formula is 
sometimes used ; thus an area of 10 square feet is denoted 
by 10 ft.*, a speed of 10 feet per second by 10 ft./8ec., a 
pressure of 14 pounds per square inch by 14 lb. /in.* and so 
on. The characteristic word for expressiiig a rate, namely 
ver^ is represented by the symbol of division. 

When a function varies uniformly the number which 
has been defined as the rate of variation is quite inde- 
pendent of the magnitude of the increment which the 
argument takes; it is therefore possible to choose at 
pleasure the increment of the argument that shall be 
called unit increment. Thus we may speak of a* speed of 
30 miles per hour, although the motion may only last 5 
minutes, or 1 minute or less; a rate of 30 miles per hour 
is the same thing as one of half a mile per minute, or of 44 
feet per second. It is important to bear in mind this 
aspect of a rate when discussing non-uniform variation. 

Again, the statement that the speed of a moving body is 30 
miles per hour is equivalent to the statement that the distance 
travelled varies with respect to the time at the rate 30, when 
it is understood that the units are the mile and the hour. 
The latter mode of expression is more simple in many cases. 

When the measure of a magnitude is interpreted as a 
rate the dimensional formula for the magnitude will be the 
quotient of the formula for the function by that for the 
argument. Thus force may be measured as the rate of 
change of momentum with respect to time ; its dimensional 
formula is therefore MLT'^T or MLT-\ 

It is important to bear in mind that the measure of one 
magnitude can often be interpreted as the rate of change of 
a second magnitude with respect to a third, because it is 
through this connection that the calculus is applied to the 
investigation of the numerical relations of magnitudes, and 
in all such interpretations the theory of dimensions is of 
great service. For a full treatment of that theory the 
student is referred to the books named below.^ 

^ EveretVB UniLH and Phy.'iical Coristants ; Gr&y's Absolute Measurements 
in Electricity and Magnetism; Maclean's Physical Units, 
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§ 35. Variable Bates. So far, only uniformly varying 
functions have been discussed. But it may happen that 
the increment of the function is not in a constant ratio to 
the corresponding increment of its argument, or in other 
'words, that two equal increments of the argument do not 
always produce two equal increments of the function; in 
that case the function is said to vary non-uniformly, or at 
a vat^ble rate, with respect to its argument. 

Let y=z*ia?\ when x varies from x. to x^'\'h let y vary 
from y^ to t/j+Jk, and when x varies from ajg to x^ + h let y 
vary from y^ to y^+h'. Then 

y^ = Zx^\ y^+k = Z {x^+hf ; k^6x^h+^h?\ 

therefore k/h = 6x^ + 8h', and in the same way we find 

k'/h = 6x^+Sh. 

The two ratios k/h, k'/h are therefore unequal, so that y 
varies non-uniformly with respect to x. 

In this case the ratio k/h depends both on h and on x^ ; 
the characteristic property of a uniformly varying function 
is that the ratio k/h depends neither on h nor on the value x^ 
of X, from which the increment begins. To obtain the 
number which is taken as the measure of a variable rate 
we proceed as follows. 

§ 36. Average Bate. We first define an average rate, 
thus : — The average rate at which a function varies with 
respect to its argument while that argument takes a given 
increment h is defined to be that uniform rate which would 
give the actual increment k taken by the function. 

The average rate is thus k/h. In the example of last 
article the average rate at which y varies with respect to x 
while x varies from x^to x^+h is 

k/h = 6x^+Sh; 
the average rate at which y varies while x varies from ccg 
iox^+hiR k'/k = 6x2+Sh. 

The average rate thus depends both on x and on h. 
Next, it agrees with our ordinary notions of a rate of 
change to suppose that the smaller h is the better will the 
average rate measure the rate at which the function varies 
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as X varies from x^ tx) x^+h. But as ^ is taken less and 
less the average rate HXj^ + Sh approximates more and more 
closely to the definite number 6x^, The average rate will 
never be exactly Qx^, because it would be absurd to suppose 
h actually zero; that would amount to supposing that x 
had not changed from the value x^ at all. On the other 
hand, however small h may be, provided it is not zero, the 
quotient k/h can be calculated and the average rate for 
that small increment determined. We may therefore 
suppose h to be, not zero, but so small that the difference 
between 6Xj^ + Zh and 6x^, namely Sh, shall be less than any 
fraction that may be named, however small that fraction 
mcgr be, provided only it is not zero; for example, the 
dinerence will be less than OOl if h be numerically 
less than one third of '001, say less than 0003. It is 
natural therefore to consider 6x^ as measuring the rate at 
which y changes with respect to a; as a; increases or 
decreases from the value Xy 

We therefore define 6x^ as the rate at which the function 
y or 305* varies with respect to its argument x for the value 
x^ of the argument. 

In the same way Qx^ is, by definition, the rate of change 
for the value a^g and in general for any value a of the 
argument the rate is 6a, oecause the reasoning does not 
depend on the particular value ajj ; the reasoning is the 
same whatever value of the argument be chosen. 

When X has the values 0, i, ^, f, 1, f, 2 ... the rate is 
equal to 0, f, 3, f , 6, 9, 12 . . . respectively ; thus for the value 
1 of 05, 2/ is increasing twice as fast as for the value |, for 
the value f thrice as fast, for the value 2 four times as fast 
and so on. The student should compare these statements 
with the information to be derived from an inspection of 
the graph of Sx^. 

When X is positive the rate is positive, so that as the point 
X moves to the right the graphic point moves up ; on the 
other hand, when x is negative the rate is negative, so that 
as the point x moves to the right the graphic point moves 

J^' "^^IIJ^ noticed that in stating a variable rate the 
phrase tor the value x^ of the argument'' occurs; the 
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phrase is needed because, unlike that of a uniformly vary- 
ing function, the rate is in this case itself a variable. If the 
number 8 of feet described by a moving body in t seconds 
be 3^*, the rate at which 8 varies with respect to t at time 
t. seconds after motion begins is 6t^y that is, the speed at 
tvme t^ is Qt^ feet per second. 

§ 37. Measure of a Variable Bate. The method just given 
of defining a variable rate is of fundamental importance, 
and the student should make sure that he masters the 
reasoning on which the definition is based. The process 
consists of three steps : 

(i) We find the average rate fc/A; the number hjh 
depends both on x^ and on\ 

(ii) We assume as consistent with our notions of rate of 
change that the smaller h is the better will the quotient kjh 
measure the rate at which the function changes as the 
argument changes from x^ to x^+h. It usually happens 
that by taking h less and less the quotient kjh gets nearer 
and nearer to a definite number; h is not supposed to 
become zero, but in general we can take h so small that the 
difference between kjh and a definite number will become, 
and for smaller values of h will remain, less than any stated, 
non-zero, fraction. The number will depend on x^ 

(iii) We then define this number as the rate at which 
the function changes with respect to the argument for 
the value x^oi the argument. 

The more rigorous of the older mathematicians, such as 
Maclaurin, starting from definitions or axioms respecting 
variation at a greater or less rate, proved that Qx^ is the 
** true measure ' of the rate at which 3aj^ varies with respect 
to x for the value x^ ; but the reasoning on which we have 
based the definition seems sufficient to establish its correct- 
nes& Of course if the values considered were determined 
by measurement a stage of smallness for h would soon be 
reached at which it would become impossible to distinguish 

tween Qx-^ and 6x^ + 3^; the average rate determined by 
he smallest available value of h would therefore coincide 

ith that determined by the process and definition we have 

opted. 



' 
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Ex. 1. If s=^t^, find the rate at which s varies with respect to t^ 
when t has the values 0, ^, 1, 2. 

Ex. 2. If p = -, find the rate at which p varies with respect to i 
when r = <;,. 

§ 38. IiiiiiitB. It would seem at first sight as if the rate ' 
6x^ could be •determined from the average rate Qx^ + Sh 
simply by putting h equal to 0. But the logic of such a 
step would DC faulty, because the equation 

can only be established on tlie assumption that h is not 
zero ; in proving the laws of division in algebra the case in 
which the divisor is zero is expressly excluded. But 
further, if A = 0, so also is k, and the quotient k/h would 
appear in the form 0/0 — a symbol which has absolutely no 
meaning whatever. The ground in common sense for 
defining 6Xj^ as the rate of change for the value x^ is that 
6xi is t?ie one definite number towards which the average 
rate k/h settles down as A is taken smaller and smaller. 
(See the values of SyJSx^ in examples 4, 5, 6 (§ 32) as an 
illustration of this settling down.) 

In mathematical language we are said, in determining, 
the number towards which the quotient k/h settles down; 
to find the limit of k/h when h tends to zero as its limit \ 
in this process fe is a variable number, positive or negative^ 
and it may take any value except zero ; zero is so to speak a i 
boundary to which it gets nearer and nearer, but which it 
never actually reaches. 

Before giving a formal definition of a limit we will 
consider a few typical cases; by carefully studying these 
the student will gather the necessity for the introduction of' 
the word and will see what it really means. 

§ 39. Examples of Limits, (i) Let AB (Fig. 24) be a 
chord of a circle whose centre is ; ATy BT the tangents 
at A, B. Let OT cut the chord AB at M and the arc AB a,i 
N; Jf and 2Vwill be the middle points of the chord and the 
arc respectively and OM will be perpendicular to AB. 
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The triangles OMA, OAT axQ equiangular; therefore 

MA OM 



AT~ OA 



•0) 




Fio. 24. 



L Suppose now that the chord AB moves towards iV, the 
[point if remaining fixed and AB being always perpendicu- 
lar to ON \ let -4, 5 always 
denote the ends of the chord, 
M its mid point and T the point 
where the tangents at A and B 
meet. So long as A and B are 
bot coincident, that is so long as 
■AB \B really a chord, equation 
(1) remains true. The ratio 
MA :AT \s a function of OM, 
for as soon as OM is fixed every 
other line in the figure is fixed, and the ratio can be 
calculated. 

^ When OM is all but equal to ON both MA and AT will 
be all but zero ; nevertheless the ratio MA : AT will be all 
but equal to 1, because equation (1) remains true and OM 
|is all but equal to ON which is equal to OA, Manifestly 
the nearer M gets to N the nearer does the ratio MA : A T 
et to unity. 

This behaviour of the ratio MA :AT\b expressed in the 
^.Vords: — as OM approaches ON as its limit the ratio 
MA :AT approaches 1 as its limit. 

r Here again it has to be noted that the reasoning ceases 
I ^3 be just if OM becomes actually equal to OiV, for the tri- 
angles will then have disappeared and the equation (1) on 
which the reasoning is based could not be established. 

We might equally well consider the ratio as a function, 
not of OM but, of the angle NO A ; if the angle NO A 
approaches zero as its limit the ratio approaches 1 as its 
limit. 

(ii) Suppose AB (Fig. 24) to be the side of a regular poly- 
gon of n sides (regular 7i-gon) inscribed in the circle ; then 
it is easy to prove that the side of the regular n-gon cir- 
cumscribed about the circle is equal toAT+BT or 2 AT and 
chat the angle NO A is 1%0 jn degrees. If jp, P denote the 
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perimeters of the inscribed and of the circumscribed poly- 
gons respectively, then 

p = nAB=2nMA; P=2nAT, 
and p_MA_OM MN _ 

Imagine a series of polygons constructed corresponding 
to greater and greater values of n. When n becomes ver^ 
large the angle NO A will become very small ; AB and MM 
will also become small, and therefore the ratio p/P will 
become nearly equal to 1. Hence when the angle NO A 
approaches as its limit, the ratio pjP approaches 1 as it4 
limit ; or again it may be put thus, when n becomes indefi- 
nitely large p/P approaches 1 as its limit. 

We may express the relation between p and P in a 
slightly different way. From equation (2) we get 

^ P OA . 

When n is greater than 4, P will be less than the peri-^ 
meter of the circumscribed square, that is less than SO A \- 

*^^^^^ P-p<SMN. 

Now let 6 be any line that is as small as we please, only 
not zero. By the geometry of the figure we see that we can i 
take n so large that MN shall be less than any given line ;! 
choose n therefore so large that MN is less than e/8. ThenJ 
for this and for all greater values of n, SMN will be lesej 
than € and therefore P—p less than e. 

It is here that the limit notion comes in ; no matter how 
large n may be P and p will never exactly coincide, but as 
n increases beyond all bounds the difference P — p tends to 
zero as its limit, that is the perimeters P and p tend 
towards the same limit 



G 

4- 



^n On H 

Fig. 25. 



I 



On the straight line FH (Fig. 25) mark ofi* -F^„, FGn equal i 
to the perimeters p, P respectively ; then clearly for every 
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value of riy Fgn is less than FGn- But, when n has been 
Bhosen as above, gj}^ = P-p<€, 

and therefore n can be taken so large that QnGn shall be less 
than the line e. Hence the common limit of p and P is a 
|fcae FO greater than every one of the lines Fgn, but less than 
fcvery one of the lines FOn- 

Since the circumference G of the circle always lies 
between p and P, the circumference will be equal to the 
line FG; the circumference may therefore be considered 
as the limit either of an inscribed or of a circumscribed 
Regular polygon when the number of its sides increases 
fbdefinitely. 

f (iii) Show that the area of a circle may be considered as 
the limit either of an inscribed or of a circumscribed regular 
»-gon ; and that an arc of a circle may be considered as 
the limit of the sum of n equal chords obtained by dividing 
the arc into n equal arcs. 

The polygons have been supposed regular, but it would 
fcot be difficult to show that the theorems hold even if they 
be not regular, provided that as n increases beyond all 
bounds the length of each side of the polygons approaches 
tore as its limit. 

(iv) Let 6 be the number of radians in the angle NO A, 
where the angle is supposed to be acute ; we have 

chord ilB <sTeAB< AT+BT, 

ind therefore MA < arc NA <AT^ 

t MA SiTcNA AT 

ttence __<_^-^<_; 

ihat is, sm6<6< tan ft 

Divide by sin 6 ; therefore 

1 



1< 



sin 6 cos 6 ' 



fcnd therefore 1 > —^ > cos ft 

Thus the quotient mnO/d lies between 1 and cos ft When 
} approaches as its limit cos 6 approaches 1 as its limit ; 
therefore also sin 6/ 6 approaches 1 as its limit. 
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From the nature of a limit, or from the last inequality, 
we see that the statement that sin 6/6 approaches 1 as its 
limit when 6 approaches as its limit may be put in the| 
form: when d is a small number sin 6 is approximately 
equal to 6. The student should verify this statement from 
the Tables ; thus, for lNOA = 1°, ^, 

0=0174533; sin 0=0174524; 
for lN0A = 5\ 

e = -0872665 ; sin = -087 1 557. 

(v) Show that the limit of tan 0/0, as approaches a^ 
its limit, is unity. 

(vi) Provided x is not equal to a, ** 

(a?^ — a^)l{x — a) = flj + a. 

The equation holds true so long as cc is not equal to a ; but 
we can take x so nearly equal to a that X'\'a shall differ 
from 2a by as little as we please. That is, the quotient 
can be brought as near to •2a as we please simply by taking 
X near enough to a. Hence although the quotient has n^ 
meaning whatever, no value, when x is equal to a, it has 
a definite limit, namely 2a, for x approaching a as its limit, 
(vii) Let 8PT{Ym. 26) be the tangent to a circle at P; 
PQ a secant and PR a given length measured along the 

secant. Describe a circle with 
centre P and radius PR, cutting 
PT at R, 

Now let Q move along the 
arc PQ towards P; R wilj 
therefore move along the arc 
RR towards R. The nearer Q 
approaches P, the nearer doea 
R come to R, and the smaller 
becomes the angle TPR. B 
we suppose Q to approach t 
as its limiting position, the secant PR will approach thi 
tangent PT as its limiting position. If we suppose the 
secant drawn on the other side of P, as PQ, PS will be the 
limiting position of the secant as Q^ approaches P. Hence 
we may define a tangent thus : 
Definition. A tangent to a curve at a point P is the 
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llimiting position of a chord PQ as Q approaches P as its 
limiting position. 

It is this definition of a tangent that will be subsequently 
[osed in the book. 

! (viii) Show from the theorem in Exercises V. 10, that if 'T is 
a point on the directrix KN such that the angle P8T is a right 
angle, the line PT will be the tangent to the conic at P. 

§ 40. General Explanation of a Limit. The special meaning 
of the word limit should now be fairly clear. In each of 
(the examples there are two variables, one being a function 
of the other. 

One of these variables, the argument, is supposed to 
become all but equal to a definite number, for example to 
a or or ON; or else it is supposed to increase beyond all 
bound. In the former case the definite number is called 
the limit of the argument; it is not a valv£ that the 
argument actually takes ; thus in (iv) is not a value that 6 
assumes. In the latter case the argument is generally said 
to have infinity for limit, though this mode of expression 
seems rather a contradiction in terms; the argument has 
infinity for limit if it is supposed to become greater than 
any number N, no matter how great N may be. 

Again, when the argument becomes nearly equal to its 
limit the function at the same time becomes nearly equal to 
a definite number; not only so, but we can make the 
argument differ so little from its limit that the function 
shall differ by as little as we please (except by the difference 
zero) from that definite number. This definite number 
therefore is called the limit of the function for the 
argument approaching its limit. 

We will now give a formal definition of a limit ; the first 
mode of statement is somewhat rough, the second is more 
definite, but in a first reading it may be found a little more 
difficult to grasp. 

§ 41. Defl2iition of a Limit. Notation. Distinction between 
Limit and Value. 

Definition 1. When it is possible to make the argu- 
ment of a given function so nearly equal to a definite 
number a that the function will differ from another definite 
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1 



number il by as little as we please, that difference remaining 
as small as we please when the argument is taken still nearer 
to a, then A is called the limit of the function for the argu 
ment approaching (or converging to) a as its limit. j 

DEFiNrriON 2. Given any positive number e that may I 
be as small as we please, except that it must not be zero ,"* 
given also two definite numbers a, J. ; if it be possible to 
find a positive number ri such that a given function shall 
diflfer from A by less than € for all values of its argument 
that differ from a by less than jy (the value a itself being 
excluded), then A is called the limit of the function for the 
argument approaching (or converging to) a as its limit. 

The modifications required when either ct or ^ is infinite 
offer no difficulty. In general a variable is said to become 
infinite if it takes values that are numerically greater than 
any positive number iV, no matter how large N may be ; if 
the variable is positive it converges to + oo , if negative to 
— 00 . The definite number A will be the limit of a 
function for its argument approaching +oo as its limit, ^ 
provided that a positive number N can be found such that 
for every value oi the argument greater than N the difference 
between the function and A shall be as small as we please. 

The notation for a limit is the letter L or the first three 
letters of the word limit, namely Urn. To state that the 
function f{x) approaches J. as its limit when x approaches 
a as its limit, the notation is 

\jf(x) = A when La; = a, | 

or, more usually, L f{x) = A\ 1 



x^a 



read " limit of f{x) for x equal to a is A** It must be 
remembered however that the more usual form is a con- 
traction for the first, and that a, A are not values that the | 
variables are supposed actually to take. 

In this notation, if lNOA^O and 0^=a, ex. (i) of § 39 may be \ 

stated ^ MA ^ r MA . 

L j^T = l or L-j7^ = l; 

ex. (ii) : L jo = L P~ C ; 



n=» n=» 



/• \ / \ T sii^ ^ -1 T tan 6 , 

ex. (iv), (v) : L -^-=1, L -^— =1. 
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I 

The necessity for the introduction of the notion of a 
limit arose from the consideration of cases in which the 
function ceased to have meaning when a particular value 
was assigned to the argument ; but the notion of a limit is 
not, by the definition, restricted to such cases. Whether 
fijc) has or has not a definite value when x is equal to a the 
limit is found by considering the values of f{x) for values 
of X nearly equal to a ; the value a itself is not to be used 
in the process. It may of course happen that the liTYiit A 
of the function coincides with the value f(a) ; still, even 
when A and f(a) coincide, the fact that they are deter- 

Eined by different processes should not be forgotten, 
istances frequently occur in which the limit A and the 
value f(a) are both definite and yet unequal. 

§ 42. Theorems on Limits. We now state the principal 
rules for working with limits. In the following theorems 
the functions have the same argument, x say, and the 
limits spoken of are the limits for each function as the 
argument approaches a limit, say a, the limits of the 
Functions being finite ; it will be sufiicient therefore to use 
the letter L without the subscript " x = a." The number of 
functions is supposed to he finite; the theorems are not 
necessarily true if the number be infinite. 

Theorem I. The limit of the algebraic sum of any 
number of functions is equal to the like algebraic sum of 
the limits of the functions. 

Theorem II. The limit of the product of any number 
rf functions is equal to the product of the limits of the 
^p/nctions. 

Theorem III. The limit of the quotient of two functions 
^8 equal to the quotient of the limits of the functions, pro- 
^nded the limit of the divisor is not zero. 

The proof of these theorems is simple ; it depends on the 
>articular cases that if the limit of each of a finite number 
>f variables is zero, then the limit of their sum and of their 
>roduct must be zero. 

Let Aj, Agj ^8» ^^^ example, be three variables the limit of 
^ach of which is zero. To prove that the limit of their sum 
8 zero we have to show that x can be taken so near a that 
ihat sum will be numerically less than any given positive 

O.C. F 
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number e. Now, since the limit of each is zero, we can 
take X so near a that each of the variables shall be numeri- 
cally less than ^e; hence we can take x so near a that 
their sum shall be less than e. The same reasoning holds 
if there be n variables; each can be made less than e/ti. 
It does not matter whether the variables be positive or' 
negative or whether the sum contain negative terms since 
it IS the numerical value alone that is concerned. Mani- 
festly the product will also have zero for limit. 

Again, if (7 be any finite constant, the limit of G\ will 
be zero ; we need only choose x so near to a that hy^ shall 
be numerically less than ejG, 

Now, let Uy Vy w hQ functions of x whose limits are"* 
Uy Vy W. Then by the nature of a limit when x is nearly 
equal to a, u, v, w are nearly equal to J7, F, TT; hence we 

may write y^^u+\y v=V+h^y w=^W+h^y 

where A^, feg* ^3 ^^^ variables which have zero for limit. 

Then u+v-w=U+h^+V+h^-W-h^ 

Hence, since the limit of each of the numbers Aj, Ag* '^3 i3 
^^^> L (u+v^w)^ U+ F- Wy 

Again, uv = ( 17+ h^X ^+ h^), 

so that L (uv) = UV = (L u) x (L v). ' 

Again, L (uvw) = L (uv) xhw, 

= 'LuxliVXljWy 
by applying twice the case for the product of two variablea 

F^^a»y> ^ = F+Ai=F+VF+A;-F; 

'''' v'^r^v(V+h,y I 

The limit of the second fraction is zero because tl 
numerator can be made as small as we please, while 
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denominator is not zero, since V is by hypothesis not zero ; 
it follows that j^u^U^Lu 

We have for simplicity taken only three (mictions, but 
clearly the reasoning holds if there be more than three 
fmictions, the limits CT, F, . . . being of course all finite and 
no denominator having zero for limit. 

If one or more of the functions be constant it is evident 
that the reasoning holds ; thus u might be a constant, and 
then we might consider Lu as being simply u itself, 
without in any way violating the conditions for a limit. 

§ 43. Examples. We will now give a number of examples 
in which the above principles come into play. In seeking 
the limit it is useful to bear in mind that any transforma- 
tion of the function which is legitimate when the argument 
is not equal to its limit may be applied as a help towards 
the solution. Thus 

^(a; +l)-l ^ x+l-\ ^ 1 

X x{J(x+\)+\} J{x+\) + V 

The division of x out of numerator and denominator is 
legitimate so long as a? is not zero ; but in finding the limit 
for aj = 0, X is not to become 0, and therefore the first and 
the last of the three fractions are equal for all values of x 
considered. Hence 

^ J{x+\)-l ^^ 1 ^1 

ar=0 X a:=oV(iC+l) + l 2' 

In the same way we find 

We take it to be sufficiently evident that the first of 
these limits is |; by Def. 2, § 41, we should be able to find i;, 
so that when x is numerically less than ti the difference be- 
tween the function and | shall be less than any number we 
may name, say less than *001. But the search for ri is usually 
very troublesome, and in such simple cases as we have to 
deal with we shall usually dispense with that part of the 
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investigation, as the nature of the processes involved, will 
show that such a number can be found. 

1+2+3+ ...+>» i"^"-^^> 11 
For the sum -, = — j^ 2+2^- i 

This example shows that Th. I., § 42, is not necessarily true unless 
the number of functions is finite ; for although the limit of each term 
in the bracket is zero, the limit of the sum is not zero. I 

^^- ^- .L 1? ^3' 

for i« + 2« + 3«+ ... +«2=iw(w + l)(27i + l), 

and therefore l'tg.t?\-H - -^^^^1^1+1 

n^ 3^2n^6n2' i 

so that the limit is -. 

3 

Ex. 3. If r be a proper fraction and n a positive integer, L r*=0. 

ft=a> 

For anj positive proper fraction is of the form 1/(1 +aX where ais a • 

positive number. Now, by the binomial theorem or otherwise we can 
readily show that (1 + a)" is greater than 1 +wa. 
Hence, so far as numerical value is concerned, 

1 1 

(l+a)"'^l+W 

and since the limit of 1/(1 +??a) for to= oo is zero, the iimit of r" is also 
zero. i 

Ex. 4. Show that if r be a proper fraction and n a positive integer 

L wr"=0, L wV=0, etc., \ 



n—K nsao 



for (1 +a)»> 1 +7ia + |?i(w - l)a2; so that 

nr" < , etc. 

-+a+2(»-l)a» 

Ex. 6. L ^+^- ^ =? 

,_.ar2-ar+l 3' 

2 + ?-i 
for the fraction _^_£__£f 

ana the limits of numerator and denominator ftre 2 and 3 respectively. 
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Ex. e L <^+Y--^ =3^, 

for (£±^lz^=3^+3^A + A2. 

Ex.7. L^±^=-|. 

First remove the common factor x-\r\\ it is the presence of this 
factor that makes the fraction take the form 0/0 when we try to 
calculate its value for ^= - 1. 

^''" ®* i«V(^+2)-V(3^-2) = " ^• 

Ex. 9. L?^^^=3, 

• sin 307 sin 307 - , t sin3o? - 

for _^=_^x3 and L~^— = 1. 

Ex. 10. L 22if =1. 

Put ^=5 — y; then when x approaches - as its limit y approaches 

as its linoit. Hence 

cot 07 tan,y 
li ^— = jj ^ = 1. 

This device of changing the variable is often useful ; for example : 

Ex. 11. ^(..+^)t^^.t^3^ 

fc=o h 2 

Put jc=^ and o?+A=(y+ilr)2, so that when A approaches so does lc\ 
therefore 

^V=3 3 J 
2y 2^ 2 * 

Ex. 12, P, P' are the perimeters of two regular w-gons circum- 
scribed about two circles whose radii are a, a and circumferences 
Cy C ; show that 

P \a—P' \(£ and C \a=C \a'. 

The constant ratio of circumference to radius is denoted by 2ir ; 
TT is an irrational number, approximately equal to 3*14159. 

Ex. 13. Show that the area of a circle of radius a is ira^, and that 
the area of a sector of the circle of angle $ radians is ^6aK 
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Ex. 14. Show that the volume of a right circular cylinder, the 
radius of the base being a and the altitude A, is tra^h. 
Show that the area of the curved surface is ^irah. 

Ex. 15. If ii is the base and h the altitude of a triangular pyramid, 
and if the pyramid be divided into n slices, each of height A/?^, by 
planes parallel to the base ; show that the volume of the pyramid 
IS less tnan 

but greater than 

Hence show, by ex. 2, that the volume is ^kA, Extend the result to 
any pyramid. 

(Let V be the vertex and DBF the base ; through the line in which 
a plane meets the face VEFdra.w a plane parallel to VD to meet the two 
planes next above and next below the plane containing the line. Two 
sets of triangular prisms will be formed ; the one set will lie within 
the pyramid, the other set will include the pyramid. The two sums 
are the volumes of the two sets ; the highest pyramid of the upper 
set is got by drawing a plane through the vertex parallel to the base.) 

Ex. 16. Taking a circular cone as the limit of a pyramid whose 
vertex is the vertex of the cone and whose base is a regular w-gon 
inscribed in or described about the base of the cone, dfeduce from 
ex. 15 that the volume of a cone is ^hA, h being its altitude and 
A its base. 

Ex. 17. Show that the volume of the frustum of a right circular 

cone is \h(A-\->jAB-\-B) or -^(a^-{-ah-\-l^\ where h is the height of 

the frustum, A^ a and B^ h the areas and the radii of the circular ends. 

Ex. 18. C and a are the circumference and the radius of the base, 
and I is the slant side of a right circular cone ; show that the area of 
the curved surface is \IC or irla, 

(The curved surface may be considered as the limit of the lateral 
surface of either of the pyramids of ex. 16.) 

Ex. 19. If the slant side of a frustum of a right circular cone is ^, 
and if the radii of the circular ends are a, h show that the area of 
the curved surface is 7r^(a+6) ; if c, c' are the circumferences of the 
ends, the area is \l{c-\-cf\ 
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CHAPTER V. 

CONTINUITY OF FUNCTIONS. SPECIAL LIMITS. 

§ 44. Continuity of a Function. The conception of a limit 
enables us to put in arithmetical form flie property that 
may be considered as most characteristic of a contmuous 
function. 

The argument will be said to vary continuously from a 
to h when it takes once and once only every value lying 
. between a and h ; when the argument is represented as an 
abscissa, the corresponding point will move along the axis 
from the point a to the point h as the argument varies 
continuously from a to 6, and will coincide once and once 
only with every point on that segment. 

In plotting the graphs of the elementary functions it 
was found that, except in the immediate neighbourhood of 
those values of the argument for which the function 
Wame infinite, a small change in the argument produced 
only a small change in the function. Now by the defini- 
tion of a limit, when x is nearly equal to a the function, 
Ax) say, is nearly equal to its limit A ; if therefore the 
limit A be identical with the value f(a) of the function, 
we see that when x either increases or decreases from the 
value a by a small amount the function f(x) will also 
change by a small amount from the value f(a). Hence the 

Definition. A function J{x) is defined to be continuous 
for the value a of a?, or more simply, continuous at a if 

(i) f(^a) is a definite (finite) number, and 

(ii) Lf{x)=fia). 



x=a 
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For continuity therefore the value of j{x) for x = a and 
the limit of J\x) forx = a must coincide; since infinity is 
not a value, in the sense that is required for the application 
of the laws of algebra, a function ceases to be continuous, 
that \s it becomes discontinuous, for those values of the 
argument that make it infinite. "^ 

Again it is implied in the definition that x may approach 
a either through values less than a or through values 
greater than a; that is when f(a) is represented as an 
ordinate the point x may approach a either from the left 
or from the right and the limit must for both methods of 
approach be the same. It will sometimes happen, as for 
example when f{x) = y/(a^'-x^)y that x can only approach ' 
a from one side, the function being imdefined for values of 
X on the other aide ; in such cases of course the condition 
that the limit must be the same from whichever side x 
approaches a has to be modified, but the modification ofifers 
no difficulty. To express that a; is to approach its limit a 
through values less than a the notation 

x=a-0 

is sometimes used, and in the same way the notation 
x = a+0 implies that a: is to approach a through values 
greater than a; but we shall as a rule use the ordinary 
notation and leave the student to modify it to suit special 
cases. 

The only other type of discontinuity that needs special 
mention is that represented in Fig. 27. As x varies from a t 

value a little less than a to 
one a little greater the func- 
tion changes by the finite 
amount BC. Here the func- 
tion f{x) has not a definite 
value when x=a[ as x ap- 
_ proaches a from the left fi^x) ^ 
X approaches one definite limit 
Ad, while as x approaches 
from the other side f{x) ap- 
proaches another definite limit AC, If a moving particle 
were at a certain instant to experience an impulse the 



B 



a A 

Fig. 27. 
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graph of its velocity would present a discontinuity of this 
kind for the value of the abscissa representing the instant. 
(See § 69, ex. 6, for an example of discontinuity.) 

§ 45. Theorems on Continuous Functions. When f{x) is 
Continuous at a it is merely stating the definition of 
continuity in another form to say that if x be nearly equal 
lo a, fix) is nearly equal to f{a) ; or again we may say that 
f{x)=f(a)+d, where d is a variable which converges to zero 
virhen x converges to a. 

A function is said to be continuous over the range from a 
to* 6 if it is continuous for every value of its argument that 
lies between a and 6; the range is understood, unless 
the contrary is stated, to include its extremities a, 6. A 
range which includes its extremities is sometimes called a 
dosed range; one which excludes its extremities an open 
range. 

The following theorems are of constant application : 

Theorem I. If f{:s) is continuous at a and if f{si) is not 
zerOy then for values of x near a, /(x) has the same sign as 

For if f(x)=f(a)+dy the sign of f(x) will be that of 
the numerically greater of the two numbers f(a) and d ; 
since x may be taken so near to a that d shall be less 
(numerically) than any given number, and therefore less 
(numerically) than f(a\ the sign will be that of f(a). 

The meaning of the phrase "near a" and of similar 
phrases will be gathered from the proof. 

Theorem II. If f{^) he continuous over the range from a 
to b, and iffis) = A and /(b) = J5, then ^(x) wUl assume once 
%t least eve't^y value lying between A and B as si ranges 
wntinuously from a ^o b ; in particular if A and B have 
opposite signs f(x) will become zero for at least one value of 
X lying between a arid b. 

A mathematical proof of this theorem lies beyond 
our scope; so far as a function is adequately represented 
by a graph the theorem is geometrically evident. It is 
easy also to show by use of a graph that the converse 
theorem is not necessarily true. 
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§ 46. Continuity of the Elementary Functions. The theo- 
rems on limits stated in § 42 enable us to prove that the 
elementary functions of a single variable are continuous for 
all values of the variable except those for which a function 
becomes infinite. 

When X varies continuously so does the product x^ ancf 
the product ax^, n being any positive integer and a a con- 
stant. (§ 42, Th. II.). Hence by Th. I. a rational integral 
function is continuous for all finite values of its argument ; 
and by Th. I. and Th. III. a rational fractional function is 
continuous for all finite values of its argument except such 
as make its denominator vanish. 

From the geometrical definition or by direct application 
of the limit test we see that the trigonometrical functions 
are continuous for all values of the variable except such as 
make the function infinite. The sine and the cosine arei 
continuous for all values of the argument; the tangent and 
the secant for all values except the odd multiples of 7r/2; 
the cotangent and the cosecant for all values except and 
multiples of x. 

A full discussion of the continuity of a* would take us 
too far into abstract considerations; we will therefore 
assume that a* is continuous for all finite values of x ajid 
that its inverse, log x, is continuous for all finite positive 
values of x but discontinuous for x = 0. When x is irra- 
tional we may in practice replace a* by a*' where x' is a 
rational approximation to x; the simplest discussion is 
based on the exponential series. i 

Function of a Function. When y is a function of u, 
say y = (l>(u)y and u a function of aj, say u=f(x), then y is 
said to be a function of a function oi x; y is thus given as 
a function of x mediately, through u. Functions of func- 
tions are of constant occurrence in the calculus, and there 
may be several intermediate variables such as u. ' 

If 2/ is a continuous fimction of u, and u a continuous 
function of x, the student will have no difficulty in showing 
that y is a continuous function oi x; in the notation of § 42 

L 0(u) = 0( CT) = 0(L u). 

Again when a function is continuous so is its inverse* 
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function. Hence aj** is continuous when n is fractional, 
positive or negative, except for x = when n is negative. 
Jn the same way we see that the inverse trigonometric 
functions are in general continuous. 

f § 47. L . The limits discussed in §§ 47-49 are 

fundamental. 

;* (i) Let ti be a positive integer ; then 



x — a 



= x~-i+a;'*-2a+aj^-3a2+...+ica~-Ha'*"^ 



x—aS X^Ct / x=a 

since the limit of each of the n terms is a""\ 

(ii) Let 71 be a positive proper fraction pjq, where p, q 
are positive integers. 

Put t/^ for X and 6* for a ; then when x = a,y = b. Hence 
since x^=xPf^ = yP and a~ = 6^, 

x-a " y9^b^^ y9-'^ + y^-^b+..,+yb9-^ + b^-^' 
by rejecting the common factor y — b; 

(iii) Let ti be negative, but either integral or fractional, 
flayw=— m. Then 

x^—a^ x-'^—a-'^ x^ — a^ 1 

X 



x^a x^a x — a x^a^^ 
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since the limit of the first factor is m,a'^~^ by cases (ij 
and (ii). 

The student should be able to identify the theorem in 
whatever notation it may be presented ; thus 

CoR. If A. be a small positive or negative number^ 
(x+hy*' is equal to x^^+nhx^-'^ approximately. 



§48. L ( 



1 H — I . The number e, 

m/ 



(i) Let m be a positive integer and expand by the 
Binomial Theorem ; then , 



( 



. 1\"* - m 1 m(m — 1) I 



mJ 1 m 2 ! m^ 



m(m — l)(m — 2) 1 

i" o~i « I 



3! 7n? 



1 m \ m/ \ m/ 

=i+T+-2r+ 3i +•■• 

In the expansion there are (m+1) terms and every tern; 
after the second can be written in the form given to the 
3rd and 4th terms; for example, the last or (m+l)th term 
is 

(i_A)(i_l)...(i_!!ird),^, 

\ m/\ m/. \ m / 

Let n be any positive integer less than m and let n be. 
kept fixed while m increases. Denote the first {n+X) termsj 
of the expansion by S'n+i and the remaining (m — n) terms 

byi2'n+r Then 



/ 1 Y'^ 
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Now, 



1 , m , \ m/ \ mJ 
T"*" 2! "^ 3! 

(l_l)(l_l)...(l_'L-_l) 



^n^. = l + T + -T7f^+ ^ o: ^^^> 



+ 



n\ 



The limit for m = oo of each of the factors (1 ), 

2\ \ mJ 

1 ).-. is 1, and since there is a finite number of factors 

m/ 

he limit of each numerator is 1. Denote by Sn^^ the limit 

or m= 00 of Sn^i ; therefore 

We have now to consider the limit of Rn^^v '^^^ fi^* 
erm of iJ'n+i is 

(-^(-s)-(-s)-<'*^')-. 

aid this term is a factor of every one that follows it. 
Hence -B'n+i is the product of 

(■-^)(>-S-('-S)-<«+»'- 

aid 

/ +^h:2-+ (ti+2)(n+3) +-^ ("^-^> ^"""'^ 

Svery where replace each of the factors (1 ), (1 ), ••• 

' m-l\ . . V m/ V W 

1 j, which are all positive and less than 1, by the 

actor 1, and replace each of the factors (7i+2), (t? + 3) ... m 
)y (ti + I); by so doing we shall increase Rn+\> which is 
herefore less than 

7 — TTTiilH TT + T — 7^iT9-\ — to (m — ti) terms [• 

(ti + l)Il 7i-f 1 (n + l)2 ' ) 
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But the series within the bracket is a geometrical pro- 
fifression whase sum is 

1—' I 



1 n \ (n+ !)"»-»/' 



n+1 i 

and for every value of m greater than ti, this sum is leas 
than (n+l)ln. 

Hence iJ'n+i is a positive number which for every valu^ 
of m greater tnan n is less than R'n+v where 

But L (l+^)"=L5Vi+L^n+i. 

The first limit is Sn+v ^^^ ^^^ second limit is a positivej 
number less than R'n+i ; therefore, inserting the values of 
8n+i and R'n^^ we get, 

/ IN** 11 1 



m=<» 



but <H-1-| 1 1 1 1 

/ 1\"* 11 1 



1 



where i2n+i is less than iJ' n+i or , ... 

When n is even moderately large, Rn+i is very small ; for 
example, when n=12, 1/71(71!) is less than 3x10"^^; so 
that the value of the limit may be obtained very approxi- 
mately by calculating the series as far as 1/12 !. The 
calculations are very easy to effect, and the value will be 
found to be, for the nearest 7-figure approximation, 

27182818. 

The limit is usually denoted hy e; eis really an irrational 
number. It is easy to see, by comparing Sn+i with the sum 

l + l+^+i+...+ ^ 



2 • 2^  ••• • 2^-1' 
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Wrhich is greater than 8n+i and equal to 3 — 1/2**"^ that no 
matter how great n may be Sn-\.i is certainly finite and 
less than 3. Since e—Sn+i ^^ equal to Rn+v ^^^ since the 
limit for n = oo of i^n+i is zero, e may be considered as 

„L0 + l + 2V3V-+i-!)' <«) 

Dr, in the usual phraseology, 

1 1 

6=1 + 1 + 9 , + nj+ • • -to infinity. 

(ii) Next suppose that m proceeds to infinity through 
positive fractional values ; m will therefore always lie 
between two consecutive integers, say n and n + l. Hence 

1 + ^>1+:?^>1+ ^ 



n m n + l' 

(i+ir'>(i+iy'>(i+ 1 V 



But L (l+-y^'=L(l+i)"x L(l+i) = exl; 

and L (i + -liy=L(l+-^y^'-L(l+-^) = 6-l 

by case (i). 

Hence in this case also the limit is e, because as m becomes 
infinite so does n, 

(iii) Let m be negative, m= —n where n is positive but 
either integral or fractional. Then 

L(l+i)".L(l +-!,)" 

= L(l+-i^y''x l(i + ----) 



1»=: -00 



= exl 
by cases (i) and (ii). 

Hence finally L ( 1 H — ) = e, 



I 
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whether vi proceeds to iniinity through integral or frac- - 
tional values. a 

Cor. L{l+hf=e. 

§ 49. The Function e*. If aj4=0, we see, by putting* 
m = Mx, that when m becomes infinite so does if; hence | 

by § 46 (Function of a Function). 1 

Since M may be positive or negative, integral or frac-^ 

tional, the result holds whether a; or m be positive or 

negative, integral or fractional. 

By exactly the same method as in § 48, it may be shown 

that ' 

1 H — ] for positive integral values of m. 

It is easy to see that this series is a finite number no 
matter how great n may be ; for as soon as n is numerically 
greater than x, 

j^n+l ^n+2 ^n+3 



(71 + 1)! ' {n + 2)\ ' (71 + 3)! 

(7i + l)!\ '^n + '2'^(n + 2){n + Sy ') 
is numerically less than 

(n+l)!\^^7i+l^Vn+l/ ^ j' 
where x^ is the numerical value of x. The series in brackets is 
a geometrical progression with a common ratio numerically 
less than 1 ; hence if we write 



x^ . cc" 



^=1+^ + 21+ •••+^+^+» (A) 
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R»+i will, for every value of n greater than x numerically, 
be less than 

a;i^+^ n+ 1 Xj^+^ 



{n+l)l 7i+l-aJi (n+l-x^)(n\) 
If a5j= 1, this gives the value of Rn+i in §48. 

For if J? be a positive proper fraction, we may put 1 for n in (a) ; 

OierefOTO ^>l+.r, but c*<l+a:+s — , 

l—x 

lothat ^^>1, but <1+^-^, 

X 2 — 0? 

brom 'which the result follows for positive values of x. 
If J7 be negative, x=^ -h where h is positive, then 

^e*-! T«"*-l T«*-l 1 1 

by the first case, so that the limit is the same whether x proceeds by 
positive or negative values towards its limit 0. 

§ 50. Compound Interest Law. When an exponential 
Function is spoken of, the base is usually understood to 
be 6 ; where the base is any other number, say a, the func- 
tion a* can be written e*^, where i=loga. 

The rate at which a^ increases with respect to x when 
c = iCi is Aiae**i, that is, is proportional to the value of the 
Function when x=^oi\. For when x increases from x^toxi+h 
the increment of the functipn is 

uid the average rate is 

h kh 

By § 49, Cor., the limit of this expression for A = is feie**i. 

Many processes in nature follow this law; the law is 
sometimes quoted as the compound interest law, since the 
amplest case of it is that of compound interest. For, 
luppose a principal of P pounds to earn interest at the 
rate of j> per cent, per annum ; let interest be calculated at 
n equal intervals in each year, and let it be added to the 
principal as soon as it is earned, so that the interest bears 

O.C. G 
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interest. It is easy to see that at the end of t years the 
principal will amount to 

Let us suppose now that n increases indefinitely, that is, 
suppose that the interest is added on at shorter and shorter 
intervals; we thus approach a condition in which the 

interest is added on conti/nuoudy. Put "^=^7^ so that 

when n becomes infinite so does m. The Umit of the above 
expression for n increasing indefinitely is 



^=i/{(^+^'"}^=^^^- 



Again, we see that if t increase in any arithmetical pro- 
gression, whose common difierence is h, A will increase in a 

ph 

geometrical progression whose common ratio is e^^*; for if 

j<t+h) ph 

t become t+h, A will become Pe ^^ , that is, Ae^^. Hence 

il is a quantity which is equally multiplied in equal timea 

The aensity of the air as we descend a hill is a quantity 

which is equally multiplied in equal distances of descent, for 

the increase in density per foot of descent is due to the 

weight of that layer which is itself proportional to the 

density. Many other instances njay be found in physics. 

EXERCISES Vn. 

1. If f(x)—cutf^+baf^'^ + ,..-k-i^+l is a rational integral function 
of Xy show that 



i(S)-'> jtim-" 



and therefore that when x is numerically large, 

where diss, variable whose limit is zero for ^=±00. 
Use Th. I., § 42. 

2. Show that f{x) in ex. 1 has the same sign as a when ^ is a large 
positive numl^, but has the same sign as (~l)"a when x is 
numerically large but negative (that is, has the sign of + a or —a 
according as n is even or odd). 
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3. From the result of ex. 2, show, by applying Th. II. of § 46, that 
every equation of odd degree has at least one real root, and that if it 
has more than one it must have an odd number. 

4. If Jipii) is a rational fractional function 



i 



Aaf+Bsif-^ + ,..+Kx+n 



prove (i) fl^x) = -j^-"(l +d^i{m>n; 

(ii) X^)=j(l+fl^)if w=w; 

(iii) J{x)=^'^^l + d^)ifm<n, 

where du d^ d^ are numerically very small when x is numerically very 
* large. 

^ Use Th. I. and Th. III., § 42. 

5. Show that, the angle being measured in radians, 

X /l-co8^\ 1^ f sin^O y 1 
I .=oV~^^>'"2,i'oV iO I =2' 

Hence show that when 6 is small, cos ^=1 —^6^ approximately. 

6. Prove l>cos^>l- 



7. Prove (i) l25L|^=?; (ii) L ^=^. 

8. Prove (i) L (xc-*)=0; (ii) L (a7loga?)=0. 
By §49 (a) e«>l+^+i^; 

therefore ^e-«=£< ^ '^ ' ' ^ 






X 

and the limit of the fraction last written is zero. 

Next put x=e~*; then a? log ^= —ye"*' and the limit for ^=0 is 
I- equal to the limit for y = + « , which is zero. 

9. Prove L ^e-*=0. 

10. Prove that if ti be positive L ^ log 07=0. 

X=sQ 

VoT af\ogx=-af\o^{af) 

and the limit is zero by ex. 8 since the limit of af^ is zero. 

11. Prove L sin ^ log x^O^ 

ar=0 



For sin x log x=i i 55^ ) {x log x), 

12. If 4? is any finite quantity, prove 

L^=0. 



=»w! 



n=» 
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Suppose X equal to or less than the integer /a ; then, numerically, 

u!""/*! fi+l * /x+2 n fi\\fi+l/ 

But xl(ji-k-l) vi a proper fraction. 

IS. If a be a constant or a function of x which is finite for every 
value of j:, prove 

14. If «N is a variable that (i) always increases as n increases but 
(ii) always remains less than some definite fixed number a, show that 
as n tends to infinity «n tends to a definite limit that is equal to or 
less than a. 

Take the values s^ 8^ $•,.. as the abscissae of points Ai, A^ ^3 ... 
on the ^-axis and let A oe the point whose abscissa is a ; for every 
value of n, A^ will be to the right of A^.^ but to the left of A. Asn 
increases the point An will move further and further to the right, 
but will not for any finite value of n coincide with A. There must 
therefore be some point S to the left of A or coinciding with A to 
which An may be made to approach as near as we please; if the 
abscissa of iS is « then by the definition of a limit 

L Sn = Sy 



n=« 



and s is less than or equal to a. (Compare § 39 (ii) and Fig. 25.) 

15. If 8n is a variable that (i) always decreases as n increases but 
(ii) always remains greater than some definite fixed number 6, show 
that as n tends to infinity Sn tends to a definite limit that is equal to 
or greater than b. 

16. If ^=i+l+l.+^+...+ip 

show that Sn conyerges, as n tends to infinity, to a number that is 
greater than 2 but less than 3. 

17. If '•»~j2+p+32+*-+^' 

show that 8n converges to a number that lies between 1 and 2. 

Let ^«=T+ro+o-Q+--+/-A\-=2-i<2, 

1 1.2 2.3 {n — l)n n ' 

then for every value of n (greater than 1) «„<«'n<2. 

18. Apply the theorems of exs. 14, 15 to establish the results of 
exs. (i), (ii), (iii) of § 39 when the 71-gons are not regular but are such 
that as n increases indefinitely the length of each side diminishes 
indefinitely. 



> 



CHAPTER VI. 

DIFFERENTIATION. ALGEBRAIC FUNCTIONS. 

§51. Derivatives. Differentiation. The process of §§36, 
37 can now, by making use of the notion of the limit, be 
stated more compactly. 

The average rate at which the function Sx^ varies as x 
varies from a^ to x^+Sx^, where Sx. may be either a 
positive or a negative increment, is by definition 

and the number which is taken as measuring the rate of 
change when x=x^i8 

Lfe!)= L(6aJi+3<Jaj,) = 6aJi. 

The reasoning does not depend on the particular value a^ 
of the argument, and we therefore state the result in the 
form, " the function 3aj^ varies with respect to a? at the rate 
6a;," leaving it to be understood that when x=ay, the rate is 
6x-^, when x^x^ the rate is Gx^ and so on. It will save 
multiplication of symbols to use x as the symbol for the 
argument in general and also as the symbol for some 
definite value of the argument, and the student wiU find 
that, as a rule, it causes no ambiguity to do so ; if he ever 
finds difficulty, let him choose a separate symbol as ajj for 
the definite value at which the rate is measured. 

Now take the general case. Let f(x) be a continuous 
function of a;; as the argument varies from x to x+8x, 
where Sx may be either a positive or a negative increment, 
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the function varies from .f{x) to f{x+Sx). The average rate 
of change of the function when the argument changes by &c is 

&c Sx 

and the number which measures the rate of change is 

to=0 Sx 

We shall find that for all the elementary functions this 
limit is a definite number, except, it may be, for particular 
values of x. In general the limit will depend on x, and a 
special name is given to it, namely, " the derivative of J^x) 
with respect to x" 

Instead of "derivative," the names "differential co- 
efficient," "derived function" are also used; in certain 
connections also the word "gradient" or "slope" is used. 
(§53.) The process of finding the derivative is called 
" diflTerentiation " ; the name "differential coefficient" was 
formerly more frequently used than " derivative." 

Again, there are special notations for the derivative. A 
very convenient notation is obtained by accenting the 
functional letter, as fXx) ; another is got by prefixing the 
letter D, with or without the suffix x, as D^lx) or Df(x). 
If the function be denoted by a single letter, as y, the nota- 
tion for the derivative of y with respect to the argument 
X is similar, as y^^, D^y or y\ Dy. Ab a rule the suffix is 
omitted when there is no ambiguity as to the argument. 

Finally, to denote the value of the derivative for a special 
value of Xy say x^, the following notations are used : 

As a matter of fact, the derivative is really formed for 
such a definite value, but the functional character of the 
derivative is more prominent when that value is denoted by 
the same symbol x as represents the argument in general. 

To sum up then we have the defining equations : — 

&c=0 oX aa;=0 oX 
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The function thus determmed is called the derivative, or 
the differeTvtial coefficient, or the derived fumction of f(x) 
with respect to x and it measures, or briefly it is, the rate 
at which the function varies with respect to its argument 
for the particular value x. 

Of course other letters than x, /, y, may be used ; thus 

and <f>'(t) IS the derivative of <p(t) with respect to t. 

It will be convenient often to use such expressions as the 
x-derivative of f(x\ or the time-rate of change of a func- 
tion, instead of the derivative with respect to x, or the rate 
of change with respect to the ti/me. 

Ex. 1. Dj(3a^-4a!+Z)=6a;-4, 

for Z>^3^-4r+3)= L ^^^^+3 ) 

Now 5(3^-4a7+3)=3(a7+&F)2-4(a;+&F)+3-(3r»-4r+3) 

=6^&p+3(&r)2-4&F; 
. ^ 8(Za^-^+Z) ^ j^ (6a;+3&F-4)=at?-4. 

Ex. 2. DJ ~ ) = ~ 3 (^ constant), 

\v)~v+8v v^v^+v8v* 

it) 






If 17=0, the above process cannot be carried out. 

§ 62. Increasing and Decreasing Fnnctions. By definition 
of a limit and of a derivative 

where a is a variable which is very small when Sx is very 
small and converges to when Sx converges to 0. 

For an illustration of the difference between 8f(x)/8x and /(ai), see 
the results of examples 4, 5, 6, § 32. 

Hence if f\x) is not zero the sign of f{x) + a and there- 
fore of Sf{x)/Sx will be, for sufficiently small values of Sx, the 
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same as that of f{x) (compare § 45 Th. I.) ; therefore th< 
sign of SjHx) will be that of f(x)Sx. 

Now suppose Sx a positive increment ; then Sf(x) will b 
positive or negative according as f(x) is positive o: 
negative. But ^y^^)^^^+^)_y^^). 

hence J{x+Sx) is algebraically greater or less than J^x 
according as f\x) is positive or negative. In other words 
f{x) increases as x increases so long as /'(x) is positive, bui 
f(x) decreases as x increases so long as fXx) is negative 
increase and decrease being algebrawal and not numer'icai 
increase or decrease. 

If we suppose Sx a negative increment then Sf(x) wUl Ix 
negative or positive according as f(x) is positive or negative 
fix) will decrease as x decreases so long as f(x) is positi v€ 
but will increase as x decreases so long as f\x) is negative. 

Hence the mere sign of f\x) tells how the function 
changes as x changes; ii fix)=ax+b, fXx)=a and the 
conclusions agree with the statements of § 33 for the 
uniformly varying function. 

Definition. A function which increases as its argument 
increases and decreases as its argument decreases is called 
an increasing function ; one which decreases as its argu- 
ment increases and increases as its argument decreases is 
called a decreasing function. 

Thus since D(Sx^) = 6x, 3x^ is a decreasing function for all 
negative values of x and an increasing function for all posi- 
tive values of x. The function ceases to decrease and begins 
to increase as x passes through the value 0; hence when cc = 
the function is a minimum (§ 17, iv), and its value is then 0. 
It will be noticed that when a; = the derivative is ; the 
ro^ of change is therefore zero for the minimum value. 

The derivative of 3a52-4» + 3 is 6a;-4; hence so long aa 
te-4 IS positive, that is, so long as 6a; is greater than 4, 
tnat IS, so long as oj is greater than f , the function is an 

SSf ??^ ' ^^ ^^^ ^^^^^ ^^^^ so long as cc is (al- 
gebraically) less than f it is a decreasing function. When 

» Hw! ^iiction is a minimum, the minimum value being 
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Stationary Values, The conclusions about increasing 
.and decreasing cease io hold for those values of x for 
which fXx) is zero. Since f(x) measures the rate of change 
of the function it is usual to class those values of the 
function for which /'(x) is zero as stationary values. 

Ex. Show that the function a^ + l has a stationary value when 
j:=0, and that for all other finite values of x it is an increasing 
function. 

§ 63. Geometrical Interpretation of a Derivative. A 
specially useful interpretation of a derivative is obtained 
from the graphic representation of a function. 

Let ABP (Fig. 28 a, 6) be the ffraph of f(x). Take a 
point P on the graph ; OM=x, MF=y—f(x). 
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Fig. 28 a. 



Let MN=Sx; then ON=x+Sx, NQ=^y + 8y^f{x+Sx), 
From P draw PR parallel to the aj-axis to meet NQ (or NQ 
produced) at R ; then, both in sign and in magnitude, 

RQ = NQ -^NR^NQ-MP ^f{x + 8x) ^f(x) = Sf(x\ 



and 






When Sx converges to as its limit, the quotient Sf(x)/Sx 
converges to /'(x) as its limit. But as Sx converges to 0, JV 
tends towards coincidence with M and Q tends towards 
coincidence with P. Hence since tan RPQ converges to a 
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definite value, namely f\x\ the angle RPQ converges t 
a definite angle and therefore the secant PQS tends to ' 
definite limiting position PT, The line PT is, by defini 
tion (§ 39, ex. vii.) the tangent to the curve at P. 

Hence f{x) is the trigonometrical tangent of the angl 
that the tengent to the graph at P, the point (a?, fix)), make 
with the a;-axis, From this property of the derivative, thj 
name gradient is used (see § 22). 

In Fig. 28 a, the tangent PT makes with the aj-axis tKS 
positive angle RPT or XLP; in Fig. 286 it makei 
the negative angle RPT or XLR. We will usually denote 
the angle by 0, so that tan <f> =f{x). 




Fig. 286. 

In the diagrams &c is positive, but it is evident that th^ 
same conclusions can be drawn if Sx is negative, that is il 
Q is on the opposite side of P. In particular cases it may| 
happen that P can only be approached from one side-i 
Thus if f{x) = fja?y x cannot take negative values; inj 
finding /'(O) therefore 8x must be positive. Here 

/'(0)= L/(^^rAO)= ^ VM!= L V(^.)=0, 



te=0 



8x 



fia;=0 



Sx 



6x-0 



and the tangent makes a zero angle with the ic-axis ; sin( 
f(0) = 0, the cc-axis is itself the tangent at the origin. 

Ex. Find the gradient of the graph of 3^-4^+3 at the point 
whose abscissae are — 1, 0, §, 1, 2. 

§ 54. Derivative as an Aid in Graphing a Fimction. Tha 
conclusions drawn in § 52 from the sign of the derivativefi 
are valuable as an aid to a mental representation of the; 
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iBriation of a function ; those of § 53 are equally valuable 

b helping us to graph the function. 
The diagrams of § 53 may be considered the standard 

mes. We see that when the gradient f{x) is positive the 
phic point moves upward as the point x moves to the 

ight— as along BPQ Fig. 28a, along HAB Fig. 286 ; when 
e gradient is negative the graphic point moves down as 

be point x moves to the right — as along AB Fig. 28a, 

llong BPQ Fig. 286. At B the gradient is 0, and the 

jtaigent is parallel to the a?-axis ; the graphic point is for 

the moment stationary. 
The student must not confuse moving upwards with 
otion away from the cc-axis ; thus near H (Fig. 286) the 
aphic point in moving up gets nearer the axis. The 
phic point moves up or down when the point x moves 
tne r^ht according as NQ is algebraically greater or less 
Mr\ for NQ—MP =f{x)Sx approximately, and when 
(oj) is positive, Sx being supposed also positive, NQ is 
gebraically greater than MP. If MP and NQ are both 
gative this implies that NQ is numerically less than MP, 

As an exercise, trace the graph of f{x)=a^ — Zx+l^ already shown 
§ 23. Here it is easily found that 

r So lone as ^ is less than — 1, that is, so long as the point x is to the 

pft of the point -1, both x+\ and a?-! are negative, and there- 

|bre f{x) is positive. Hence, as the point x moves from the extreme 

ieft of the ^-axis to the point - 1, tne graphic point moves steadily 

upwards. 

I So long as a; is greater than -1, but less than 1, ^+1 is positive 

tdi x—\ negative, and therefore f{x) is negative. Hence, as the 
int X moves from the point — 1 to the point 1, the graphic point 
^oves downwards. 

If ^ be greater than 1, f'{x) is positive. Hence, as the point x 
boves from the point 1 to the extreme right, the graphic point moves 
Readily up. 

The turning points of the graph are found where ^= - 1 and where 
r= +1 ; when ^= - 1, the function has a maximum value 3, and when 
p= + 1, it has a minimum value — 1. 
I 

r §66. Derivative not definite. It may happen that the 
femit of Sf{x)l&x is not a definite finite number. There are 
two chief cases. 



\ 
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(i) f\x) may be infinite for particular values of x. 
if f{x) = tjx, then 



m= L..^<^^=^L > - 



00 > 



&2;=0 



. but, for all other positive finite values of x, 



&e-0 



^o; 



We see that as x approaches the origin the gradient 
greater and greater, and when x coincides with the oi 
the tangent to the graph is perpendicular to the a;-axis. 
general the tangent at a point on the graph at which /'(s 
infinite will be perpendicular to the ic-axis. When f(a 
infinite for a finite value of a? as in the case of \/x for x 
it will usually be found that as x tends towards that vi 
f{x) tends towards infinity ; we may say, therefore, \ 
the tangent which meets the graph at the infinitely disi 
point is perpendicular to the aj-axis. Such a tangent ifi 
asymptote. (See the graphs of § 24.) 
(ii.) It may happen that at particular points of the grs 

there are two tangents 
at A, Fi^. 29. Althoi 
the function is continu 
when x^ay the gradi 
f{x) is not. There is < 
^adient as we approacb 
from the left, another as 
approach A from the rig 
as X increases through i 
value a, f{x) changes si 
denly from tan XBA 
tan XGD. 

It will be found tl 
for all the ordinary fun 
tions the derivative f{x) is, except for particular valu 
of Xy a continuous function and therefore these fun 
tions can be appropriately discussed by means of the 
graph. 




Fig. 29. 
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|§ 56. Fluxions. Newton founded his treatment of the 
2culus on the conception of the growth of mathematical 
lantities by a continuous motion ; he called the time-rate 
: change of a variable its fiuayion, the variable itself being 
Pad wie fluent. He laid little stress on notations but 
pnetimes denoted the fluxion of a variable, say x^ by the 
bibol Xy and this notation is still often used in works on 
pchanics to denote a time-rate of change. 
We may take one illustration of a time-rate of change. 
kppcNse a particle to move along the path APQ (Fig. 28) 
^ at time t seconds from a chosen instant let it be at P, 
fe point (x, y), where y=f(x) is the equation to the path, 
ht 8 be the length, in feet say, of the arc ABP measured 
pm some fixed point A on the path, x, y, 8 are then all 
iQctions of t 

Buppose that when the time increases from t to t+ St the 
Irticle comes to Q (Fig. 28 a, b) and denote the increments 
IBT, iJQ, arc PQ of x, y, a by Sx, 8y, Ss. By the usual 
Ifinitions, the chord PQ is the displacement of the particle 
time 8t and the quotient of the displacement by St is the 
erage velocity of the particle during the interval, the 
tion of this velocity being given by the angle BPQ, 
get the velocity at time t, find the limit of the average 
tocity for St approaching 0. 

~ow the limit of the angle -BPQ is RPT, so that the 

tion of the velocity at time t will be along the 

ent PT, 

Again, to find the magnitude of the velocity, or the 

, as the magnitude is now usually called, we have to 



M 



J. chord PQ 

I 8t=0 St 

kWe will assume as an axiom that when the chord PQ is 
by small, the arc and the chord are nearly equal ; or, in 
p more definite language of limits, we will assume 

) Chord Pc^oN arc i^y / 

►Now, 

} chord PQ ^ chord PQ arc PQ ^ chord PQ & 

St ■" arc PQ ' St " arc PQ ' St 
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Hence, since ^8=0 when 8t=0, we have 

, T chord PQ ^ /chord PQ\ ^ Ss . 
speed= L ji—^= L ( ^ pn )x L — = s. 

This equation of course simply states that the speed ii 
the time-rate of change of 8, and may be considered merel]/ 
as the symbolic statement of the definition of speed; but 
however simple the conception of a rate is at bottom, it wij 
be well for the student to recur again and again to tb^ 
process by which the number is determined. 

Again, x is the rate of change of x, that is, x isiihe rate at 
which the point moves to the right, and in the same way i 
is the rate at which the point moves upward. These twi 
rates are called the components of the velocity parallel ti 
the coordinate axes. I 

From the diagram we see that I 



(<te)H(5y)^= (chord PQf^i ^^/o f -(Ssf, 



i 



and therefore 



/&cy fSyy_ ( chord PQ \' /SsV 
\StJ '^KstJ ~\ arc PQ / '\St)' 



Hence, taking the limit for ^=0, we get 

a result that expresses the usual rule for determining th^ 
resultant velocity s, when the component velocities x,yax^ 
given. 

Ex. Suppose x=tf y=^. For every value of tyV=a^; that is, tlrt 
point P lies on the parabola whose equation is y =4r. The compone 
velocities are a;=ly j/=2ty and the magnitude of the resultant veloci 
s is V(^+y^)=V(l+4<^)- Th® direction of the velocity is given 
tan <i>='DgV = 2x^2t 

It will be observed that the path of the point is given by stati 
where at each instant the point is, because whenever the instant 
named, that is, whenever the value of t is given, the coordinates x^ 
can at once be calculated. By eliminating t between the equatio 
determining x and y, we find a relation that holds between tbflj 
coordinates of every point on the path, that is, we find the equation o| 
the path in the usual form. (See Exercises IV. 10, VL 4, 6, 10, 11.) \ 

We will now show how to find the derivatives of th^ 
ordinary functions ; in the exercises examples will be found 
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llustrating the geometrical and the mechanical applications 
t the derivative. After the student has gained some 
acility in differentiating, other examples will be considered. 

I § 57. Derivative of a Power. By definition 

I to=o ox 

Ind, by §47, this limit is naf^'^ ; that is, 

I Hence the derivative of a power with respect to its base 
p got by multiplying by the index and then diminishing 
be index by 1. 

It is obvious that the derivative is a continuous function 
or all finite values of x, except for x = 0, and it is then 
Bscontinuous only when ii — 1 is negative; that is, when 
1^ is less than 1 algebraically. 

Cor. K a be a constant, Da.(cKc**) = naic'*"^ 

Ex. 1. D{:c^)=^; 2>(V^)=2)(^2\=|-pl; 



<j^)=<^^-^h-r^-^=- 



r Ex. 2. Write down the derivatives with respect to i of 

2 4 

) ^, ^, 3^<, -^. 

Ex. 3. Write down a function of x which has a^ as its derivative. 
* Reverse the process for obtaining a derivative, that is, increase the 
bdex by 1, and then divide the result by the new index. Thus, one 
pnction whose j?-derivative is a^ is J^, as may at once be tested by 
pfferentiation. 

\ Ex. 4 Write down for each of the following functions a function 

[f which it is the derivative, 

1 ^^ / 2 1 3 

\ § 68. (General Theorems. The following theorems are of 
K)nstant application. We suppose a; to be the independent 
fariable, so that the suffix may be omitted in indicating 
lerivatives. 
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Theorem I. An additive constant disappears i/n\ 
differentiation; or, two functions which differ only by a^ 
constant have the same derivative. 

For let /(a?) =^03)+ C^, where (7 is a constant, that is, does 
not change as x changes ; f{x) and ^o;) therefore differ only 
by the constant 0, 

f{x+Sx)^f{x)J^<lix+8x)+C^'-[<t¥)+C^ 
Sx &c . 

_ ^x+Sx)-ip(x) 
Sx 
Take the limit of these equal quantities for Sx convei^ng 
to and we find f(x) = ^\x), 

Ex. />(^-4)=ap«. 

Theorem II. A constant factor remains as a constant 
factor in the derivative. 

For L[Cfix)] = L^^'^+^f;-^^^^^ 

therefore D[CA^)] = ODfix), 

Theorem IIL The derivative of an algebraic swm of a 
finite nurnber of fv/nctions is equal to the like algebraic 
sum of the deriva;tives of the functions. 

Let f{x), F(x), 0(ic) be three functions of x ; then it is 
easy to see that 

S[f(x)+F(x)^<p(x)] = Sf(x)+SF(x)^S<f>(x). 

Therefore, dividing by Sx and taking the limit, we get 

D\J(x)+F(x)-4>(x)]=Df(x)+DF(x)^D<lJix). 

The same proof holds for more than three functions ; the 
number of them, however, must be finite, for if there be an 
infinite number the theorem is not necessarily true, just as 
in the case of the corresponding theorem in limits (§ 42, 
Th. I). 

Ex, DiSa^ - 6^ + 1) = i>(ar8) - 2)(5:r) Th. III. and I. 

= 3i)(^) - 6^^) Th. II. 
=6j?-5. 
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Theorem IV. D(uv)=vDu+uDv, where u, v are func- 
tions of X. 

When X takes the increment SXy let u, v take the incre- 
ments Su, Sv respectively, then 

S(uv) =(u+ SuXv + Sv) — uv 

=vSu+uSv+SuSv; 

. S{uv) Su ^ Sv ^8u ^ 

When Sx converges to so does Sv ; the limit of the last 
term is therefore 0, and we get 

D(uv) = vDu + uDv, 

If there be more than two factors, say u, Vy w\ we may 
extend the theorem by applying it twice ; thus, first consider 
w as forming one factor, we-get 

D(uvw) = D(u . vw) = vwDu + uD(vw). 

Put D{vw) = wDv + vDw ; 

D(uvw) = vwDu + wwDv + uvDw. 

If we divide both sides by uvw we get 

D(uvw) ^Du Dv Dw 
uvw ~ u V w ' 

More generally, if there be n factors, u^, itg, ... u^, we 

^^^ D{U^U^...Un) ^ DUy Du^ DUn 

UjU^...Un U^ U^ '" Un' 

LogariiJimic Diff&rerdiation, When the differentiation 
18 carried out in the form last written, the process is usually 
icalled logarithmic differentiation, (See § 65, ex. 3.) 

The student must particularly notice that the derivative 
of a product is not the product of the derivatives of its 
factora 

Ex. Z^(5a7+2X3a:-7)]=(3^-7)Z>(5jp+2)+(5^+2)Z>(3^-7) 

=(3a?-7).6+(6ir+2).3 
=30^-29. 

The result may be verified by first distributing the product and 
then differentiating. 

o.c. H 
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Theorem V. D\-] = « provided v is not zero 

for the values of x conaidered. 



For 



\V/ V 



u+Su u vSU'-uSv 

v+Sv V 
Su Sv 

V-x U-z- 



^+Sv V v^+v^v ' 

ytt\ Su Sv 



Sx Sx 



^F+vSv 

Since the limit for 5aj=0 of the denominator is 'i^ and '(^ 
is not zero, we can apply the theorem that the limit of a 
quotient is the quotient of the limits of numerator and 
denominator. Hence the theorem. 



It 
If we divide by - we get 



Kl) 



Du Dv 



U U V 

V 



Ex. jy(^'i\ J^+i)iK^'i)-(^-i)n{^+i) 

(a^+l)»2j?~(^-l).2jr 
4a? 

Theorem VI. If the derivatives of two functions cure 
equal for every value of the argument, the functions can 
only differ, if at all, by a constant 

This theorem is the converse of Theorem I. and seems 
hardly to require proof for the ordinary functions. For 
if fXx)=<f>\x) for every value of x, then putting y equal 
to/(aj) — ^a?) we have 

i>«2/=-Ddy(aj)-0(i»)]=/(«)-^'(a^)=O. 

Hence the gradient of the graph of y is zero for every 
value of X ; the graph must therefore be either the a;-axis 
or a straight line parallel to that axis. But the equation 
of every line parallel to the a;-axis is y = const. = C7; the 
equation will represent the axis itself if 0=0. ' 

Therefore f(x) - ^(x) = C or f(x) = <p(x) + C. 



EXERCISES VIIL 115 

Ex. If 2)a^=^- 1, determine the general value of v. 

The derivative of ^a^—^ is .r^ — 1, as may be tested by differentia- 
tion ; therefore the derivatives of v and of ^a^ - x are the same for 
every value of x. Hence y and Jar - x can only differ by a constant, 
that is, ^=J^-^+C. This value is called the general value, because 
every function which has the same derivative as y will at most differ 
from \a^—x by a constant, and C may be any constant. 

The particular function which has the value 2, say, when x has the 
value 1, will require a particular value of the constant C, But always 

y=-ix^-x+C; 

therefore 2=^-1 + (7, /. (7=f ; 

and y=J^-^+|' 

It is to be observed that the derivatives must be equal 

for every value of the argument ; thus x^ — l and a?^— 1 are 

I equal when a? is or 1, yet the functions Jar*— aj+C7 and 

i^a^^x+C, of which they are the derivatives, do not differ 

merely by a constant : they are different functions. 

EXERCISES Vm. 

Differentiate with respect to x, examples 1-10 : 
f 1. 7^+6a?2+4a?-2. 2. (7^-3X8^+2). 

3. (^-lX^+2Xa?-3). 4. (3^-7)/(5-ar). 

5. sfx+j^. 6. (V^-;^)'- 

7. ^+Ji. 8. <^+~' 

9. 4J+2a^-2x'i+x'^. 10. "^""'^t^l 

Differentiate with respect to ^, examples 11-14 : 
11. (at+b)l(ct+d). 12. a/(b + ct). 

13. (afi + 2bt+c)l(At^+2Bt+0. 14. |^^l|^j. 

I 15. Give a geometrical interpretation of Th. I. § 58. 

Deduce TL V. from Th. IV. by putting -=ir, so that Du=D(vw). 

16. If at time t the adjacent sides of a rectangle are u and v feet 
respectively, where m, v are both functions of ^, show that at time t 
the area is growing at the rate vu+m. 

If at time t the three edges of a rectangular parallelepiped which 
meet at one comer are u, v, w feet respectively, find the rate at which 
the volume is increasing. 

Show that these results give a geometrical interpretation of Th. IV., 
§58. 
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17. Find the values of x for which the following function£{ a 
(i) increasing, (ii) decreasing, (iii) stationary. Apply the results 
the graphing of the functions, and state the turning points. 

(a)3-T+x2; (6)a:3-ar+2; (c) ^-2ar«-l. 

18. State the most general function which has as its derivative 

(i) %x-\ ; (ii) 3a7--2; (iii) aot^-\-hx-\-c, 

19. The gradient of a curve is ^-a?+l, and the curve pass 
through the point (1, |f) ; find the equation of the curve. 

20. If Pv=PqVq where p(^ Vq are constants, show that 

-vD,p=p. 

21. The speed of a particle at time t seconds from the beginning < 
its motion is V-gt feet per second ; find how far it has movea i 
t seconds. 

§ 59. Derivatiye of a Function of a Function and of Invers 
Functions. 

The derivative of such a function ss (x^^x+l)^ canno 
be found by immediate application of the rule for the deri 
vative of a power. In a case like this we may proceed a 

follows: — Denote (aj^— cc+l)* by y; now put a?*— a?+l=^ 

Then t/=u* where tt=aj2— aj+1; that is, j/ is a functioi 
of u where u is a function of x. In other words, y is i 
function of a function of x (§ 46). 

When X takes the increment Sx let u take the incremen 
Su; when u takes the increment Su let y take the incre 
ment Sy. Hence when x takes the increment Sx, y takei 
the increment Sy, and when Sx converges to zero so do St 
andcSy. Now gy^gy ^ 

Sx Su Sx' 

therefore L^=Lf2^. L^?^; 

«x=:0OiB hu=oou to=owJ 

that is, Dr^y = D^y x D^n. 

In the derivative D^y, y is supposed to be expressed as a 
function of x, while in the derivative D^yy y is supposed to 
be expressed as a function of it. That is, 

i)^aj2-aj+ 1)*= 2)«ui X 2>^(a?-aj+ 1) 

, 2a5-l 
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where, after the differentiation is effected, u is replaced by 
its value in terms of aj, namely aj^— oj+l. 

The reasoning is perfectly general, so that we have the 
theorem: — If y=f(u) and u = if>(x), then ^ is a function of 
a function of x, and 

DxV = Duf(n) X D^<p{x) or Dr,y = D^y x D^u. 

If we had y=f(u)y t6=0(t;), v — \[/{xX we should get in 
; exactly the same way 

D^y^DJ(u)xD,<l>(v)xD^ylr{x) 

or Da-y = Duy X DvU X DicV. 

The same method shows how to obtain the derivative of 
an inverse function. Let y=f(x) so that x is the inde- 
pendent variable. The inverse function is x=f'\y) and y 
is now considered to be the independent variable. 

Let Sx and 8y be two corresponding increments of x and 
y, so that Sx and Sy vanish together. Then 

Sx'^Sy" ' 

Sy Sx 
therefore L «^x L ^- = 1 ; that is, DxyxDjx — l. 

The result is evident geometrically. In Fig. 28 (§ 53) Da/y 

, is the tangent of the angle that PT makes with OX, DyX is 

I the tangent of the angle that PT makes with F, and since 

I these two angles are complementary the product of their 

tangents is 1. 

This theorem is of great use in finding the derivatives of 
inverse functions (§§ 64, 65) ; meanwhile we note that 

and the theorem remains true even if one of the derivatives 
is zero. 

The student should carefuUy note the following ex- 
amples ; at all stages the rule for differentiating a function 
of a function has constantly to be used. 

Ex. 1. DJ^ajc-¥hY=^na{cu€'^hY'\ 

Put ax-\-h=u, 

then DJcuc+hy^DuU** x DxU=nu^~^ x a=wa(a^+ 6)**-^ 
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With a little practice, the student will be able to dispense with 
the actual substitution of ic Thus he will write 

Z)^flur+6)"=n(£M?+6)»-ixa==na(<M?+6)*-^ ; 

D^ar- 2)*=i(ar- 2)"* x 3= — j. 

2(3a:-2)2 

Ex. 2. 2)j(j^-a^*«i{^"«^"^x2a;=^^^^. 

Ex. 3. II D^ « XiJ{a^ - a*) and u^x^-a\ find Duy» 
Duy=Dg3fxDuflc^D,ylDjii^x^{a^''a^l2x ; 
therefore D^y^^Ji^ - a^^i^Ju. 

Ex. 4. If y is a function of ^, so is y^, y*j ... xy^ a^ ..., and 

DJif)=^DJiy^ X D,y^2yD,y, 
DJi,xy)=xD^+yD^=xD^y-\-y ; 
and generally, using y' for Dj^y^ 

DJiary^)'^arDJiy^)+y^D^ar) 
^af^ny^'^t/ +y*«w?**~^ 
=a;**-iy*-i(wa?y' + my). 

Conver^y, yy'^DJ^iy^ 5'"-y=^x(^r)- 

This transformation is specially useful in mechanical problems. 
Thus, t being the argument, 

xx=Dt(ix^; yy^Dtdy"). 
Ex. 6. If »=*, prove v=/>Xit^). 

or, in words, the time-rate of change of t; is equal to the space-rate of 
change of ^v^ (see § 69). 

Ex. 6. If the coordinates of a point on a curve are given in the 
form x^fit)y y=4^t\ where, for example, t may denote the time, 
find Z>ay. 

y is a function of t^ and t may be supposed to be determined as a 
function of x by the first equation. Hence 

2),y=2)^yx2),<. 

But Dj=llDtX by the rule for inverse functions ; therefore 

Thus, if x=(nfiy y=2atf 

7} _y_2^_l__?? 
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Ex. 7. When y is given as an implicit function of x by an equation 
of the form 

^^y«+5^^+,..+ir;r+Zy+i/'=0, (a) 

we can find y by the method of ex. 4. For in whatever way x changes 
y must change so that the equation (a) always remains true ; therefore 
the rate at which the expression on the left side of (a) changes as 
X changes must always be zero ; that is, 

that is, ui2)^:B^y*)+5Z)^^y«)+...+Jr+Zi)ay=0. 

Each term may now be differentiated and the equation solved for 
Ay or y. For example, given 

^+^+3^-1=0; (jS) 

then Z)^^+;i^+y*-l)=0 

that is, 24r+^+y+2yy'=0 

and therefore y = —^, (y) 

^ ^ ^+2y ^^' 

To find the gradient of the ellipse represented by ()8) at particular 
points, we proceed as follows : 
When :i?=l, y2^y--o • that is, y=»0 or - 1 ; 

at the point (1, 0), /= 'TW^ "^ ' 

at the point (1, - 1), y'= -= — 5=1- 

To find where the tangent is parallel to the ^-axis, we have to solve 

(ff) and the equation y=0, taking care that the values which make 

I the numerator of %f vanish do not also Tnxike the denominator vanish. 

If this were to happen, then t/ would for such values take the form 

0/0, and y might or might not be zero. In the above case we have to 

1 2 

solve ()8) and 2a?+y=0. The values are ^=-75, y= — 75, and 

1 2 . ^ ^ 

x= — j=y ^^~7I ' ^^ these points the tangent is parallel to the ^-axis. 

In the same way we find where it is perpendicular to the ^-axis by 
^ solving (P) and .r+2^=0, which makes y infinite. The points are 

EXERCISES IX. 

Differentiate as to Xy examples 1-8 : 
1. ^(l-x). 2. xl^(l-x). 3. V(2:p+ 1X^-2). 

4. xl^ia^-aP), 6. x/^(a^+x^. 6. ^(ax^+bx+c). 

7. V(^+l)/V(^-l). 8. ^(aa^+2bx+c)l>J(Ax^+2Bx+0). 
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In differentiating a quotient of the form (j7+a)*"/(a7 +&)**, it is 
often advisable to write the quotient as a product in the form 
(j?+a)"*(jr+6)~" ; when simplified, the result wiD appear in its loi^est ' 
terms. Differentiate in this way : 

9. ix+lf/(x-iy. 10. (x+ar/Car+fc)". U. 1/^2?- 1)^. 

12. State in words the equation 

13. If t^=2k{ ), show that v= -^^ >^d v being functions of 

the time t * 

14. If 2^+3y'=5, find y. Then find the gradient at the points : 
(i) (1, 1), (ii) ( - 1, 1), (iii) ( - 1, - 1), (iv) (1, - 1). 

16. If (ar +y)' - 5.r +y = 1, find y. Find the gradient at the point, or 
points where tne line whose equation is x+y=l cuts the graph. 

16. If a:=at, ^=bt-^fi, find the components parallel to the axes of 
the velocity of the point (x, y\ and find the direction in which the ^ 
point is moving at time t. (Compare Ex. YI. 4.) ' 

17. Find D^y in the following cases : 

(i) {x-af'\-{y-hf=<?. (ii) y^^Ax+Ba^. 

(iii) xy=i?. (iv) af^y^=d^^\ 

18. If D:,y=a^J{asfi+h) and u=cu^-\-h, find Z>„y. 

19. If />,y=(^+aX^+2<w?+^)* »i*d u=a^+^ax+h, find 2>»y. 

20. If Dgy=/{ax+b) and tt=aa?+6, find 2)»y. 

§ 60. Differentials. In Fig. 28 a, 6, § 53, the value of f(x) \ 
or DxV is tan BPT, and 5 

Now, suppose that as x increases from OM to ON the \ 
ordinate y or f{x) increases uniformly at the rate f\x) 
or tan iZPT; then the point P will move, not along the 
arc PQ but along the tangent PT, and the increment that y 
on this supposition will take will be, not RQ but RT, 

This hypothetical increment of y is called the differential 
of the function y or f(x) and is denoted by dy or df{x). 
The actual increment of y, denoted by Sy or 8f{x\ is not 
RT but RQ, Writing as usual Sx for the increment MN 
of X we have 

dy = RT=f{x)Sx ; Sy = RQ = {fXx) + a)Sx, 

where a is used in the same meaning as in § 52. 
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l(f(x) is the function x, thenf{x)=l, and we have 

df(x)=^dx==l, Sx, 

90 that for the independent variable Sx and dx may be con- 
sidered to be the same thing. We may therefore write 

dy=RT=fXx)dx; Sy = RQ=(fXx)+a)dx. 

The first of these equations gives a new notation for the 
ierivative, namely 

This notation, which is perhaps the most common, has the 
Advantage that its form recalls the process by which the 
derivative is obtained. Again, we have another advantage. 
For Sy-dy = (f(x)+a)dx-f(x)dx=adx, 

and (see § 52) when dx or MN is very small a is also very 
smalt and therefore 8y is very approximately equal to dy. 

The notation of differentials is due to Leibniz ; the above mode of 
defining a differential is usually attributed to Cauchy, but the 
differential is equivalent to Newton's " moment," which is explained 
Id exactly the same way by Benjamin Bobins (see his Mathematical 
Wracts^ London, 1761), A reading of Robins' Tracts would well repay 
ihe student who is fortunate enough to get hold of a copy ; the book 
Ib now somewhat rare. 

The notation of differentials is practically a necessity 
in the integral calculus, and the student should accustom 
kimself to it. In practical work dx and therefore dy are 
usually supposed to be very small quantities ; but it is only 
fJieir ratio that is of importance. 

The symbol -p is often written as -j-y\ but when used 

\n this way the symbol -r- is to be taken as a whole and as 

meaning exactly the same thing as D^. 

Since du = Daiu dx, dv = D^v dx, etc., when the independent 
variable is a;, we have 

diu+V'-u^^du+dv^dWy 

d(uv) = vdw + udVy 

and*8o on. We may, in fact, replace D in the theorems 
of §68 by d 
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du 



Again, since -r- means D^Vj we have 



dx 



w . . . du dv 

orx:(«+t;-«')=^+^- 



dx 



dw 
dx' 



and so on. 



d(uv) du . dv 



Ex. 1. 

Ex. 2. 

Ex. 3. 
Ex. 4. 



xcLv=d(ia^; (^-l)ci^=c?(J^-ar). 

State in the form of differentials Ex. IX. 1-6. 



61. Geometrical Applications. Let OM be the abscissa 
and MP the ordinate of the point P on the curve whose 
equation is y=f(x); and let the tangent at P meet the 
axes at i, K (Fig. 30). 

The line CP5 drawn through P perpendicular to the, 

tangent is called th^ 
normal to the curve 
at P. 

When the tangent 
and the normal are 
spoken of as finite j 
sefflnents the portionai 
LPy GPy intercepted! 
between P and the 
aj-axis, are the seg-i 
ments referred to. \ 
In the same way; 
the projections of j 
these segments on the] 
aj-axis, namely LM and MO, are called the suhtangent and 
the avimormal respectively. 




Fig. 30. 
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These segments can be expressed in terms of the values 
>f X, y, y' at P. 

Subtangent = LM = r^-r = ^, ; 
Subnormal — if G^ = 2/ tan ^ = t/ y' ; 

; Tangent =ZP = ycosec^ = ^^^^t^ ^ 

if 

I 

Normal = G'P= 2/ sec ^ = ^/s/C^ + ^'*) ! 

y y 

I 

OK OLii,n<l>^^'^^^^'=y-T>f'. 

These expressions are true for all positions of P, provided the signs 
of the segments be attended to. Thus, if LM is expressed by a nega- 
itive nmmjer, L will be to the right of i/, since, in the above diagram 
which is taken as the standard, LM is positive when L is to the left 
jftf J/l There is no need to commit these formulae to memory ; the 
jralaes can at once be obtained in any given case by drawing a 
diagram. 

, We may also find the equatwm of the tangent and 
normal. For this purpose let the values of cc, y, y' at P be 
denoted by x^y y^, y{ in order to distinguish them from the 
coordinates {x, y) of a point on the tangent LP or the 
normal GP. 

The equation of the tangent is 

y-yi=(^-^i) tan^ or y-y^=yi{x-x^, 

since it is a straight line passing through (ajj, y^ and making 
an angle ^ with the cc-axia 

The ac/aie angle that the normal makes with the aj-axis 

is 0—? and tan (^""?)= — cot ^= — Ijyl ; hence the equa- 
tion of the normal is 
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Ex. 1. Find the subtangent and the subnormal in the eU 
given by -2+f2=l. 

If we suppose y to be positive, then 

subtangent = ^ = ; 

2/ ^ 

subnormal —yif — g-. 

When ^ is positive, both these numbers are negative ; L therefore 
to the right of M and G to the left of M; when a? is negative^ 
positions are reversed. 

OZ =07 — subtangent =— ; 

X ' 

a well-known property of the ellipse. is of course the centre of 
ellipse, denoted in § 26 by C, 

Ex. 2. If the equation of the curve is xy—<?, find the ratio of i 
to LP, 
„ KP JOM jxnf ^ c^^pg - 

LP LM y ~ X ' x^ 

The ratio is given both in ^gn and in magnitude ; hence P lies hetWi 
K and Z, and KL is bisected at P. The curve is a hyperbola (§ ! 
II., ex.), and this is a well-known property. 

§ 62. Deriyative of the Arc. Let 8 be the length of t] 
arc AF measured from a fixed point A on the cur' 
(Fig. 30) ; to find D^s, D^. 

Proceeding exactly as in § 56 we get the equation 

W')'+(w-(t^-w. (. 

where <Js and &y are the increments of the arc s and of tl 
ordinate y due to the increment 8xoix\ 58 = arc PQ. 

The average rate of change of s with respect to a?, namel 
&/5a;, is determined by the equation 



1 + 



/^ Y __ / chord PQ y/Ssy 
\Sx/ \ arc PQ ) W * 
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I Since the limit for &c = of the first factor on the right 
is 1 ^we get 

In exactly the same way we obtain 

I Again, 

. T & T (^^ arc PQ \ j^ dx 

pq^qPQ pq^o<S8 chord PQ/ ^ ds 

! Using the notation of differentials we take PR=dx; 
ben RT=dy and PT=d8, The equation in differentials is 

(d8f^(dxf+(dyf (A') 

knd division by (dxf or (dyy at once gives the derivative 

)f 8 with respect to aj or ^. 
If ^ be the independent variable and dt its differential, 
en, since x, y, 8 are all functions of t, we shall have 

dx=xdty dy = ydt, d8=8dt, 

tod the substitution of these values in (a^) gives, as in § 56, 

We also have 

. dx dxds , , . dy dy ds , . ^ 



i BXBBOISES X. 

\ 1. Show that in the parabola* y^—Aax the subnormal is constant. 

2. If the subnormal is constant (2a) show that the curve is a 
parabola y^=4ar+C 

3. Find the equation of the tangent and of the normal at the point 
(r„ y^ of the parabola y^—Axtx. 

Show that the subtangent is bisected at the vertex. 

* It is customary to abbreviate the phrase " the curve of which tb? 
equation is y=/(a?)" to "the curve y—f{x)P 



r 
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4. If the tangent at P in the ellipse (Fig. 20, § 26) meet the major 
axis at T and the minor axis at t^ prove that ' 

CfM . CT=^ CA\ Cm.Ct^ Cm, 

where m is the projection of P on BB. 

5. Show that the equation of the tangent at (x^t y^ to th^ 
hyperbola ^/a*-^/62=l is 

With the same notation as in ex. 4 show that 

CM,CT^CA\ Cm,Ct^-Cm, \ 

and explain the meaning of the minus sign. 

6. The equation of the normal to the ellipse at (x-^ y^ is 

(a? - oTi) aV^i = (y - yi) 62/yi. 

7. If the normal at P to the ellipse (Fig. 20) meets the major axis ; 
at O show that CO=^CM in magmtude and in sign. 

Prove also that i 

SO=e{AC+eCM)=eSP; OS'^^eS'P; 

SG:GS'=SP:S'R 

The last equation shows (Eilc, vi. 3) that the normal at P bisects 
the interior angle and that the tangent at P bisects the exterior angle 
between the focal distances of P. 

8. State and prove for the hyperbola the results corresponding to 
those of ex. 7 for the ellipse. 

9. If SZ, SZ are the perpendiculars from the foci ^, S on the, 
tangent at P to a central conic (Figs. 20, 21) show that \ 

SZ.S^Z'=CE^, 

For the ellipse 8Z.SZ'^^1^ ±_=_j^, 

since (a?i, y^ is on the ellipse. A little reduction shows that 

(See Exercises VI. 18.) 

10. If P is the point (a cos ^, h sin 0) show that the equations of the 
tangent and normal at P are (see Exercises V. 5) 

-cos^+f sin^=l ; -^^ — T—^y=^a^-l^, 
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11. If P is the point {at\ 2(U) on the parabola y^=Aax show that 
the equations of the tangent and normal at P are (see Exercises V. 6) 

X 

y=-: + at', y= -tx+2at-{-at\ 
z 

12. From the result of ex. 3 or otherwise show that if the tangent 
It P to the parabola (Fig. 19) meets the axis at T 

TS=:AS+AM=SP, 

If NP is produced to Q show that TP bisects the angle SPN and 
PO bisects the angle SPQ, Also that, if S^ cuts the tangent 
It the vertex at Zy SZ is perpendicular to and bisects TP and 
SZ^=AS.SP, 

13. In the notation of § 61 show that for the curves ^y'*=c"*+*» 

KP:LP=-m'.n, 

Sketch the curve (i) if m=7, n=5 ; (ii) if m=10, w=9. 
These are Adiahatic Curves. 

14. Show that for the parabola y^—^ax 

15. In the gemi-eubical parabola ay^=3^ show that 

Show also that |=V(l+S)' 

ftnd verify that if the arc « is measured from the origin 

,_8a/,^9^\^ 8a 
*~27V"*'4S>' ""27* 

I 16. Show that the tangents at the points where the straight line 
^X'^^hy=^0 meets the ellipse 

aa^-\-^hxy-\-hy^=\ 

are parallel to the a;-axis, and that the tangents at the points where 
the straight line hx+by = meets the ellipse are parallel to the 
y-axis. 

17. Show that the tangents at the points where the parabola 
tff=^ meets the folium of Descartes, whose equation is (compare 
^ercises VI., 13) 

a^+y^^Zaxy, 

are parallel to the ^-axis, and that the tangents at the points where 
the parabola y^=ax meets the folium are parallel to the y-axis. 
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T1.e origin (0, 0) i. one of the pom^ » J^^f Z^T^^^tjUl^ 
tangenU>oagh thi. u. one <f «»« "'^Cw; vT* V^). 
§ 59, ex. 7. The other points are (a V*. « V«A V" ^ ^ 

18. Show that for the ellipse x»/o«+3f»/J*=l 
and that for ttie hyperbola j!*/a*- jf*/6*-l 

19. Show that for the curve y=c*" 

20. Show that for the curve «*+y =« 
the arc being measured from the point (o, a> 



CHAPTER VII. 

DIFFERENTIATION (continued). TRANSCENDENTAL 
FUNCTIONS. HIGHER DERIVATIVES. 

§ 63. DeriTatiyes of the Trigonometric Functions. The 
fundamental limit is that proved in § 39 (iv.), the angle 
being measured in radians, namely 

li— ^— = 1. 

(i) DxSinzsoosx. 

For Dg.Binx= L — ^^ ^ . 

«x=0 OX 

^ . Sx / ,Sx\ 

• / , \ • 2sm-^cos(aj+-^) 

^ sm(a? + OX) — sm a; 2 \ 2/ 




The limit for Sx = of the first factor is 1, and of the 
second factor is cos a;. Hence 

Da; sin 05 = cos 05. 

(ii) Dxcosxs— sinz. 

T^ rk T cos(aj+&)— cosa; 
For DajCOsaj= L — ^^ ^ , 

to=0 OX 

and cos(aj+&c)— cosa5== — 2sin-^sinfa5+-2-Y 

The rest of the work is the same as in (i). 
o.c. I 
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(Hi) I>stajix=— |2-=8ec>x. 

For Dajtana;= L ^^ y~^ 

to«o ox 

__ J 1 sin&c 

" isg^(fi08{x + Sx)C0SX Sx 
C08*a5 

The result may, of course, be obtained by writing tan x 
in the form sin ic/cos x, and applying the rule for differen- 
tiating a quotient. 

Directly from the definition or by applying the rule for 
differentiating a quotient we obtain 

(iv) D-,,cosecaj= — cosecajcotoj; 

(v) DajSecaj = seca5tana5; 

(vi) Dg. cot x= — 7-j- = — cosec^J3. 

The knowledge of the derivatives makes it easier to 
graph the functions, and the student should test such 
graphs as he has already drawn by examining the gradient 
in the light of the derivative. 

The derivatives of the sine and cosine are continuous for 
all values of the argument. The derivatives of the otter 
functions become discontinuous for the values for which 
the functions become discontinuous. 

The rule for differentiating a function of a function has often to be 
applied, for it is very seldom that the argument is .v simply. The 
most important case is that in which the argument is a linear function 
ax+h. 

Put flw?+6 = w, and we have 

Z>xSin(flwr+6)=Z)„sintt X DJ^ax-^h) 

=008 w X a =a cos (flM74- 6). 
In the same way we find 

2)xCos(aa?+6)= -asin(eM7+6) ; Z>xtan(a^+6)=asec^(aa7-f-6), 

and so on. In fact the student should from the first accustom himself 
to these forms. 

Again, to find the derivative of ^m^(ax+h\ let sin (or + 6) be 
denoted by u ; then 
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/>,[8in2(cw? + b)] =I)uU^y. 2>x sin (<w? + b) 

= 2t« X a cos (cm? + 6) 

= 2a sin (aa? + b) cos (oa? + b). 

With a little practice, and the application of common sense, even 
this substitution will not be necessary. 

Note. — If the angle is measured in degrees, then Dj^sin x 
is not ccNsoj but y^cosoj, because x degrees make Traj/lSO 
radians, and 

sin(a3 deg.) = sinf ^oK rad. j ; 

D^ sin(aj deg. ) = D^ sin^^ rad. j 

=lIo^S^^^-)=iIo^^'(''^^^>- 

EXEB0I8ES XL 

Differentiate with respect to ;r, ex. 1 -9 : 

1. sinS^r+cosS^r. 2. sin— (^+6). 3. sin tw^j? cos ?ia?. 

a 

4. o^sin^+cosa?. 5. sin^p-ijpcosx 6. ia7-Jsin2^. 

^ 7. i^+j8in2ar. 8. |sina:+^sin3a7. 9. -|cos^+^cos3ar. 

Write down for each of the functions 10-16 a function of which it 
I is the ^-derivative. 

10. cos 3a? -sin 32?. 11. cos(aa?+ft). 12. aec^cuv+b). 

13. co^x, li. sin^^. 15. sin 4a? cos 2^. 

Differentiate with respect to jf, ex. 16-22. 

^ 16. cQ%^{ax+b). 17. tan2(i;i?+l). 18. V8in2a?. 

19. sin2a?/co83a?. 20. -— i- . 21. ^'^^^^ 



H-cos^ l+cos;r 



22. '''''^ 



1-htana? 



23. Show that DJiAn\x\=^—^ , 

*• -^ ■' l-hcosd? 

and that D^ \x tan ^x] = r— . 

'■ ^ -* H-coso? 
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Bill X 

24. Show that steadily decreases as x increases from to 

IT ^ 

- ; graph the function from ^=0 to x—v (see also ex. 34). 

To prove the theorem, show that Che derivative of sin x\x is negative, 
and tnerefore sin jr/x a decreasing function. Since b^xIx^^^Itt when 
x^7r/2 and sinx<x we get the inequalities 

2 

^x <Binx <x, 

IT 

which hold for the range to 9r/2. 

25. A point moves on a straight line and at time t its distance s 
from a fixed point on the line is given by the equation «»acos(7^— e). 
Find for what values of t its velocity is greatest and state where the 
point then is. For what values of ^ is Its velocity zero and where is 
the point at these instants ? 

26. The coordinates x^ y oi 9, point at time t are ffiven by the 
equations x=acos^, y=6sin^. Snow that as t varies &om to Sir 
(or from t^ to <|+2ir) the point describes an ellipse, and find the 
components of the velocity and the direction of motion at time t 

27. The coordinates of a point are given by 

ar=a(^-sinfl), y=a(l-cos^), 
where 0^6^ 27r. Show that the tangent to the locus of the point 

IT 6 

makes with the x-axis the angle ^ - ^ and that if the arc s is measured 

from the origin, <=4a(l-co8^j. The locus of the point is called a 

cyclmd (§ 146). 

28. Find the subtangent and the subnormal of the curve of sines 
whose equation is y = a sin {xjh), 

29. If Dxy = V(** ■" ^ ftJ^d X = a sin ^, show that D^y = a^ cos^O, 
In the notation of differentials, we may write 

dy^^{a^-a^)dx\ dx^aoo^ Odd ; dy—a^co^6d$. 

30. If dy=J{x^+a?)dx and jF=atan ^, show that 

dy=a^e^ede, 
dx 

31. If c?y= ., 2_y2\ *^*^ J? = a sin ^, show that dy^dO. 

dx 

32. If dy=-i^ — ~« and x=a(l +8in $\ show that dy—dO, 

33. If y(x)=l— iA'^— cosor, show that when x is positive f(x) is 
negative. Hence show that for positive values of x 

1 — \a^ < cos x<l, 

J{x) is a decreasing function. Since J{x)^0 when ^ssO, it must 
therefore be negative for every positive value of x. 
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34. Show that when x is positive 

x — \o^ < sin .r < x. 

Take ^x)=x — \a^-^m.x ; then (by ex. 33) ^(x) is negative, since 
<l>Xx)=/{x), 

35. Prove in the same way that when x is positive 

1 - ^x^ < cos 0? < 1 - ^x^ + ji^ ; 

1 11 

X - -^xi^ < sin X < X - ^x^ + ~,x^. 

ol 61 o! 

These inequalities may be carried out to any number of terms. 

36. How should the inequalities of examples 33, 34, 35 be stated for 
negative values of .3? ? ' 

37. Show that if x is positive and less than 7r/2 

x<^t&nx+%BiD.x. 

§ 64. Inverse Trigonometric Functions. The direct trigo- 
nometric functions are single-valued but the angle has to 
be restricted to a certain range in order that the inverse 
functions may be single-valued (see § 28). The range is 
from — 7r/2 to 7r/2 for the functions inverse to the sine, the 
cosecant, the tangent, and the cotangent, but from to tt 
for those inverse to the cosine and the secant. 

In finding the derivatives the theorem expressed in the 
equation Da}y = l/D^ is used (§ 59). 

(i) l>«sin->K=+ /Q_^a) * 

Let y=sin~^ic; then a;=siny and 

Dyic = cos 2/ = + V(l — ^^)> 
because cosy is positive, y lying between — 7r/2 and 7r/2, 

Hence Dg. sin'^cc = D^y = Yr~ = 



(u) D«co8-ix = - ^^^i^a^. 

Let y =cos"^aj; then a;=cosy, and 

DyX= -siny = -[ + aJ(1-x^)1 
because sin y is positive, y lying between and -tt. Hence 
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This result may also be obtained from the equation 

cos"^ = ^ — sin'^a;. 

In the same way the following results are established : 
(iii) Z)-,,tan"^a? = .j— -— «; {iv) I)xCot~^x= — 



1 



(v) Z)a;Cosec"^aj= jv-^ — =^; (vi) J9a.sec"^a; = 



Of the above results (i), (iii) are the most importani 
The root is a positive number, so that, for example, >^(ic^ 
means +x when x is positive, but —x when x is negative 
The results (v), (vi) hold so long as cc is positive ; when x i 
negative the sign of each must be changed. 

It is worth noting that the derivatives of the invers< 
trigonometric functions are not transcendental but ar 
algebraic functions. 

The derivatives (i), (ii), (v), (vi) become discontinuous fo: 
x= ±1; (iii), (iv) are continuoHS for every finite value of a 

In the case of the inverse functions also the studeni 
should accustom himself to the form in which the argumenl 
is not X but a linear function of a?, specially x/a or x/^k 
Thus, if x/a = u 

i),sin-^@ = i).sin-%xi).g) = -^^^ 
2>,tan-ig) = 2)„tan-iux2).g) = j^,.^ 

EXEBCISES XII. 

Differentiate with respect to ^, ex. 1-6 : 

1. 8in-i3^. 2. 8in-i(?^Y 3. tan-i(?^Y 

"^ 4. sin~*(l-^). 5. a?sin~*^. 6. xta,n~^x. 
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Write down for each of the functions 7-9 a function of which it is 
the x-derivative : 

10. Prove that 

D,[\x^{a^ -x^-\- ia^ sin-i^j = V(a^ - ^). 

, 11. Show that* 

\a-\-bco8xJ a+ocoso? 
If a^ is less than b^ the derivative is imaginary ; explain this. 

12. Show that 

^ J asino? 6_ _j/6+acosj;\l _ (a^-6^)cosa? 

*\a+6cosx J(a^-b^) \a+bGosx/ ) (a + bcosxy' 

13. Show that 

Z),tan-H>/r^Ftan^) = y^,\".^^,^ . 

14. Show that 

\a + 6sin^/ a + bamx 

15. If :r=rcos^, ^=rsin^,. and x, y, r, 6 are all functions of t, 
prove 

(i) ir=r cos ^-r sin ^d. (ii) y=fsin ^+rco8^d. 

* (iii) xy-yx=^7^$. 

§ 66. Exponential and Logarithmic Functions. The funda- 
mental limit is now that discussed in § 48, namely, 



L (l+ir = e 



and that stated in the corollary to § 49, which may be put 
in the form 

&c=0 OX 

♦The value of the derivative given in ex. 11 is only true if a is 
positive and x lies in the first or second positive quadrant. If a is 
negative, or if x lies in the first or second negative quadrant, the sign 
of the result must be changed. A similar remark applies to ex. 12. 
In ex. 14 the result holds if a is positive and if x lies in the first 
positive or in the first negative quadrant. 
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For D^= L — = = e* L —^ — = 6*. 

Cor. Dgfii' = log a . a*. 

For if A; = loga, a* = c*=^, so that putting kx=u I 

Daici'=Due'' X DJikx)=^ x A;=log a x a*. ^ 

IL Dxlogxs^* 

For Z).loga;= L ^og(a=+&r)-logx ^ L llog(l+^). ' 

Sx 1 
Put — =— , so that if a;=4=0, as ^a; converges to 0, w^ con- 
0/ m *=* < 

verges to oo . Now 



X ^Lm=oo\ rnJ J 



= - log e. 

X ^ 

Since the base of the logarithms is supposed to be e the 
result is established 

Cor. D^ logio x=- log^o e. 

X 

Assuming the derivative of log a? the derivative of e* may 
be obtained by the rule for the derivative of inverse func- 
tions; and conversely that of log a? may be obtained from 
that of e*. Thus, 

Let y = ^\ then a; = logy, and D^^l/y, 

Again, B^ log (oa? + 6) = — ^. 

ax+o 
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For, put (ix+b = u and we get 

1 _ 

lix^og(ax+b)=I)ulof(UXDig{ax+b)= xa = — —y-. 

Since log a; is a real number only when x is positive, 
»g ( — a;) will be real only if x is negative. The aj-derivative 
i)f log(— aj) is however 1/aj, as may be seen by putting 

= —1,6 = 0. Hence the runction whose aj-derivative is 1/x 

log a? or log (—a;), according as a? is positive or negative. 

It will be noticed that the derivative of loga? is an algebraic 
unction, discontinuous for a; = like the function itself. 

Ex. 1. 2),log(^+>/?+I)=-^^^^. 

Let t*=a?+V(^'^+^); then 

- I 

nd the result follows at once. 
The student should note that 

f(lr A-!t^ \^ ^-derivative of log (.r + \/^ 4-/5?), 

*"* ;p^= °*«''^"'(^) "'■*** -*^'*(S)- 

These results are frequently required in the Integral Calculus. 

Ex. 2. Find the derivative of c°*sin (Jbx-^-c) and of e^co8(6:p+c). 

^ These functions are of very frequent occurrence in certain branches 
f physics. 

Dx{^ sin {bx + c)} = oc** sin (&i?+ c) + hef^ cos (Jbx + c) 

=e**{a sin (&i;+c)+6 cos (bx+c)) . 

i This result can be put into a form that is very convenient. What- 
ever be the values of a and 6, it is always possiole to find R and d^ so 

pa<^ Bco8 0=a, Rame=b; 

Kor these equations give 

I /?=v/(a2+62), tan^=-. 

Replacing a and 5 by i^ cos $ and R sin 6, we get 

Dg{f* sin {bx + c) } = iZ^fcos B sin {})x + c) + sin B cos {bx + c)} 

\ =/?e«*8in(6a?+c+^). 

|In the same way we find 

I 2)4c^co8(6^+c)}=/26^'cos(6^+c+^, 

{where R and B have the same meaning as hefore. 
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Some care is necessary however in making the transformatw 
because 6 is not uniquely determined by its tangent ; the quadrant 
which 6 lies is determined by the signs of a. and h. Thus, R bei 
taken positive, if a and h are both positive, tan 6 is positive and 6 is 
the first quadrant; but if a and h are both negative, tan^ is a! 
positive, but 6 is now in the third quadrant. SimiCir observations he 
when a and h have opposite signs. 

In practice it is usually simplest to choose R positive when a 
positive, but negative when a is negative ; then to choose 6 as 
positive or negative acute angle. When numbers are given it is b< 
to work the example without reference to the general formula. Thi 

2)4 e~^C08(4^+l)}=-c-3«{3 cos (4r+l) + 4sin (427+1)}. 

Choose i2cos^=3, ^sin^ = 4, and therefore 72=5, tan^=J. Nc 
J = tan 53° 8' and 53° 8' = '9274 radian, so that 

i),{e-3*cos(4^+l)}=-5e-3'{cos^cos(4p-tl) + sin^sin(4^+l) 

= -5e-^cos(4p+l-^) 
= - 5e-«* cos (4:r + -0726). 

Ex. 3. Find the :p-derivative of sl{x - l)(:r - 2)/\/(:r - 3)(a7 - 4). 

In this and in similar cases where the function is a product, it 
often simplest first to take the logarithm of the function and the 
differentiate. Denote the function by y ; then 

logy=^log(^-l)+^log(^-2)-ilog(^-3)-ilog(^-4). 
Now D^\ogy=Dy \ogy x D^y=-D^y ; 

1^ Ji 1 . 1 1 1 1 . 1 

2^2- 10^ H- 11 

" (a?- 1X^-2X^-3X^-4)' 
J. 2^-10^+11 



{x - \)\x - 2)i(^ - 3) V - 4)^ 
In the same way, if the function be uvwjUVWy where w... TT ar 
all functions of x^ we should get, denoting the function by y an( 
taking logarithms (see § 58 Th. IV.), 

Dy_Du Dv Dw DU DV DW 

y" u^ v'^ w u V w 

Ex. 4. If Uy V are both functions of ^, we may find the derivativi 
of u" as follows : Put y =w* and take logarithms ; then 

logy =v log t*, 

--^=Dvx\ogu+v, — ; Du''=u''{l)vx\ogu-\ — Du}, 
•/ 
For example, Baf = iF'(log x+l). 
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EXERCISES XIII. 

Differentiate with respect to x^ examples 1-13 : 

I. ;rlog.r. 2. V*logx 3. log sin ^. 4. log cos a?. 

5.1ogtani.. 6. log (^±£5). 7. log (i^^). 

8. log^±*Zf. 9. log{VCr+a)+V(^-a)}. 10. xe'. 

Ot — V «^ 

II. af*^, 12. e~*(siii^+cos^). 13. 



Write down for each of the functions 14-18 a function of which it 
lis the or-derivative : 

14. 1 16. _L_r=i(-j— 1-)]. 

3ar+4 a^-a^\-. ^a\x-a x+aJJ 

19. If 9f=ix^(x^+k)+ik\og{x+sf^^Tk}, 
show that D^i/—^{3t^-\-k), 

Compare Exercises XII. 10. 

20. If y=V(^24.^)_^^log|V(^!±M^^J, 

show that Dgi/—y/{x^+k)/x. 

21 If v-log ^'''^^^^^-^'^^^^""^^^^^'^^ 

^ ^ a+bcosx ' 

show that ^xy=^^TT -' 

^ a+o coBx 

Compare Exercises XII. 11. 

X 

22. In the exponential curve, the equation being y=cea^ find the 
Bubtangent and the subnormal. 

23. The curve whose equation is y=Ja(e«+e""«) is called a 
[ " catenary " ; find the subtangent, the subnormal, and the normal. 
! Show that the perpendicular drawn from the foot of the ordinate at 

any point to the tangent at that point is of constant length. Graph 
the curve. 

24. In the catenary, show that, the arc s being measured from ^=0, 

ds * _* a * -* 

_=^(ea+e a) and 8=^{e^-e ^. 

§ 66. Hyperbolic Functions. In recent years certain func- 
tions called Hyperbolic Functions have been introduced; 
these have many analogies with the trigonometric or 
circular functions, and in some respects have the same 
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relation to the rectangular hyperbola as the trigonometric 
functions to the circle. We shall not make much use of 
them, but it seems proper to define them, so that the 
student may not be altogether at a loss should he fall in 
with them in his reading. They are called the hyperbolic 
sine, cosine, etc., and are defined as follows, the symbol 
ei/nh meaning hyperbolic sine of; cosh, hyperbolic cosine o/, 
and so on. 

8inhaj = J(6*— e-*); cosha5 = J(e*+e"*); 

^ , sinho; e*— e"* ,, coshx 
tanha;= — r— = ^=-, — =; cotha; = -v-^r — ; 
cosh a; 6*+e"* sinhaj 

1 1 

cosecha;=-!-i — ; secha3 = 



sinh X ' cosh x 

Identities, The following identities, similar to those for 
the trigonometric functions, are readily established by sub- 
stituting the values of the functions in terms of x. 

(i) cosh* 03— sinh* iB = l ; (ii) 1 — tanh*aj=sech*a;; 

(iii) coth^cc— l=cosech*aj, 

where cosh^aj means (coshoj)*, etc. 

Addition Theorem. Again, corresponding to the addition 
theorem in trigonometry, we have 

(iv) sinh {x±y) = sinh x cosh y ± cosh x sinh y ; 

(v) cosh (a? ± y) = cosh 0? cosh y± sinh a; sinh y; 

By putting y=xwe get 

( vi) sinh 2a; = 2 sinh x cosh x ; 

( vii) cosh 2aj = cosh* x + sinh* x ; 

= 2 cosh* a;- 1 = 1 +2 sinh* a?. 

In drawing the graphs of these functions it should be 
noted that the sine, the tangent, and their reciprocals are 
odd functions, but that the cosine and its reciprocal are even 
functions. The sine may take any value from — oo to + oo ; 
the cosine is never less than 1 and is always positive; 
the tangent may take any value between — 1 and 1, and the 
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lines whose equations are 2/=±l are asymptotes to the 
graph of tanh x. 

\ Derivatives, The derivatives are readily found : 
2)a.sinha;=co8ha5; Da? cosh aj = sinh a; ; 
/>a;tanha5 = sech2aj; Z>a;Cotha5= — cosech^aj; 

I Dx cosech aj = — cosech x coth x ; 

Dx sech aj= — sech x tanh x. 

I Inverse Functions, The inverse functions can be ex- 
! pressed by means of the logarithm. 

j If 2/ = sinh"^a?, then x = sinhy, just as when y^sin'^x, 
^ = siny. To find the logarithmic form of y we have to 
ksolve the equation 

I x = ^{ey-e'y) or e^y-ia^-l^O, 

which gives eJ' = a? ± ^(x^ + 1). 

i Since cJ' is always positive the + sign can alone be taken; 
therefore 

ey = x+ ^(x^+1), and &mh.-^x = y = log{x+s/oi:^+^)- 
In the same way we find 

cosh - ^ a; = log (aj ± V^— 1 ). 

Since (x — s/x^—\) = l/(x+ s/x^-^l) we have 

log(a;— /s/a;^— 1)= — log(a;+Vaj*— 1). 

In this case the inverse function is not single-valued ; to 
each value of x greater than 1 there are two values of 
co8h"^aj, equal numerically but of opposite sign. The 
graph of cosh a; is in general appearance like that of 1 +aj^ ; 
by rotating the graph of 1+a:^ about the bisector of the 
angle XOi we should get a curve resembling that of 
cosh"^aj, and the curve would be symmetrical about the 
a^axis as the graph of cosh a; is symmetrical about the 
y-axis. 

If aj2<l,tanh-ia;=Jlogj±^; 

if a?>l, coth-iaj=Jlog— "Y' 
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Derivatives of Inverse Fanctions. The derivatives ofi 
the inverse functions, taking for greater convenience x/c^ 
instead of x, are ^ 

i).co8h-i-= ± ^ 



a~~Jix*-a*y 

For the positive ordinate of cosh~^- the + sign must be 
taken. ^ 

It should be noticed that 



sinh"^- = log — — — — =log{x+s/o^^+^)—\oga, 

X 

SO that the derivative of sinh'^- is the same as that of 

a 

log {x + fjx^ + a% the constant log a disappearing in the 
differentiation. The occurrence of the divisor a in the 

logarithmic form of sinh~^- has to be borne in mind when^ 

comparing the same result expressed in logarithms and in 
inverse hyperbolic sines (or cosines). 

§ 67. Higher Derivatives. The derivative of f{x) is 
usually itself a function of x and may therefore be differ- 
entiated with respect to x. Thus the derivative of a? is 
3a:2 a^n^ ^^^^ derivative of Zx^ is Qx, Qx is therefore called 
the second derivative of x^, while "ix^, which has hitherto 
been called simply the derivative of oi?, may be called for 
distinction the first derivative of a?. 

The notation for derivatives higher than the first is 
modelled on the analogy of indices. Thus 

the first cc-derivative of y is Dxy, 
the second „ „ D;(D^y) written D^Y 

the third „ „ D^iD^^y) „ DJ^y, 

'^^^ ^ » . D.{D,-'^y) „ D^-y, 
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When the derivative is written in the form -r the higher 

d 
derivatives are written by considering -r~ as the equivalent 

I d? d^y 

pf Dx and D^y becomes -^-^ . y, usually written -^ ; 

generally Dx^'y becomes ^ . y or ^. 

The accent notation is also used; thus f"(x), f''\x\ 
P\x) . . . f^^\x) mean the 2nd, 3rd, 4th . . . nth derivatives 
of /(a;), n being enclosed in brackets to distinguish the nth 
|ierivative from the n^^ power. In the same way y", 
^" ... 05, aj ... are used, but the notation is rather cumbrous 
when more than two accents are used. 

i 

/(^) = 4a^ + 36a?2 + 2ca7 + <^ 

/V)=24ar+66 

I /'(^)=:24a. 

I Since f^^ai) is a constant, the fifth and all higher derivatives will 
pe zero. 

» It will be readily seen that the n^^ derivative of ^ is w! and all 
derivatives of higher order than n are zero. 

Ex. 2. If a: = a COS ntf find x. 

x= —na sin nt; x^— r?a cos nt=— n^x. 

Ex. 3. If y = c", prove D^y = a*^ = a"y. 

Dy^a^; D^=aD^=a^^, etc. 

Each differentiation in this case is equivalent to the multiplication 
Df the function by a. 

Ex. 4. Ify=e«'sin(6a?+c)findZ)^andi)«y. 

Dy^Ref^&m{hx-\-c+0) (§ 66, ex. 2), 

L^y=RR^«ixi{hx-\-c-\-e+6) 

= B?ef^ Bin {hx +0^-29). 

It is easy now to see, and the result may be strictly proved by the 
method of induction, that 

ly^y = ^e** sin (J)x-{-c+ n$). 
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ax+b+—h 

2)sin(aa?+6)=aco8(a.a?+ft)=asiiif a.r+6+^ ], eta ; 
and in the same way it may be shown that 

B^ COB (cuv+b)= a* COS ( flW7+6+-x-)« 

Ex. 6. Prove 2>»loga7=(-l)— ^(«-l)!^-". 

§ 68. Leibniz's Theorem. Examples. The calculation 
higher derivatives is, as a rule, a laborious process, ai 
there are only a few functions such as aj^ or e*** of wlii< 
the 71**^ derivative can be stated explicitly. The followii 
theorem, named after its discoverer, is useful in findir 
the n^^ derivative of a product. 

Leibniz's Theorem. If y is the prodiuct of two function 
u and Vy of x then 

D^y=vD^n+nPJ)vD^-^u+nGJO^vD^-H+ ... 

+nGJ)''-HDhi+nGyiy^'h)Ihi+L^v . u ... ( 

where nC^i, nC^> • • • <*^« the binomial coefficients. 

The proof is obtained by repeated application of Th. I'V 
§ 58. Using the accent notation we have, since y=uv, 

y' = vu'+v'Uy 

y'' = mi'' + 1; V + vV + ^'u = vu'' + 2v'u' + v"u, 

These expressions for y , v"' clearly obey the law given by (i). Th 
general theorem may now be proved by induction. The ir" and th 
(r + 1)*^ terms in (i) are 

and if (i) is differentiate<l the coefficient of i/*'V»-»*+i) in the expressioi 
thus obtained for 2>"+*y will be 

nPr-l + nOry that IS, n+l^r* 

Hence 2>»+V=w*^"+*^+n+iCivV'»>+„+i(72vV*^«+ ..., 

so that the expression for D**hf obeys the law given by (i). But tb 
theorem has been proved to be true when n = 2 or 3 ; therefore it i 
true when n is any positive integer. 
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The theorem will be found very useful at a later stage 
^hen the expansion of functions in series is taken up 
phapter XVIIX); meantime the student will find among 
lie exercises a number of examples to which the theorem 
^beappUed. 

Geometrical and physical interpretations of the higher 
erivatives will be given in the next and following chapters. 
^ e student may however try to interpret the geometrical 
ification of the second derivative f\x) as measuring the 
of change of the gradient f{x) ; for example, if f\x) 
i positive how will the tangent at the point P (aj, /(«)) turn 
bout its point of contact as x moves to the right ? 
I We will conclude the chapter with one or two examples. 

Ex. 1. Find the derivative of {Dyf^ the argument being x. 
Xp^y means the square of the derivative of y ; L^ means the second 
pivative of y. The derivative of y^ should be written D{y^^ or D , y\ 
p&ae three forms {Dyy, JD^, ^Kv^ mean quite diflferent tnings, and 

iust be carefully distinguished ; \-f-)^ -jKy J or -4^- mean 

b\(XiJP / CotV CUV CvX 

ively {Dyf, Dhf, D{y^) or D . y^ 
put u for I)y ; then 

I 2) . (Dyy = n^u^ = Du(u^) X D^u = 2uD^u. 

^t DgU =D.Dy= Uhfy and therefore 

D.{Dyf=^<^Dymf. 

This equation may also be written in such forms as 

I the same way it may be shown that 

Ex. 2. If X and y are functions of t^ find Dj?y in terms of deriva- 
lires with respect to t. 

Here D„y =r DtyjDtX ^yjx ; 

teref ore D^^ = DJ^ylx) = I)ly\x)\I)^. 



bt 



jy(y\ ^ xPty-yPtX ^ x^-yx . 



{x)^ (ir)« 

leref ore Dt?y s= {xy - yx)ld^, 

liiere d^ means (dif, 

G.C. K 
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Ex. 3. If y = Aa^ + B\Xy prove s^' = 2y. 
We have 

y=ilj^+J5/j:; y=2iix-5/^; y"=2ii+25/^. 

Eliminate il and B between the three equations ; in this case tU 
second equation is not really needed because if we multiply the thii^ 
equation by «* we get 

oY' = 2i4.r» + %B\x = 2y. 

In general, however, all three equations would be required for t' 
elimination of the two constants A^ B, The equation obtained 
called a differential equation. 

Ex, 4. If y^a^ where tt is a function of a?, find D^y. 
By Leibniz's theorem 

Z)^=aJ»Z>»i*+n(2ir)2>»-^*+^?^^y^2)Z>"-^ 
since every derivative of x^ above the second is zero Thus 



A%A'M\ 



1. If y = 7:1?* - 2aJ» + 4, find /, y , f\ f\ 

2. If y=v/(a?«+l),findy'. 

3. If y =^(a - a:)«, find f and y". 
, „ x^+^+\ , ., , 1^1 1_ 

and then find y, y" , y*\ 

6. If y— sin* «, find y", and y"^ sin^^r = « - « cos 2^? . 

6. If y =^ cos x^ find y" and y"^ 

7. If y = sin a? cos' x^ find y" and y "\ 

8. If y=a?logar, find y and y^ 

9. If y=a?e*, find y*>. 10. If y=3i^eF, find y">. 

IL If y is a rational integral function of x of degree fi, say 
y=aaf'+haf''^ + ..,+kx+ly 
prove y*>=n!a,y+"=0,y"+2)=0.... 

12. Find the turning values of the functions in examples 1 and S 
and graph the functions. 

13. If ya=- — -^ find the turning points of the graph. Find all 

where y is zero, and show that at these points the tangent change 
its direction of rotation. 
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14 If y=asc"+>+6^-", prove that ^'=n(n+l)y. 

15. If y=a«*^+6c-"*, prove that y"-7i*y=0. 

16. If y=aco892,2P+5sinna7, prove that y"+w2y=0. 

17. If y = c- ***(« cos »M? + 6 sin 7ix\ prove that 

18. If /(^)=(^-a)^<^(a?), where <^(j7) is a rational integral function 
lat does not vanish when a7=a, show that 

/(a)=0, /X«)=0, /»=2(^(a). 

19. If f(pp)^(x-ay<f}(a;) where r is a positive integer and <^(^) as 
£x. 18, show that 

/(a)=0, /'(a)=0, ... /'-»=0, /<*->(a)=r!<^(a). 

20. If 07 is positive, show that 

X - i;r*<log (1 +^)<^. 

Take /(^)=x-ia^-log(l+^), </>(^)=jf- log(l+x) ; then see 
Lercises XI. 33. 

2L If j; is positive and less than 1, show that 

-log(l-:r)>:i?. 

22. Show that the limit for 7^=00 of «„-logn, where 

a finite quantity ^called Euler's Constant) lying between and 1. 
From the inequalities of examples 20, 21, 

\og{nl(n-l)}>l>log{(n+l)ln}. 
Hence log{(n-l)/(w-2)}>^->log{w/(n-l)}, 

log{2/l}>|>log{3/2K 

l=l>log{2/l}. 
By addition, 1+ log ti > «« > log (w + 1 ), 

aref ore 1 >«„ - log w >log -j 1 + - }», 

»m which the result follows at once. The value of the constant is 
7 215 664 90 

., If a?=aa<*, y=2a^, find Dg^ in terms of t. 
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84. If j?saooet, y^bant, find Dg^ in terms of t 
26. If v'-i^+y', show that in the notation of § 62 

^ B ir 006 ^ +5r sin <^ 

26. If a4^+2Aa7y+&y>sl, showthat 

/>V=(A«-a6)/(Ar+Jy)». 

27. If ajc*+2^+iy'+^j?+2/^+c=0, show that 

D^^AI(hx+hy+ff 
where A^^ahc+ifgh -ap-hg'^- ch^. 

28. If d;*+y"-3<M?y=0, show that 

L^ = 2d^xyl{ax - y^. 

29. If tt is a function of x^ show that 

30. If j^=tan~^47, show that 

(i) /^=cos^; (ii) 2)^ = cosf 2y+|jeo8^; 

(iii) /)^=2cos(3y+2|)cos3^; 

(iv) Z)-y =(n - 1) ! co8(wy+ ^^~^^^ ) cos>. 



CHAPTER VIII. 

PHYSICAL APPLICATIONS. 

§ 69. Applications of Derivatives in Dynamics. We give 
L this chapter a few simple examples of the use of 
jrivatives in physical problems. 

Take first the case of the rectilinear motion of a particle 
id let the units of time, length, and mass be the second, 
le foot, and the pound respectively, and the units of force 
id work the poundal and the foot-poundal. 
At time t, that is, t seconds from some chosen instant, let 
le particle be at P, distant x feet from a fixed point on 
le line of motion and let the mass of the particle be 
!r pounds. Denote the velocity at time t by v, the accelera- 
on by a, the momentum by M, the force by F^ the kinetic 
lergy by E\ these quantities may be expressed in terms 
1 1, X, m. 

IC O P Q X 

Fia. 31. 

When t increases by St let x increase by Sx = PQ; then 
lie average velocity during the interval St in the direction 
1 which X increases, namely, in the direction OX, is Sx/St, 
nd the velocity at time t is the limit of this quotient for 
t=0. Therefore 

_ J Sx^dx^ . 

8t=0 St Cut 

V is in general a function of t The average acceleration 
urin^ an interval St in the direction in which x increases 
3 Svjst, where Sv is the increment of v in time St; the 
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acceleration at time t is the limit of this quotient for St = i 
Hence ^ Sv_d^_d^ d^_^_.. 

The momentum in the direction in which x increases is 

M=mv = mx. 

By the second law of motion the force F in the directio 
in which x increases is the time-rate of change of th 
momentum in that direction. Hence 

E, dM 

dt 

We may express F in another form, by considering v a 
a function of x, and a? as a function of t, so that (see § 5{ 

Ex. 5) dv^dv ^^dv^^±(r^2\ 

dt dx dt d^ dar^^ ^' 

Now E= \wA^ and therefore 

j^ dv d.. «v dE 

Hence the force may be defined either as the time-rate o 
change of momentum dMjdt or as the space-rate of chang^ 
of kinetic energy dE/dx, 

Let W denote the work done on the particle by the fore 
F in moving it from some standard position, say from thi 
position at which 03= a, to the position P; SW the wori 
done in moving it from P to Q. At Q the force is F+ SF\ 
hence when Sx is small the work done will lie betweeJ 
FSx and (F+SF)Sx, For FSx is the work done on th^ 
supposition that the force is constant over PQ and equal t<i 
its value at P, while (F+SF)Sx is the work done on the 
supposition that the force is constant over PQ and equal t<a 
its value at Q; evidently the work will lie between these 
two valuea Hence SW/Sx lies between Pand F+SF andi 
therefore ^^^ i 

dx 

Since dE/dx is also equal to F, E and W differ only by 8 
constant. 
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51 Again, the time-rate at which the force works is dWjdt, 
laW may be considered as a function of x and x, a func- 
on of t. 

at ax at 

The student should note the dimensional formula for 
these magnitudes (§ 34). If x is the measure of a length 
pK> is dxy and the dimensional formula for v or dx/dt is LT'^; 
similar observations hold for the other quantities. 

Ex. 1. Suppose /^ constant ; then the acceleration will be constant, 
equal to / say. Hence v=fy and therefore 

I »=^+ const. 

' Let the motion be such that when t^O,v=V and x=a; these are 
called the initial conditions. The constant in the value of v is 
therefore F. We can now find a? ; for 

a;=v=ft+ V; x==^\f^-\- F^+const. 

as may be tested by differentiation. The constant is a, since when 
f=0, ^=a, so that finally 

x=.\fi^^ Vt + a. 

To get E in terms of t we have E=^v^==im(ft+ Vy, Using the 

rue found for x and putting Eq for ^ F^ we get 
E-EQ=mfia;-a)=F(a:-a). 

\ This form may be obtained at once from the energy equation 
^dEldx=F, 

Finally since dWfdx^F we have W=F{x-a\ W being zero when 
kr^a. Hence E-Eo= W; that is, the gain in kinetic energy is equal 
to the work done by the force. 

Ex. 2. Suppose ^ to be an attraction proportional to the distance 
of the particle from 0. 

Xiet the intensity of the attraction, that is, the force on unit mass 
at unit distance from 0, he fi. It x be positive, that is, if the particle 
be to the right of 0, the force towards is ^mx ; if ^ be negative, that 
is, if the particle be to the left of 0, the force towards is m/jt(— a;). 
In both cases therefore the force in the direction in which x increases 
is —fiTifix, But the force in the direction in which x increases is 
always mx^ Hence 

mx=—fJLmx, or x+ijlx=0. 

This equation is called the differential eqtuition of the motion of the 
particle, the word ^' differential " being used because the equation 
contains the differential coefficient x. 
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The student will easily verify that the equation will be satisfied (see 
Exercises XIY., 16) by 

x=Acoay/fit+Bsai»JfJi4y 

where A, B are any constants whatever. The motion becomes definite 
when in addition to the law of force we are told the position and the 
velocity of the particle at any one instant. Suppose for example that 
when /sQ, J?=a, 9=0. Putting t~0 and x^a m the equation for x 
we find ^ so. 
Again v is found by differentiating x with respect to t ; therefore 

v^x=i —y/fiA sin ^fjLt+iJfjB cos »JfjLt. 

But when t'*OjV=0; therefore we get 0=^/xi?, that is, jS=0, and we 
find that xt^acon ,Jjxt, 

Simple ffarmontc Motion, When the law of force is that stated in 
the example the motion is called simple harmonic motion, and the 
form x=:aoM^fU is the simplest way of stating the relation between 
X and t. Obviously the motion is periodic, the period being ^irf^u. 
because while t increases from a value ti to the value ^i+S^/V/x botn 
X and X go through their complete range of values, a is called the 
anMplitutM of the motion. 

The student may show that if a;=c, v^ F when ^=0, then 

Y 

x=c ooB J fjU+'j- sin kJfJ^=aooa(^fit - 0), 

where a=>J(<^-\ ), acos^=c, asin^^-r-. 

a is again the amplitude and 2irltjfi the period. 

Ex. 3. A rod is stretched from its natural length a to the length 
a+x: assuming Hookers Law to hold, find the woric done. 

The ratio x/a is called the extensionj and by Hooke's Law the force 
required to produce that extension is proportional to it. Denoting 
this force by F, we have F^Ex/a, where A is a constant When the 
extension is {x+^)jaj the force will be F-\-8F=E(x+8x)la. If the 
work done in producing the extension x/a is TT, and if 8 IF is the work 
done in producing the further extension, then 8W will lie between 
F8x and (F+8F)8x, so that BW/Sx will lie between F and F+8F. 
Taking the limit for 8x converging to zero, we get 

ax a 

Hence Tr=i.^+const. 

* a 

Since W^O when ^=0, the constant is zero, so that 

W^\Ef^^^E^,x=\Fx. 
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Ex. 4. A fluid is in communication with a cylinder in which 

a piston is free to slide, the cross section of the cylinder being S, 

a constant. Let W be the work done by the fluid in pushing out the 

piston a distance ^, and let the intensity of pressure on the piston 

foe p. Show th&t dW/dx=pS, 

\ The force on the piston due to pressure is pS ; when the piston is 
I pushed out the further distance &r, let the intensity of pressure be 
f>+Sp so that the force on the piston is {p + 8p)S. The work 8 W done 
Im pushing out the piston through the distance 8a; will lie between 
pSSx and (p+8p)iS&F, and therefore SW/Sa; will lie between pS 
\ and pS-\-8pS. Hence dWjdx^pS, 

I The result may be put in another form. If v be the volume of the 
I fluid, then 88x is the increment of volume which may be called Sv. 
i Hence S Wjh) lies between p and p+hp^ and we get 

dW 

Ex. 5. A body is rotating about an axis; a line fixed in the 
body and perpenaicular to the axis makes at time t an angle 6 with 
another line nxed in space and perpendicular to the axis. What do 

6 and d measure ? 

d is the time-rate of increase of ^, that is, 6 is the angular velocity 

of the body about the axis. In the same way we see that is the 
angular acceleration. 

If a point P is moving in a plane, and if 6 is the angle which the 
line joining the point P to a fixed point in the plane makes with a 

fixed line through 0, 6 and 9 are sometimes called the angvla/r velocity 
and the angular acceleration of the point P about 0, 

Ex. 6. A positive charge m of electricity is concentrated at a 
point ; the repulsion on unit charge at P (Fig. 31) is m/ar* where 
x=OP. YinA the work done as unit charge moves from A to B 
where Oul=a, OB=b. 

Let W be the work done from ^ to P ; then 

dW m J, ^ m ^ . 

-=— = -s and Ir = h const. 

dx or X 

When ^=flt, Tr=0, and the constant is therefore m\a. Hence at P 

the work is r^r '^ '^ 

a X 

The work in moving from ^ to 5 is therefore 

11* 971 971 

* a o 

Potential. When £ is so far off that m/6 is negligible in 
comparison with m/a then W^ = m/a, Hence in this case 
the work done as unit charge moves from A out of the 
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field is m/OA. This function vi/OA is called the potential 
of the charge m at A. 

At P the potential is m/OP. Denoting it by V we have 

so that the force at P is the space-rate of diminution of 
the potential V at P, and the direction of the force is from 
that of higher to that of lower potential. 

For grarntaiional forces the attraction between two 
particles, m, m' (grammes) at a distance from each other 
of X cm. is kmm'/x^ dynes where k is the constant of 

fravitation (equal to 6*6 x 10"®). See Gray's Treatise on 
^yaica, § 195. [London: J. & A. Churchill.] The potential 
F of m at the point x is km/x and the attraction towards 
m is — jDajF; the force outwards from m is +DxV. 

•It is proved in works on Dynamics (e.g. Gray, § 484 ; see 
also Exercises XXX., 24) that the potential at the point x 
of a sphere of radius a and uniform density p is 

F= 2irkp{a^ — \qi?) for an internal point {x<a) (i) 

F= ^ ^ — for an external point (a;>a) (ii) 

Since the field is symmetrical the force is radial at every 
point and the attraction at the point x is therefore 

-D^V^^-^x, {x<a); -D,V=^ ^{x>a). 

The functions V and Dg^V have each different analytical 
expressions according as as is less or greater than a. but 
they are each continuous functions near a;=a; for we see 
from (i) and (ii) that whether x tends to a through values 
less or through values greater than a, V tends to ^irkpa^/S 
and Z>a.F to -4xA;pa/3, and these are the values of V and 
-DajF when x = a. 

On the other hand the function D^V is discontinuous 
at a\ for when x tends to a through values less than a 
we find from (i) that D^^V tends to ^4iTrkp/S and when 
X tends to a through values greater than a we find from 
(ii) that DJ^V tends to +8-7r*/>/3. The function D^^V has 
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therefore no valv^ when aj=a, but has one definite limit 
for X approaching a from one side, and another definite 
limit for x approaching a from the other side (see § 44). 

To ^aph the functions F, D^V, B^V suppose for 
simplicity a=l, ^7rkpl3 = l; the graphs for other values 
can be derived in the usual way (Fig. 32). 



2-- 




Q (D^V) 



Fig. 32. 



ABCD is the graph of F; the part AB is a parabola, the 
part BCD a rectangular hyperbola. 

The dotted curve OEF is the graph of D^V] the part 
OE is straight. 

The graph of D^^V is the straight line QE parallel to 
OX and the curve HCK. 

The parts to the left of the vertical dotted line represent 
the functions for x<a, the parts to the right for x>a. 



156 AK ELEMENTARY TREATISE OK THE CALCULUS. 



§ 70. Oo«fficieiitB of ElaBticity and EzpaasioxL Let p be 
the intensity of pressure and v the volume of unit mass of 
fluid, p being a definite function of v. When p increases 
by ^ let V increase by 8v ; if we suppose &p positive then 
Sv will be negative. The quotient — 5v/t;, that is, the ratio 
of the diminution of the volume to the volume at pressure j>, 
is called the co^nvpressixm or the mean compression, and the 
limit of the increment of pressure, Sp, to the compression 
produced, — iv/v, is called me coefficient of the elasticity of 
volvmte, or simply the elasticity o/ volv/me, or sometimes the 
coefftderU of the resilience of volume. Hence the elasticity 
of volume is 

avso ov^ dv 

V 

For a gas expanding at constant temperature pv=^k, a 
constant, so that the elasticity of volume is 

dv v^ ^ 

For a gas expanding adiabatically pv^=Cy a constant, and 
in this case the elasticity is yp. 

A rod whose length at a standard temperature, say at 
0**C., is the imit of length expands when heated to a 
temperature 6 so that its length becomes l+f(6); denote 
l+f(d) by a?, and when the temperature becomes 6+ SO let 
the length become x+Sx. The quotient Sx/Sd is called the 
m^ean coefficient of Ungear expansion as the temperature 
increases trom 6 to 6+ SO, and dx/dO is called the coefficient 
of linear expansion at the temperature 0. 

Usually /(0) is of the form aO or aO+hG^ where a, h are 
very small constants. When x^\+aO, the coefficient 
dxjdO is a and is independent of d; if f(0)=aO+bO^ 
and x=l+aO+bO^, the coefficient is a+2b0 and depends 
on ft 

If a solid expand equally in all directions, the area 
and the volume which are unity at 0°C. would become 
y=(l+f(0)y and z==(l+f{0)y at temperature ft The 
niunbers dy/dO, dz/dO are called the coefficients of super- 
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fidaJ and of cubical expansion respectively at temperature 
ft Uf(e)= ad, then 

Since a is very small a^ and a^ will be much smaller and 
the coefficients will be very approximately 2a and 3a. 

Ex. The volume at temperature 6 of the water which occupies 
unit volume at 4° is approximately 1 +a($-4y where a =8*38 x 10~® ; 
find the coefficients of cubical expansion at temperatures 0*" and 10°. 

§ 71. Conduction of Heat. A slab of thickness d whose 
opposite faces are parallel planes has one face maintained 
at constant temperature v and the opposite face at constant 
temperature v^ {v>Vi)', the quantity Q of heat which in 
time t crosses an area A forming a part of a section parallel 
to the faces and lying between them is 

Q=kA(v-v{)t/d, 

where A? is a constant, called the conductivity, depending on 
the material of the slab. This equation expresses the law 
of steady flow of heat in a conducting solid and is a result 
of experiment. 

If the temperature v of a solid vary from point to point 
of the body at the same instant, and from one instant to 
another at the same point in the body, v will be a func- 
tion of more than one variable, namely of t and of the 
coordinates of the point. 

At a given point in the solid the time-rate of change of v is 

L -^ = DtV, 

In forming this derivative the coordinates of the point do 
not change; v changes through lapse of time at a given 
point. 

On the other hand, let P be a point in the body whose 
distance from a fixed plane is MP =8, and R a point in MP 
produced such that PR = Ss ; then at the same i/nstant the 
temperature v at P will be different from that at R, which 
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may be denoted by v + iu At the time t the space-rate of 
variation of v at the point P in the direction Pit will be 

T ^ n 

Let us assume that at any given time t the temperature 
is the same at every point in any plane perpendicular to 
MP though different for different planes. We may assume 
therefore that the heat flows in straight lines parallel to 
MP; let V be the temperature at P, v+Sv the temperature 
at R where PR = 88, and let SQ be the amount of heat 
which in time St crosses unit area of a plane perpendicular 
to PR and lying between P and jB. The formula given 
above for Q is assumed to give the average value of the 
amount of heat crossing a section when the flow is not 
steady, St and Ss being small. In that formula, therefore, put 
SQ for Q, 1 for A, v+Sv for v^, St for t, Ss for d, and we get 

SQ=k{v-(v+Sv)}St/S8, 

^^^ -st^-^rs 

Take the limit for St and Ss converging to zero, and we get 

DtQ=-kD,v; 

in words, the time-rate at which heat crosses the section of 
unit area at P is A: times the space-rate of diminution of 
temperature in the direction perpendicular to the area. 

DtQ or its equal —kDgV is called the flux in the direction 
in which 8 increases ; obviously the flux is from places of 
higher to places of lower temperature, and this is shown by 
the form —kDgV since if v decreases as 8 increases DgV is 
negative and — DgV is positive. 

Ex. v= Ve" e sin ^ where F, c are constants. 

A§ = — ^^«v = —kVe~ e cos ^. 

When a?=a7r/2, DtQ=0 whatever t may be; that is, there is no flow 
of heat across this plane ; when a?<7r/2, the flow is towards the left, 
when X >ir/2 it is towards the right, the positive direction of x being 
towards the right. 

This problem gives an example of a function of more 
than one variable ; such functions will be taken up later. 
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EXEBCISES XV. 

1. A point P moves with uniform velocity V along a straight line 
AB ; OA is perpendicular to AB and equal to a. Find the angular 
velocity of P about 0. 

2. A point P moves with uniform velocity u along a straight line 
AB^ and another point Q with uniform velocity v along an intersecting 
straight line A C, Find the rate at which the distance between P and Q 
increases. 

3. If p is the density and p the intensity of pressure of the atmo- 
sphere at a height of x feet above sea-level, express in symbols the 
statement that the rate of increase of pressure per unit of length 
downwards is equal to the density multiplied by the acceleration due 
to gravity. Assuming that p=kp where ^ is a constant, and that at 
sea-level ^=jt?o, show that 

-^ 

4. If iV be the number of lines of force passing through a circuit, 
state in words the meaning of — dNjdU 

5. Express in symbols the statement that the electromotive force E 
is the sum of two terms of which the first is the product of the resist- 
ance R and the current (7, and the second is the product of the self- 
inductance L and the time-rate of increase of C. 

6. Express in symbols the statement that the force X acting on a 
magnetic shell in the direction x is equal to the space-rate of diminu- 

I tion in that direction of the energy E, 

7. If in ex. 4, § 69, W^ is the work done as the fluid expands from 

volume i?! to volume v^ find W^ (i) it pv=k, (ii) if pv^=k^ h being 
constant. 

8. The potential of a long uniform rod of linear density o- at a point 
P whose distance PG from the rod is ^ is 

V=^h(r\og{cjx), 

Show that the attraction of the rod on a unit particle at P is towards 
C and equal to 2ka-/x, 

9. The potential of a thin circular disc, of surface density <r, at a 
point P on the normal to the disc through its centre is 

F=27rib-{V(a24-4?2)-^} 

where a is the radius of the disc and OP=x. Show that the attraction 
on unit mass at P is 



^'^{^-:ji^yi- 



Show that if ^ is small compared with a, the attraction is ^irhr 
approximately. 



jrssa< 
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10. The ooordinates of a point at time t are given by 

Show that the equation of the path of the point is 

.{(^-l)coe.+¥V(l-g)sin«}. 

Hie ^-coordinate is a simple harmonic function of amplitude a and 
period ir/n, while the y-ooordinate is a simple harmonic function of 
amplitude h and period 2ir/fi, double that of the or-coordinate. The 
motion is therefore said to be compounded of two simple hamaonic 
motions in rectaneular directions and of periods in the ratio 1 : 2. 

When a=0, the path is a parabola. Figures of the curves for 
different values of a will be found in Gray's Phtfgics, YoL I., p. 70, 
and in various other books. 

11. Show that two simple harmonic motions of the same period and 
in the same straight line compound into a simple harmonic motion of 
the same period and in the same straight line. 

12. If in ex. 1 1 the motions are in rectangular directions, show that 
the curve compounded of the motions will m an ellipse. 
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MEAN VALUE THEOEEMS. MAXIMA AND MINIMA. 

POINTS OF INFLEXION. 

§ 72. Bolle's Theorem and the Theorems of Mean Value, 
rhe following theorems are of constant application. 

Theorem I. If F{x) and F\x) are continuous as x 
varies froTn a to b, and if F(x) is zero when x=a and 
when x = b, then F\x) will be zero for at least one value of 
t between a and b, (RoUe's Theorem.) 

In geometrical language, the theorem simply states that 
it one point at least on the graph of F(x) the tangent is 
parallel to the aj-axia There may be more points than 
>ne; if there are more than one there must be an odd 




Fig. 33. 



number of such points, as C,D,E (Fig. 33). The student 
should show by a graph that the theorem is not necessarily 
true if either F(x) or F\x) becomes discontinuous at a 
point in the range from a to b. 



o.c. 



162 AN ELEMENTARY TREATISE ON THE CALCULUS. 

The theorem is otherwise obvious, because F{x) cannotl 
either always increase or always decrease as x increases 
from a to 6, since F(a)=^0 and F{b) = 0. Hence for at least! 
one value of x between a and b, F(x) must cease increasing 
and begin to decrease, or else cease decreasing and begin to* 
increase ; for that value of x, F'{x) will be zero. Obviously, 
a may be either less or greater than h. 

Theorem II. If f(x) and f'{x) are contiriuous as x\ 
varies from a to o, then there is at least one value of x, 
Xj say, between a and b such thai \ 

/(6H/(a)^y,(^^) o'- f(f>)=n<^)+(h-a)f(x,) (IX 

(Theorem of Mean Value). I 

In Fig. 34 let A be the point (a, /(a)), B the point i 

(6, /(o)) ; the gradient of 
the chord AB is ; 

f(b) -f(a) : 

b — a ' i 

and the theorem simply 
asserts that there is at 
least one point, as P, on 
the graph between A 
and B such that the 
tangent at P is parallel 
to me chord AB. If the 
abscissa of P is a^ the 
gradient at P is fX^i) ^^^ the equation is established. The" 
student should draw graphs to show that there may be 
more than one point such as P, and that on the other hand 
the theorem may not be true if either /(a;) or fXx) becomes 
discontinuous for a value of x between a and 6. 

The theorem may however be deduced from Th. I., and 
the method of deduction is important as it leads to the 
theorem known as Taylor's Theorem, one of the most 
far reaching in the CalcvZus; indeed the present theorem 
IS only a special case of Taylor's. 

Consider the quantity Q defined by the equation 

•^^^^=Qor/(6)^/(a)-(fe-a)Q = (2) 




Fig. 34. 
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Let F{x) denote the function 

/(«^)-/(a)-(^-a)Q 
formed by replacing 6 by aj in the expression 

f(b)-f(a)-ib-a)Q. 

By (2) F(b) is zero ; also F(a) is zero. Hence the con- 
ditions of Th. I. hold for F(x) since F(x)y F\x) are 
continuous. Therefore F\x) will be zero for at least one 
value of aj, x^ say, between a and 6. ' But 

«nd therefore f(x^)^Q=0 or Q=f(x{) 

|80 that the theorem is established. 

, Theorem III. If f{x\ f\x\ f\x) are continuous as x 
varies from a to b, then there is at least one value of x, 
x^ say, between a and b such that 

fih)=f(a)+(b-a)f(a)+^{b-ayr('^,). 

This theorem is an extension of Th. II. To prove it 
'consider the quantity R defined by the equation 

f(jb)-f(a)-ib-a)f(a)-^ib-afR=0. (3) 

As before, take the fimction F(x), such that 

F(x)=f{x)-f(a)-(X'-a)fXa)^l(x--afR, 

Here, i'(a)=0, ^(6) = (by (3)), and F(x) satisfies the con- 
ditions of Th. I. Now, 

r(x)=f(x)-^f\a)^(x^a)R, 

and therefore for at least one value of x, x^ say, between 

a and b ^'(^)=/(aj,)-/(a)-(aJi-a)iJ=0. 

Hence F\x) vanishes when x^x^; obviously it also vanishes 
when x=^a', the conditions of Th. I. apply therefore to 
PXx) so that its derivative must vanish for at least one 
value of X, x^ say, between a and x^, and therefore between 
a and 6. But the derivative of F\x) is F^x) and 

F\x)=f(x)^R, 
and therefore 

F''(x,)=f(x,)^R=:0; or R^fXx,) 
and we get 

f(b) - f(a) - (6 - a) f(a) - ^{b - affix,) = 

which establishes the theorem. 
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The theorem has the following geometrical interpretation 
If the tangent at A (Fig. 34) meet BB at R, then 

and therefore, both in sign and in magnitude, ^ 

RB^DB^DR = ^h-af f{x^. \ 

Hence the deviation of the curve at B from the tangent a 
Ay that deviation being measured along the ordinate at B^ 
is equal to iih—affXx^). 

S 73. Other Forms of the Theorems of Mean Value. Th^ 
following forms may be given to Theorems II., III. j 

If a; be any number lying between a and 6, then a?— a and| 
6— a are of the same sign whether a is less or greater than 
b; therefore (X'^a)l(b'~a) is a positive proper fraction, 
say, and we can write x = a+ 6(b — a), so that any nunaber 
between a and b is of the form a + 6(b — a) where is a 
positive proper fraction. 

Now let o=a+h, 6— a=A; Th. II. will become 

f(a+h)^f(a)+hfXa+eh) (II.a 

and Th. III. will become 

Aa+h)=f(a)+hf{a)+^h^f(a+eji) (IILa) 

The of Th. III. is not necessarily the same as the of 
Th. II. and di is used for distinction. All that is known of 
6 is that it is a positive proper fraction; it depends in^ 
general both on a and h. In special cases its value may be 
found. Thus, if /(aj)=aj* 

f(x) = 2x ; /(a + eh) = 2{a + Oh). j 

But (a+hy=^a^+2ah+h^ = a^+h.2(a+^h), < 

and (a+hy=f{a)+hfXa+eh)=a^+h.2(a+dhX ^ 

so that in this case d= J. In Fig. 34 if APB is an arc of" 
a parabola, M is the mid point of CZ), and MP bisects the 
chord AB, 

If we replace a by a; the above forms become 

f(x+h)=f(x)+hfXx+dh) (IL6) 

f(x + h) ^f{x) + h f(x) + ^hyXx + e,h) (III.6) 
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If we make a zero and then put x for h we get 

f(x)=m+xf\dx) (lie) 

f(x)=f(0)+xnO)+iiX^f(e,x). (III.C) 

Theorem IL affords another proof, though really at bottom 
it is not different, of Theorem VI. § 58. For if f\x) is zero 
for every value of x, then /'(x^) is zero, and we get 
f(6)=/(a), that is, any two values /(a), /(6) oif(x) are equal ; 
in other words f(x) is a constant. Hence if <f>{x)'-F\x) is 
zero, the function <f){x)—F{x) is a constant. 

Ex. 1. If ^ is positive, show that log(l+^) is less than x but 
greater than x - \oir. 

^^)=log(l+a;); /(^)=jl-, /'(^)=-^.j-1^3; 
/(O)=logl=0; /(0)=1, f{ex)=^^; 

By Th. lie, log(l+^)=X0)+^/((9^)=Y:^<^. 
By Th. II1.C, \og{l+x)=f(p)+^f(0)+i^fXOix) 

Ex. 2. Show that cos x is greater than 1 - \a^, 

f{x)^QO^x; f{x)=-Binx\ fXx)=-cosx; 
jXO) = l ; /(0)=0 ; fXOiX)= -cos{e,x). 

By Th. III.C, cos ^ = 1 - ^^ cos (e^x) > 1 - ^x^, 

rince cos (Oi,x) is numerically less than unity. It is easy to deduce that 
:x)BX=l-Ox^ where ^ is a positive proper fraction less than J. 

Ex. 3. The student may try to prove by assuming 

j^b) -f^a) - (6 - a)fXa) - i(6 - a)T(«) - i(^ - afS^ 
that if J{x) and its first three derivatives are continuous, S will be 
equal to /"(-^sX where x^ lies between a and b. By putting for a 
ind X for b we should get 

yi:^)=Xo)+*/(o)+i^/"(o)+jxy"(M, 

nrhere 6^ is a positive proper fraction. 

Ex. 4. By using the theorem of ex. 3, show that if x lies between 
} and 7r/2 x>amx>x-ix^; tan^>^+J^. 

Eow would the inequalities be stated if x lay between - 7r/2 and ? 

Ex. 5. If f(x)={x'- 1)^-1, /(x) is zero when x=0 and when x—2, 
Doeaf{x) vanish for any value of x between and 2 ? 
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§ 74 Maadma and Minima. In §§ 17, 52 attention has 
been called to the turning values of a function ; a turnind 
value ma^ be either a maximum or a minimum value (d 
the function. A formal definition of such values may be 
given. J 

Definition, /(a) is defined to be a maximum value ofl 
f{x) if /(a) is (algebraically) greater both than f{a^h) andS 
than f{a+h) for every positive value of h less than a small 
but finite positive quantity rj, f(a) is defined to be a 
minimum value of /\x) if f(a) is (algebraically) less both 
than /(a-'h) and than f(a+h) for every positive value of 
h less thai^ i;. 

It is to be noticed that a maximum value is noij 
necessarily the greatest value the function can have nor 
a minimum the least ; /(a) is a maximum if it be greatei 
than any other value of f(x) near f(a) and on either side 
of it. 

The condition for a maximum or a minimum value is^ 
easily obtained. If f(a) is a maximum value of f(x), thei 
as X increases from a — A to a, f{x) is increasing, an 
therefore f(x) is positive (§ 52) ; on the other hand as 
increases from a U) a+h, f(x) is decreasing, and therefo: 
/ (x) is negative. Hence as x increases through a, f\x) 
must change from a positive to a negative value. Con- 
versely, if as aj increases through a, f{x) changes from a 

positive to a negative value, /(a) will be a maximum value 
ot nx). I 

if /Y ^\^ /^^^ ^^^* ^ * maximum value of f{x) if and only] 
inZi^^ changes from a positive to a negative value as d 
increases through a. ^ s H 

miDdmt^ ^^^ "^^y ^^ ^^^ ^ ^^^ ^^at /(a) will be a 

^n^^ZeZT ^^5^^^^ ^^^^^ ^^^y if /(o^) changes from 

TKisZ:^^^ positive value as x increases through a. 
or test. ^^^'*^^^ may be called the fundamental condition 

condition^^nf T^V ®^"^Pler form may be given to the 

tinuous funcVir!^ -^ ^^'') ^"^ ^ continuous; now a con- 

^^ value zeroa^\TVr ?^^r!^.S^ ^'S^ ^^ passing through 
value of /(4%^/;Th. R if ^(,) ,,l ,^^^ 
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Again, if /(a) is a maximum value of f{x), f{x) changes 
from a positive to a negative value as x increases through 
to; therefore near a, f{x) is a decreasing function, and 
therefore iU derivative, namely f{x\ must be negative 
near a. But if f{cb) is not zero, then near a the sign of 
fix) is that oif\a). Hence /"(ot), if it is not zero, will be 
negative when /(a) is a maximum value of f{x). In the 
same way we see that f{(i), if it is not zero, will be 
positive when /(a) is a minimum value of /(a;). Conversely, 
/(a) will be a maximum or a minimum value of f{x) 
according as f\a) is negative or positive. 

Hence the rule for determining the maxima and minima 
values of f{x) when f(x)y f\x) are continuous : 

The roots of the equation /'(x) = arey in general, the 
values of x which make f(x) a maximum or a minimum. 
Let a, be a root of /'(x)=0; then f(si) vAU he a maxim^um 
value off(x) if f'is) is negative hut a minimum, iff"{s^) is 
positive. 

When f"{a) is zero this rule for testing whether /(a) is a 
^ turning value fails ; f\a) may be zero and yet f{a) neither 
ia maximum nor a minimum. When f\a) = and also 
iy^(a) = 0, recourse may be had to the fundamental test that 
f{x) must change sign. It will be seen in § 78 that, in 
general, the point on the graph of f(x) for which both f\x) 
and f(x) are zero is a point of inflexion. 

We leave it as an exercise to the student to show that 
maxima and minima values occur alternatelv. Thus in 
Fig. 33, § 72, which is the graph of F(x)y the runction is a 
maximum at (7, then a minimum at D, then a maximum 
at E. At F and H on that graph the function turns 
though F\x) is not zero at these points ; however F\x) 
has opposite signs on opposite sides of F and H. Again 
at 0, F\x) is zero, yet the graph has no turning point 
there ; F\x) has the same sign on opposite sides of (?, and 
G is a point of inflexion. 

The above conclusions, when f(x) and its derivatives are continuous 
at a, may also be deduced from the Theorem of Mean Value. For if 
f{a) is a turning value of /(.^•) the differences 

D,=f{a-\-h)-'f{a)y D^=f{a-h)-f{a\ 

must have the same sign for small values of h : the negative sign 
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when /(a) is a maximum, but the podtive sign when f{a) is a' 
minimum. 
Now, by §73 (Ilia), 

When A is a very small positive number the signs of i>j and D^ 'wiU, j 
if fia) is not zero, be the same as the signs of f(a) and —f(a^ 
respectively (compare § 45, Th. I.) ; therefore Di and D^ cannot nave 
the same sign, and therefore f(a) cannot be a turning value unless 

Again, if /'(a) is not zero the sign of /'(a-^-Oh) and of /'{a - O'h) is 
the same as that of /"(a) ; therefore if f(a)=0 both Z), and D2 will be 
negative when f{a) is negative, but positive when /"(a) is positive. < 
We thus ffet the same rule as before. ! 

By Tsiyior's Theorem (chapter xviii.) D^ and Z>2 can be expressed in j 
a series of ascending powers of h ; the same line of argument as that ! 

juflt followed leads to the conclusion that if f{a)-,f'{ob\"",f^*'^\^) all | 
vanish, but /"'(a) does not vanish, then f(a) will be a turning value 
of f{x\ provided that n (the order of the first of the derivatives that 
is not zero) is an even integer, but not a turning value when ti is an 
odd integer : the turning value will be a maximum or a minimum \ 
according as f^{a) is negative or positive. It will be a good exercise 
to deduce this conclusion by examining the si^ns of the derivatives, 
near a ; for example, show that if f{a) and /'(a) are zero but /"(a) 
not zero, f{x) changes sian, and therefore j%x!) does riot change sign 
as a? increases through a, but that if f"(a) is zero and f^^(a) not zero 
f^Xx) does, /"(*') does not and f{x) does change sign as x increases 
through a. 

§ 76. Examples. 

Ex. 1. Find the turning values of 3^ - 4a^ + 1. 
Denote the function by X^) * *'ben 

/(^) = I2a^ - 12^ ; /'(^) = 36^ - 24^7. 

Now/'(^)=12^:f-1), and is therefore zero if a?— or 1. 

/'(l) = 36-24 = 12=positive number. 

Since /'(l) is positive, /(I) =0 is a minimum value ofJ{x), 
Again /'(0)=0 ; in this case consider the sign of f(x) near 0. Let 
A be a small positive number ; then 

/(-A) = 12(-A)2(-A-l)=( + X-)=- 

r(+A)=12(^)2(A-l) = (+.X-)=-, 

where only the sign of each factor and of the product needs to be 
written. f(a) is therefore negative both when ^ is a little less and 
when a: is a little greater than ; that is, J^ai) decreases as a; increases 
from -A to and continues to decrease as a: increases from to A. 



WORKED EXAMPLES. 169 

i 

I Hence f(0) is not a turning value of J{ai) ; on the graph of y(^) there 

[is a point of inflexion where x=0, 

I We may prove otherwise that /(O) is not a turning value ; for 

lr"(^)= ~24, that is, the first of the derivatives which does not vanish 

"when x=0 is of odd order. 

i As jp increases from - w to 1, f(x) is negative, and therefore J^x) 

[is a decreasing function ; as x increases from 1 to + go , /{ai) is positive, 

and therefore f(a;) is an increasing function. Hence j^l) is not only 

^a minimum value oiJ{x\ but it is also the least value y(^) can take for 

any value of x ; fix) is not negative for any value of x. The student 

i should graph the function. 

Ex. 2. Given the total surface, ^ira?^ of a right circular cylinder, 
'find the cylinder of maximum volume. 
\ Denote the radius of the base by x^ and the height by y ; then 

volume = ira;^ ; surface = 27ra:y + 27ra:2=27ra2. 

From the second equation osy^ci^-a^\ therefore denoting the volume 

f{x) ='7rx,xy= ir{c^x — a^)» 
Therefore 

' • /(a?)=ir(a2-ar2); f{x)=--^x\ f\x)=0 \i x= ±al^fZ\ 

'the negative root may be discarded as irrelevant. Now fXa/y/3) is 
negative, and therefore fialij^) is a maximum ; the maximum volume 
is 27ra3/3V3. 

The height is given by y'={a^-oc^)lx^ and when x=al^/3, y=2a/i^3, 
80 that the height of the cylinder of maximum volume is equal to the 
diameter of its base. 

; The student should observe how the given condition enables us to 
express ira^ as a function of the one argument x. 

Ex. 3. If r=acos^^+&sin^^, find the maximum and minimum 
values of r, where a, b are positive constants. 

Examples of this type are most simply solved without the use of 
derivatives. Thus, 

r=ia(l + COS 2^) + i6(l -cos 20)=^a + b)+i(a-b) cos 20. 

Now obviously r will be a maximum or a minimum according as 
Ma —b) COB 2$ is so. If a>&, the greatest and least values of 
|(a - b) cos 2$ are ^a - b) and - i(a - b), so that the greatest and 
least values of r are a and b. These values are reversed if a<6, 
since in that case the greatest and least values of ^(a-&)cos2^ 
are — ^a — 6) and ^a-b). 

In a similar way we can find the maximum and minimum values of 
«*+y* when x and y are connected by the equation cux^+2hay + by^=l. 
For put .r=r cos 6, y=r sin 6, and then x^+y^ becomes r*, where 

r2(a co82^+2A sin ^ cos ^+6sin*^)=I. 

Now r^ will be a maximum ot minimum according as 1/r^ is a 
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minimum or maximum, and we may write, from the equation betweeqj 
r and 0, 

iy=acoe«^+2A8indoo8^+68in*d 

=Ka + 6)+ A C08 (2$ - &). 
where ^coB ^=i<a-6), fisin ^=A, and ^= + J|^^^^ + a4. 

The maximum and minimum values of 1/r^ are given by 

Geometrically, this example is the problem of finding the semi-axes 
of the conic whose equation is cu(^-\-2hxy-\-hy^=\. "flie values of 
that give the axes are determined by 

cos(2tf-^)=±l, 2d=^or7r+^, e=^\& ov ^^-\&, 

80 that the two axes are at right angles. The value of & is uniquelyj 

determined by the two equations iZcos ^'=^a- 6^ and i2 sin ^= A. I 

The solution of problems of this kind by use of derivatives is muchi 

more tedious. j 

Ex. 4. If ^jF) = c~"*8in(6ar+c) where a, h are positive, find the 
turning values oifix), 

f{pg)— — c~'*'{<i sin (6a;+ c) — h cos {bx+c)) 

= -7?e-«*sin(6;r+e-^), 

where R cos ^=a, RsinO=b^ R= + ^{a^ + 6^), 

f{x) = ^c-~ sin (bx-{-c- 26). 

Since c~"* is not zero for any finite value of Xy the roots of /'(:f)=0 
are those of sin (bx+c-6)=0 ; therefore /'(j:) is zero when 

bx+c-S^nw (n=0, il, ±2,...). ^ > 

Denoting by Xn the value of x corresponding to any m, we have 

f(Xn) = R^e-^n sin {bxn + 0-6-6)=- R^e-^n sin [mr - 0). 

Now sin (nTT - 6)= — cos nw sin ^ ; and sin 6 and R^e~'"n are positive, 
so that the sign of f\Xn) is the same as that of — cosn^r, that isJ 
of(-l)"-»-\ ] 

Hence J[x) is a maximum for w=0, 2, 4 ..., but a minimum fori 
n^l, 3, 5 ..., limiting consideration to zero and positive values of n. I 

^ _ mr — c-{-6 _7r 

iNOW Xn T J *'^n+l'~^n — Tf 

and J{x„) = e-"*n sin {bXn + c) = «-**« sin (nw + 6\ 

which may be put in the form , 

nira ac~aS j 

A.^«) = ( -!)"«' ^ -e * .sin^. 

Thus the values of x for which f(x) turns form an arithmetic! 

pix)gression wich common difference 'ir/b ; the values of x for which 

Jf{x) is a maximum (or a minimum) have the common difference 27r/6. 

If tf-«»n be called the amplitude of X.r„), the amplitudes of the maxima 
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i 



and minima values of f(x) form a geometric progression with common 

_2to 

ratio e * . 

'■ Since Dgje~'^= -ac~", the gradient of «-*" is equal to that of f(x) 
^for those values of x, for which 

i - a«-« = - i?c-«* sin (6^ + c - $), 

' that is, for which 

^ sin(&r+c-tf)=a/fi=sin {Z+^) ; 

that is, for which 

6:F+c-^=2w7r+|+^or(2»H-lV-|-^(wi=0, 1,2 ...). 
. Now when fea? + c - ^ = (2»i + l)7r - 5 - ^, sin (6j7 + c) = 1 , and therefore 

[for these values of a?, «~"*=yi[.r). 

! Therefore when fea:+c=2w7r+7r/2, «"*** andy(^) have the same value 
' and the same gradient, and therefore their graphs touch at the points 
whose abscissae are given by these values of x. 
The discussion of e~*^cos{bx+(/) can be reduced to that of 

IT 

^-•*siii (6^+c) by putting </ equal to c- „. 




Fio. 35. 
Fig. 35 shows the graph for a=% 6=1, c=aO. The dotted line 
is the graph of c"io* . 

§ 76. Elementaxy Methods. Certain types of problems can 
be solved very simply by elementary algebra or trigonometry. 

The discussion of the quadratic function or the quotient 
of two quadratic functions will be found in any book on 
algebra ; the turning values of y where 
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are found by writing the equation in the form 

{Ay-a) x^+{By-b) x+Cy-c=0, 

and determining the values of y that make the discriminant^ 
that is, 

(By-6)«-4(4y-a)(Cy-.c) j 

vanish. A little consideration distinguishes the maximum ' 
from the minimum if there are two values of y, and shows 
whether the solution is a maximum or a minimum when 
there is only one. 

A more general case occurs when there are more variables 
than one and these are connected by a relation, all theJ 
quantities being positive. For two variables the 5th, 8th,| 
and 9th propositions of Euclid's second book or their 
algebraic equivalents are fundamental. 

{ii),(x+yf^4fxy+{X''yy; 

(iii) a?+y^=h(^+yy+h{^-yf. 

When the sum (x+y) of two quantities is given, we see 
by (i) that their product is greatest and by (iii) that the 
sum of their squares is least when the two quantities axe. 
equal When the product xy of two quantities is given we 
see by (ii) that their sum is least when they are equal. 

These theorems may easily be extended. Thus let x, y, i 
z, w...he n positive quantities and let their sum (a) be] 
given ; then their product xyzw . . . will be greatest when , 
they are all equal. For let x^^ y^, z^y a(;i, . . . be a set of simvd- 
taneous values of these variables ; then if any two of these, 
say a?!, y^, are unequal it will be possible, without altering 
the sum of the n quantities, to get a greater product than 
x^y^z-^w^,., by replacing both x^ and y^ by K^i+2/i) ^^^ 
leaving 0^, w^,,,, imaltered, because the product of the two 

equal quantities K^i + ^i)* ^^^^ ^ i(^+yi)^> ^'^ greater than 
x{yy So long, therefore, as any two are unequal the pro- i 
duct has not reached its greatest value. When they are all 
equal each is equal to ajn, so that 
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ayyzw .,, is less than (—j , 

or xyzw ... is less than ( — -^-^ — ) , 

[unless aj=y=0=iy... =a/n. 

f If we suppose p of the quantities equal to aj, 5 of them 
equal to 2/,r of them equlil to 0, where jp+5+r=ti then we 
imay write the last inequality 

except when x = y=^z, and then the inequality becomes an 
equality. It is easy to see that this inequality is true even 
if p, q, r are positive fractions. 

In the same way it may be seen that when the sum of 
the quantities is given the sum of their squares will be 
least when they are all equal, and when the product of the 

uantities is given their sum will be least when they are 

11 equal. 
These theorems may be again extended. For suppose 

,yyZ,w... connected by the linear equation, 

ax+by+cz+dw+ ... =Aj, a constant, 
the quantities being all positive. Then we may put 

j ^ abed . . . 

^d ayyzw . . . will be greatest when the numerator of the 
fraction is greatest. But if we put x' for ax, y' for by .., 
we reduce the case to that in which x'+y'+z'+v/+ ... is 
given. Hence the product is greatest when x\ y\^yVf ... 
are all equal, that is when 

ax=by= ... =k/n. 

By means of the above theorems a large number of 
Ihe simpler problems of maxima and minima of functions 
pf more than one variable may be solved. For a full dis- 
Icussion of the algebraic treatment, see Chrystal's Algebiu, 
Vol. II. chap, xadv. 
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Ex. I. The equilateral triangle has maximum area for givei 
perimeter. 
In the usual notation for triangles, 

A«V{«(«-a)(«-W«-c)}=V(«py4 

where a?=*-a, y=«-6, «=*-<?, 2« being constant. 

Now x+^+z^3s-'{a-\-b-\-c)=s. 

Hence an/z, and therefore sxi/z, and tl^erefore A is greatest whei 
x^y=iZ^ that is, when a=6=c. 

Ex. 2. From the identity 

deduce | 

(i) a*.r* + 6^2 + 0*2^ = minimum, \ilx+my+m=^ const., I 

(ii) ^r + my + iw = maximum, if a^sc^ + 6^y* + c*;?* = const, ' 

when a^xll=sl^lm=(^z/n. 

These results are oDvious. We might write Ay B, C instead o^ 
a*, 6^, c*, but A, B, C must be positive. The student may prove i 

similar theorem for ( a*^ + ftV+^^*+^*^)l"2+ Ta +;S'^^)» ^'^^ 
extend to any number of variables. 

§ 77. Variation near a Turning Value. When a function 
f(x) and its first two derivatives are continuous near a w^ 

^^^^ f{a+h)=f(a)+hfXa)+^hY(a+eh), 

fXa+dh) will be nearly equal to f(a) when h is smal]«j 
and we may write as a very approximate equation 

Aa+h)=^f(a)+hf(a)+ihY(a). 

Hence when /(a) is a turning value, so that f(a) = 0, we 

^^""^ f{a+h)=f(a)+ihYia). j 

Thus when f(a) is a turning value the change /(^+ A)— /(a)l 
as X chan^ from a to a +% is, approximately, proportional! 
to A^ ; if f(a) is not a turning value the change is, approxi-l 
mately, proportional to h. Near a turning value therefore! 
a function changes much more slowly than near a value] 
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for which it does not turn, since when h is small K^ is much 
imaller than h. 

If therefore in a physical application of the theory of 
knaxima and minima it is not possible to make the arrange- 
tnent that which corresponds to the exact solution, there 
^ill frequently be no great disadvantage in a slight 
leparture from the theoretically best arrangement. Thus 
khen a battery of ffin cells is joined up so that m rows 
i>f n cells each, connected in series, are joined in parallel, 
the current y is 
, _ TYinE 

here E is the electromotive force of each cell, r the 
temal resistance of each cell and R the external resist- 
ce. Since mn is constant y will be a maximum when 
R+nr is a minimum, that is, when 7nR=nr or when 
U=nr/m, that is, when the total external resistance is equal 
to the internal resistance of the battery. It may not be 
Kxssible to join up the battery so as exactly to satisfy this 
condition ; but if the condition be very nearly satisfied the 
turrent will not fall far short of the maximum. In any 
jase the nearer the arrangement can be brought to satisfy 
phe condition the stronger will be the current. 

A^in in applying the theory of maxima and minima 
lo j^ysical problems great care is necessary in drawing 
conclusions; an arrangement that best satisfies one set of 
conditions may conflict with that which best satisfies 
another set of equally important conditions. Thus the 
^bove arrangement of cells gives the highest rate of 
Mrorking in the external part of the circuit but it is not 
the most economical. The student may with advantage 
bead the remarks on pp. 85, 86 and chap. ix. of Gray's 
Absolute Measurements in Electricity and Magnetism, 
[London : Macmillan.) The theory of maxima and minima 
s of great value as a guide in all such investigations, but 
as to be applied with caution and not blindly. 
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EZEB0I8ES XVI. a. 

The cones and cylinders referred to in the examples are righ 
circular cones and cylinders. For the mensuration of various scud 
see chap. iv. 

Investigate the maxima and minima values of the functions ii 
examples 1-12. 

1. 2:c»-3^-iar+2. 2. ^-5a^ + 6a73-l. 3. a^(x+lf, 

4. x(a+Ji:y(a-xy. 5. ^/(1+^). 6. (1 + ^)*/(^ - ^). 

7. xl(ax^+2bx+a). 8. :F(^+l)/(:r*-a;2+l). 9. (a-\-x)^(a^-a^ 

10. xl{l+x^)^. 11. a + 6(a7-c)*. 12. a + 5(ar+c)*. 

13. Find the maximum value of af^t/^ if x-\-y=^k, a constant, th< 
quantities being all positive. Hence show that 

a-6- < ( rn^+^ Y*" 
\ m-^n } 
except when a =6. 

14. From the inequality in example 13 deduce that (1 + 1/^?) 
constantly increases when z is positive and increases, but decreasei 
when z is negative and increases numerically. Hence show that the 
limit of (! + !/«)* for 0= ±00 is a finite number greater than 2*5 but 

less than 3. Puta=l + — , 6 = 1; then a=l, 6 = 1 — . 

16. If a\x^rhly=^c^ find the least value of aj7+6y, the quantities 
being all positive. Find also the minimum value of ocy. 

16. For what value of x is 

m^ix- x^ •\-'m^(x- x^ + . . . + mj^x - ;r„)* 

a minimum, m^^ 97i^...m„ being all positive. 

In the following examples the methods of § 76 may be used ; the 
quantities are understood to be all positive. 

17. The equilateral triangle has minimum perimeter for given area] 

18. The cube is the rectangular parallelepiped of maximum volum< 
for given surface and of minimum surface for given volume. 

19. Find the minimum value of hcx-\-cay-\'ahz if xyz^abc, 

20. Find the maximum value of xyz when 

^/a2+y2/62+ijVc2=l, 
and the minimum value of 3i^la^'\-y^ll^+z^l(^ when xyz^d^. 

21. If xyz=a\x+y+z), then yz-^zx+xy is a minimum when 
x=y^z^a<j3. 

22. The electric time-constant of a cylindric coil of wire ii 
approximately u—mxyzl{ax+hy-\-cz) where x is the mean radius, y thej 
dmerence between the internal and external radii, z the axialj 



! MAXIMA AND MINIMA. EXERCISES XVI. a, b. ]77 

^ength, and m, a, 6, c known constants; the volume of the coil is 
nxyz. Show that when the volume V is given, u will be a maximum 
When cux;=hy=cz= i/{abcVln). 

^ 23. If u=(ax^+bf)l^{a^a^ + l^^) where a^^+f^l show that the 
(ninimum value of u is 2fJ{ab)l{a'\-b). 

24. If P is a point within a triangle ABC such that AF^+BP^ + CP- 
Is a minimum, show that P is the centroid. 

25. In any triangle the maximum value of cos A cos B cos C is |. 

26. Find the greatest rectangle that can be inscribed in an ellipse 
irhose semi-axes are a, h. 



\ EXEBGI8E8 XVI. b. 

[ 1. ABCD is a rectangle, and APQ meets BG in P and DC produced 
In Q, Find the position of APQ when the sum of the areas ABP^ 
PCQ is a minimum. 

I 2. Given one of the two parallel sides (a) and the two non- parallel 
ddes (b) of an isosceles trapezium, find the length of the fourth side so 
[hat the area of the trapezium may be a maximum. 

f 3. From a rectangular sheet of tin, the sides being a and b, equal 
uares are cut off at each corner, and a box with open top formed 
y turning up the sides. Find the side of the square so that the box 
ay have maximum content. 

4. An open tank is to be constructed with a square base and 
ertical sides to hold a given quantity of water ; show that the 
xpense of lining the tank with lead will be least if the depth be half 
" e width. 

I If the tank be cylindrical show that the depth will be equal to the 
radius of the base. If the section of the cylinder is not circular 
but if its shape is given show that the curved surface will be twice 
^he base. 

5. Show that the altitude of the cone of maximum volume that can 
^ inscribed in a sphere of radius R is 4/2/3. 

Show that the curved surface of the cone is a maximum for the 
kame value of R. 

' 6. A cone is circumscribed about a sphere of radius R ; show that 
when the volume of the cone is a minimum its altitude is 4/2 and its 
^mi- vertical angle sin~^ J. 

. 7. Show that the altitude of the cylinder of maximum volume that 
ban be inscribed in a sphere of radius R is 2/2/^3. 

tShow that when the curved surface is a maximum the altitude 
Rs/2, 
Show that when the whole surface is a maximum that surface is to 
e surface of the sphere in the ratio of x/5 + 1 to 4. 
a.c, M 
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8. A cylinder is inscribed in a cone; show that its volume is a 
maximum when its altitude is one-third that of the cone. 

Show that the curved surface is a maximum when the altitude is 
half that of the cone. Show also that the total surface cannot have 
a maximum unless the semi-vertical angle of the cone is less than 
tan~^^. 

9. Given the total surface of a cone show that when the volume o^ 
the cone is a maximum the semi- vertical angle will be sin~^ J. 

Given the volume of the cone show that the total surface will be a 
minimum for the same value of the semi- vertical angle. 

10. PP' is a double ordinate of the ellipse whose equation iff 
x^la^-^-y^jl^^l and A is one end of the major axis; find when the 
triangle APP' has maximum area. 

Find also when the cone formed by the revolution of the triangle 
about the major axis has maximum volume. 

11. The strength of a rectangular beam varies as the product of tli* 
breadth and the square of the depth ; find the breadth and the depth: 
of the strongest rectangular beam that can be cut from a cylindricalj 
log, the diameter of the cross-section being d inches. , 

12. The stiffness of a rectangular beam varies as the product of thej 
breadth and the cube of the depth ; find the breadth and the depth 
the stiffest rectangular beam that can be cut from a cylindrical lo^ 
the diameter of the cross-section being d inches. 

13. A person in a boat a miles from the nearest point A of th] 
beach wishes to reach in the shortest time a place o miles from 
along the beach ; if he can row at u miles an hour and walk at v niil( 
an hour {u<v) find how far from A he must land. Consider th^ 
cases in which the ratio of w to v is equal to or greater than that of 
to V(aH&2). 

14. Assuming that the brightness of a small surface A varies in-i 
versely as the square of the distance r from the source of light anf 
directly as the cosine of the angle between r and the normal to tl 
surface at A^ find at what height above the centre of a circle of radii 
a an electric light should be placed so that the brightness at tl 
circumference should be greatest. 

15. If the intensities of two sources A, B oi light be a^, 
respectively find the point on the line ^i? at which uie brightnes 
is least. 

16. A^ B are two points on opposite sides of a plane L and P 
point in the plane; a particle travels from A to B\yy the path A^ 
PB its velocity along AP being constant (w) and its velocity aloi 
PB also constant {v) but the two velocities being different. Sho^ 
that when the time of travelling from il to 5 is a minimum the plai 
through APB is normal to L and the sines of the angles that AP, P\ 
make with the normal U> L Sit P are in the ratio of w to v. 
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EXEBOISES XVI. c. 

1. Show that a:/(l+.rtan^) will be a maximum when A-^cos.r; 
verify that x is very nearly 'TSQ. 

2. Show that sin^-sin2:r is a maximum or a minimum when 
Kna:=V(2/3) according as the angle -oc is in the first or the second 
quadrant. 

3. Show that sin^l +cos^) is a maximum when x^~* 

o 

I 4. Show that the minimum value of -^-s- H s- is (a +6)2. 

sin^o? cos^^ ^ ' 

' 6. If a sec ^+6 sec <^=c, show that acos^+6co8<^ is a minimum 
when ^ =<}(>, a^bfC being positive and the angles ^, (f> acute. (Corn- 
bare ex. 15a.) 

I 6. Given the length (a) of an arc of a circle, show that the segment 
K which a is the arc will be a maximum when a is the diameter of the 
prcle. 

I 7. A circular sector has a given perimeter ; show that when the 
trea is a maximum the arc is double the radius, and that the maximum 
^rea is equal to the square on the radius. 

8. From a given circular sheet of metal it is required to cut out a 
tor so that the remainder can be formed into a conical vessel of 
kximum capacity ; show that the angle removed must be 2(1 -^^6)7r 
lians (66** 4'). 

9. Draw a line through the vertex of a given triangle such that 
le sum of the projections upon it of the two sides which meet at that 

fertex may be a maximum. 

I 10. The lower corner of a leaf, whose width is a, is folded over so as 

tst to reach the inner edge of the page ; find the width of the part 
Ided over when the length of the crease is a minimum. 

11. A ship sails from a given place A in a, ^iven direction ^^ at 
le same time that a boat sails from a given place C; supposing the 
~ of the ship to be u and that of the boat v (ti, v constant), find in 
hat direction the boat must sail so as to meet the ship. Discuss 
le condition that it shall be possible to meet. The course of the boat 
understood to be rectilinear. 

I 12. The distance between the centres of two spheres of radii a, b 
pspectively is c ; find at what point P on the line of centres AB the 
[reatest amount of spherical surface is visible. Note. — The superficial 
of a segment of height h is 2Trah, a being the radius of the sphere 
86, ex. 2). 

13. A straight line is drawn through a fixed point (a, 6), meeting 
le axis OX at P and the axis T at §, the axes being rectangular 
id a, 6 positive ; if the angle OPQ is equal to 6, find ^, 

(i) when P§, (ii) when OP-hOQ, (iii) when OP, Og 

a minimumr 
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14. A tangent is drawn to an ellipse, whose axes are 2a, 26, sue 
that the part intercepted between the axes is a minimum ; show tha 
its length iaa+b, 

15. If D=<l>—<f/ and 8in<^=/isin<^' where /a is greater than 1, an< 
4>, <f> not greater than 7r/2, show that D increases as d> increases 
Show also tnat the second and third derivatives of D witn respect t 
<f> are positive. 

16. A ray of li^ht travels in a plane perpendicular to the edge of i 
prism of angle i; if the angle of incidence is ^ and the angle o 
emergence <f>\ show that the deviation <f>-\-(f>' — i is a minimum whei 

17. Find the maximum value of xe~' and graph the function. 

18. Find the minimum value of ^log^ and graph the function. 

19. For what value of x is the ratio of log a: to a? greatest ? 

20. Find the maximum value of a-^ log -. 

21. If a, b are positive and a<b, find the maximum value d 

§ 78. Concavity and Convexity. Points of Inflexion, 
curve is said to be concave upwards at or near A wh 
(Fig. 36, a, b) at all points near A it lies above the tange 

at ^ ; a curve is said to 
convex upivards at or ne 
A When (Fig. 36, c, d) at 
points nearJ. it lies bet 
the tangent at A. 

Let y =f(x) be the equa^ 
tion of the curve and let 
be a small positive numbe 
a the abscissa of A, The 
as aj increases from a— A i 
a+hy the gradient /'(x) i 
the cases a, b steadily increases ; as the graphic point mov( 
to the right (the direction of the arrows) the tangent tu 
about its point of contact counter-clockwise, and therefo 
the angle it makes with the a3-axis increases. But if f\x) 
an increasing function its derivative fXx) must be positiv 
if fXa) is not zero then near a f\x) has the same sign ' 
f'{a). Hence the curve is concave upwards near A if /^( 
is positive (not zero). 
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In the same way we see that the curve will be convex 
upwards near A if f'{a) is negative (not zero). 
^ Again, if -4 be a point of inflexion (§ 23) the gradient 
'either increases as x increases from a— A to a and then 
ecreases as x increases from a io a+h (Fig. 37, a) or 
Ise it decreases as x in- 
reases from a— fe to a 
nd then increases as x 

creases from a to a+h 
Fig. 37, 6). In both cases 
herefore f{x) turns for ^ * p^^ 3^ 

he value a of x. Hence 

will be a point of inflexion if and only if f{a) is a 
uming value of f{x)\ therefore, if f{x) and f\x) are 

ntinuous, f"{a) must be zero in order that A may be a 

int of inflexion. 

Conversely, if f\a) is zero A will, in general, be a point 
)f inflexion ; but, to make certain, the test that f\<i) is a 
turning value of f{x) should be applied. 

Ex.1. f{x)=^Za^-4^-{-\\ 

/(^) = 12(^-^); /'(^)=12(ar2-2a?); /"W = 24(ar- 1) ; 

/'(^)=0, if x=0 or § ; /"(0)= - 24, /"(§)=24. 

j Therefore f{0\ f{^) are maximuni and minimum values of f{x\ 
and therefore the points (0, 1), (§, J^) are points of inflexion. The 
^^Miients at these points are and - 16/9 respectively. 

Since /X^)=36^a7-§), we see that from ^= -oo to ^=0, f'{x) is 

eitive, and therefore the graph is concave upwards for that range 

f x\ from a?=0 to ^=2/3, f\x) is negative and the graph convex 

pwards; from j7=2/3 to x=(Xi,f\x) is positive and the graph 

gain concave upwards. 

Ex. 2. /(:F)=ar*-8a:3-6^2+l ; 

/'(^) = 12(3^2_4^_.l) = 36^-^«2j^^^^__2H^ . 

, /"(^)=24(3^-2). 

There are points of inflexion where ^= J(2 ± ^7). From ^= - oo to 
t=J(2-i^7), and again from x=\{^-{-ji) to a;=+oo, the graph is 
boncave upwards; from ar=J(2-V7) to ^=J(24-V7) it is convex 
upwards. 

I Ex. 3. (y-2)3=(a7-4). 

y=2+(^-4)4; y=K^-4r5; y'=-S(^-4)-5. 
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When .rs4, v«2, but y and .y" are both infinite. When ;r=4-A 
}f is positive, out when jf=4+A, y" is negative. We may concludJ 
therefore that the tangent at (4, 2) is perpendicular to the ^-axis, thai 
to the left of (4, 2) the curve is concave upwards, and that to the righfl 
of (4, 2) it Sa convex upwaiids. The point (4, 2) therefore must b«j 
considered a point of innexion. 

EZEBCI8E8 XVn. 

1. Determine the points of inflexion of the graphs of the following 
functions, and state lov what range of values of x they are concavl 
upwards or convex upwards. | 

(i)j^; (ii)ar*; (iii) o^; (iv) r»-+^; (v) ^; | 

n being a positive integer. i 

2. Find the points of inflexion on the curve whose equation il 
^=(^- 1)*. Graph the curve. ^ 

3. Find the points of inflexion and graph the functions 



^'^a'i^' <«)„.f-^' (-)^' <-)TO- 

4. Show that the curve whose equation is y(.i:2+a^=a2(a — a?) haf 
three points of inflexion which lie on a straight line. 

s. a 5?« ^^® points of inflexion on the curve whose equation i 
«^ =^(a»-^, and trace the curve. 

,^,•1 ^9^^ *^** ^^® curve whose equation is (a-xSy^^a^ has n 
point of inflexion, and trace the curve. 

<c\ il:,! *^j 1**® points of inflexion for values of x between and 2iJ 
(O included, 2ir excluded) on the graphs of 

8 fill ^^^ ^^^'' ^"^ "^^^ ^'^^ **^^- 

infleiiW^^ *^* *^® graphs of e* and of logo? have no pointe oil 

^^^ Sji^Jh Sf ^-^""^ inflexion on the graphs of (i) xe-, (ii) e'^i 

«» * are positivt Md^a ?^ ^'^J®*^^'^ <^» ^"^^ grapli of e-«*-e"** when 

12.' When^tL^'^*"^ ""^ inflexion on the graph of e-«*sin(6.r + c). 

equation of a curve is given in the form 

«J^ow thdt the pointe of ^7^^'> ^=*('> 

*- Ml ot inflexion will be determined by the equation 

»^<>^ that the curve wK ^'-•^^=^- 

'"^e whose equations are 

^3. Show that no eonr^''^'' ^^ § ^^^ «^- 2) 

«^tion can have a point of inflexion. 



CHAPTER X. 

DERIVED AND INTEGRAL CURVES. 

INTEGRAL FUNCTION. 

DERIVATIVES OF AREA AND VOLUME OF 

A SURFACE OF REVOLUTION. 

POLAR FORMULAE. INFINITESIMALS. 

§ 79. Derived Ourves. It is of some service in tracing 
I the variation of a function f{x) to draw the gr$iph of the 
derived function f{x). The graph of f{x) may be called 
the derived graph or curve of /(a?), while in relation to the 
graph of f\x) that of f{x) may be called the primitive curve 
or for a reason given in § 83, the integral curve of f{x). 

It is usually most convenient to take a common axis 
of ordinates for the two curves, but to take the axis of 
abscissae of the derived curve at a convenient distance 
below that of the primitive curve. Assuming the unit seg- 
' ment for abscissae to be the same for both curves, but that 
for the ordinates to be the same or diflFerent as is most con- 
venient, we may call those points and ordinates of the two 
curves which have the same abscissa " corresponding points 
and ordinates." Corresponding points on the two graphs 
may be denoted by unaccented and accented letters. 

The student will easily prove that in general the follow- 
ing theorems hold : — 

(i) To the turning points {T) of the primitive curve cor- 
respond points (2^) at which the derived curve not only 
meets but crosses its axis of abscissae ; and conversely. 

(ii) To the points of inflexion (/) of the primitive curve 
correspond turning points (/') of the derived curve; and 
conversely. 
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The following geometrical construction may be ^ven for 
the graphing of the derived curve when the functions 
f{z\ fix) are not analytically expressed. 

Let U (Fig. 38) be a point to the left of 0^ on the axis 
Oj-Y' of the derived curve, and draw Up parallel to the 
tangent PT meeting the common axis of ordinates at p. 
Draw PR and RT parallel and perpendicular respectively 
to OX ; the triangles PRT^ ^O^p will be similar. Hence 

UO.'PR'^^^^' 

where OM^O^M'^x, MP=^f{x); therefore 

0,p=fXx).UO^. 

Draw pP' parallel to 
UO^X' to meet M'P at 
P'; then 

M'P'=0^p=f(xy UOy \ 

If we take the unit 
segment for the ordin- 
ates of the derived 
curve equal to UO^ we 
shall have 




\ 



Fig. 38. 



SO that P' is the point 
corresponding to P. 

Take any other point 
Q; draw Uq parallel to 
the tangent QS, and 
qQ parallel to O^X' to 
meet the ordinate through Q at Q'. Qf will correspond to Q, 
and in the same way any number of points may be found. 

If the unit segment for the ordinates be not equal to UO^ 
the ordinates will still be proportional to f{x). 

To the turning points B, G correspond 5^, (7; to the point 
of inflexion 1 corresponds F which is a turning point of 
the derived curve. 

At D the derivative f{x) is discontinuous. As a point 
moves along the primitive curve from G to D the corre- 
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sponding point moves from (7 to IX; as the first point, 
however, changes from CD to DE the corresponding point 
passes abruptly from 27 to IX'. As x increases through the 
value OL or 0^L\ f\x) suddenly changes from L'D' to i'D". 
f^D is a maximum value of /(oj), but owing to the dis- 
continuity of f(x) the derived curve does not (as at R or C) 
meet the j»-axis. 

i In a similar way the derived curve of f\x), that is the 
^cond derived curve of f(x), may be formed, and so on. 
i 

I § 80. Derivative of an Area. Let GPD (Fig. 39) be the 
^ph of a continuous function of x, F{x) ; 

OA = a,AG=^Fia)\ OM=x, MP = F(x), 

(i) Suppose the ordinates positive and AG to the left of 
MP. Let AG he fixed, 
MP variable, and let z be 
the measure of the area 
AM PC. We may consider 

e area as generated by 

variable ordinate setting 
ut from AG and moving 
the right; z will be a 
ction of X which is 
zero when X'=^a. Let us 
find the a:-derivative of 
Zy that is the a;-rate of 
change of the area. 

Let X take the increment Sx or MN\ z therefore will take 
ta increment Sz, the area MNQP. Complete the rect- 
ittigles MNRP, MNQ8; the area MNQP will be greater 
Ihan MNR*P but less than MNQ8, therefore 

MP.Sx<Sz<NQ,Sx', MP<j^<NQ. 

In the figure MP is less than NQ ; if MP is greater than 
NQ the signs of inequality will need to be reversed. As Sx 
converges to zero MP remains fixed and NQ converges to 
flP, Hence 

Da;Z = MP = F(x) = ordinate at M, 




Fig. 39. 
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Fig. 39a. 



or in the notation of differentials 

dz^MP,dx^F{x)dx, \ 

(ii) Suppose the ordinates negative (Fig. 39a) and let 2^ 
be the mimerical value of the area. 
In this case the rectangle MNRP is equal to — MP. &i 

since MP is negativ^ 
^ and we get by the same 

reasoning as before' 

D^=-MP^-F{x). 

It gives greater flexi- 
bility to the formulae 
to consider an area as 
magnitude that, like 
segment of a line, mayj 
be either positive or 
negative. It, therefore, 
the measure of the area 
be taken as negative,' 
when the fixed ordinate is to the left of the variable on 
and the ordinates all negative, we may put z equal to — /, 
the measure z being now negative; hence Da;s = F(x) as i 
case (i). 

(iii) Lastly, suppose the fixed ordinate to the right ol 
MP, say at BD. The area BMPD may be considered to ' 
generated by a variable ordinate setting out from BD an 
moving to the left. 

Let sf be the numerical value of the area BMPD ; then / 
is a decreasing function of x. By the same reasoning a^ 
before we see that the numerical value of D^iZ' is F(x) for 
Fig. 39 but -- F(x) for Fig. 39a. Since / is a decreasing 
function 2)a^^' is algebraically negative, so that in sign and 
magnitude 

i>^= ^F(x) (Fig. 39); p^'=F(x) (Fig. 39a). 
If we take the measure z of the area BMPD to be nega^ 
tive for Fig. 39, positive for Fig. 39a, we shall get for botl^ 
cases D^^F{x\ The same formula therefore holds for all 
thwe cases (i), (ii), (Hi). 

Exammation of the diagrams will show the truth of the 
tollowmg rule for determining the sign of the area. ' 
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Let the boundary of the area be described in the order, 
:z;-axis, variable ordinate, curve, fixed ordinate ; the sign will 
be positive or negative according as the area lies to the left 
or to the right during the description of the boundary. 

Ex. 1. If the coordinate axes are inclined at an angle (o, show that 
i)jpS=i^a7)sin(»). 

Ex. 2. If CE, PF (Figs. 39, 39a^ are perpendicular to OY, and if w 
is the measure of the area EFPC^ snow Uiat 

DyW= - FP= - OM ; dw=- xdy, 

the sign of w being positive or negative according as the area is to the 

left or to the right wnen its boundary is described in the order EFPCE. 

Consider the cases in which the abscissa is negative, and also the 

y cases in which the fixed abscissa is on the opposite side of FP from 

I that in the figures. 

§ 81. Interpretation of Area. The interpretation of the 

number z considered as the measure of an area will depend 

on the unit segments chosen for the abscissa and the 

ordinate. If the value 1 of a; represents say 6 inches and 

the value 1 of t/ say 10 inches, then the value 1 of will 

represent 60 square inches ; if on the graph the value 1 of x 

1 is half an inch and the value 1 of y quarter of an inch, these 

I representing 6 and 10 inches respectively, an area on the 

[graph of one-eighth of a square inch will represent the 

area of 60 square inches. 

The physical interpretation of the area will depend on the 
nature of the quantities represented by abscissa and ordinate. 
Suppose that the ordinate represents the speed of a 
moving point and the corresponding abscissa the time at 
\ which the point has that speed ; the graph is then the 
speed-curve of the motion. The speed is the time-rate of 
[ change of the distance, and the ordinate (which represents 
the speed) is the rate of change of the area with respect to 
the abscissa (which represents the time); hence the area 
AMPC will represent the distance gone in the time repre- 
sented by AM. If the value 1 of a? represents 2 seconds and 
the value 1 of y a speed of 16 feet per second, then the value 
1 of will represent a distance of 32 feet. 

If the ordinate represents a force that acts in a constant 
direction, and if the abscissa represents the distance through 
which the force has acted, the area AMPG will represent 
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the work done by the force acting through the distance 
represented by AM, If the force is not constant in direc- 
tion the result holds provided the ordinate represents the 
component of the force along the tangent to the path of its 
point of application. 

Ex. 1. If the ordinate represents acceleration and the abscissa 
time, what does the area represent ? 

Ex. 2. If the ordinate represents the intensity of pressure of a gas, 
and the abscissa the volume, what does the area represent ? 

§ 82. Integral Function. The fact that ;2^ in § 80 is a 
function of x which has F{x\ the ordinate of the curve 
GPDy as its derivative at once suggests the problem of 
finding a function which has a given continuous function 
as its derivative. 

Now, if the derivative of f{x) is F{x) so is the derivative 
of /(aj)+(7 where G is any constant ; further (§ 58, Th. VI.), 
every function which has F{x) as its derivative must be of 
the form /(a;) +(7. The problem, therefore, as stated above, 
is indeterminate, since its solution involves a constant C 
which may have any value whatever; it becomes deter- 
minate, however, when stated in the form:— To find a 
function of x which shall have a given continuous function 
F{x) as its derivative and which shall take a given value A 
when X has a given value a. 

The solution is as follows : — Let CPD (§ 80) be the graph 
of F{x\ and let z be the measure of the area AM PC where 
Oil =a. z therefore is zero when x = a, and z has F{x) as 
its derivative; the function z+A gives the solution. We 
may, if we please, consider the constant A as the measure 
of an area. 

It does not follow, however, that we can find an analytical expression 
for z in terms of known functions ; thus, if F(x)=^{\-\-a^^ we cannot 
find in the ordinary algebraic or transcendental functions one which 
has F\x) as its derivative. The geometrical discussion shows, however, 
that in so far as we consider functions as bein^ adequately represented 
by graphs, there always exists a function which is the solution of the 
problem, and it is possible by methods of approximation to get an 
analytical expression, for example, in the form of a series, that may be 
considered as a solution. Or, again, it may be possible by mechanical 
methods to get an approximate value of the area AM PC. 
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Any function f(x) which has Fix) for its derivative is 
called an Integral Function or simply an Integral of F{x), 
If f{x) is one integral, f(x)+C is called the General Integral, 
C bem^ called the constant of integration. 

To find f(x) when F(x) is given we fall back on the 
known results of differentiation. In the Integral Calculus 
the search for integral functions is systematically carried 
out, but from the nature of the case the process is largely 
tentative. The fundamental test that f(x) should be an 
integral of F(x) is that Dxf(x) should be equal to F(x). 

Just as sin"^aj means a function whose sine is x so we 
may for the present use the symbol D^^'^ F{x) or D''^F(x) 
as meaning a function whose derivative is F(x), that is 
Dx~^F(x) IS an integral of F{x). We will suppose that 
D'^F{x) contains no constant of integration, so that the 
general integral is D'^F(x)+C* 

We may now express the area AMPG in the new notation. 
Since D"^ F{x) is an integral of F{x\ the area z or AMPG 
is a function of x of the form 

z^D-^F{x)+a 

Now when a?=a, 0=0 ; denote by [D''^F{x)'\a the value 
of the integral when x^a\ therefore, 

0^[D'^F{x)]a+C) (7=-[2)-i^(aj)]«, 
and z = D-^F{x)''[D-'^F{x)]a. 

The area ABCD is the value of z when aj=6; therefore 

area ABCD = [D-^ i?'(a;)]6-[i)-i F(x)]a. 
This symbol is usually contracted into 

[D''^F{x)t 

and this last symbol means " replace x by 6, then replace 
a; by a and subtract the second result from the former." 

In the same way the function whose derivative is F(x) 
and which is equal to A when x is equal to a is denoted by 

D--" F(x)--[D''' F(x)]a+A, 

*ror the ordinary notation for an integral see § 110, 
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Ex. 1. Find the area between the graph of a.^-3^+2, the .r-axis, 
and the ordinates at x— ^ and .r= 1. 

as may be tested by differentiation. Hence the required area is 

[J*»-j*«+2x]i=|-t=i. 

Suj^pose the ordinates to be those at jr=^ and x=2; then the 
area is 

[J*»-fa;'+to:g=§-S=0. 

The reason for this apparently strange result is that from :r=^ to 
.r=l the ordinates are positive while from a:=l to d?=2 they are 
negative. From x^l to x=2 the measure of the area is negative; 
numerically this area is equal to that for which the ordinates are 
positive. 

Ex. 2. The area between the ^-axis and the graph of sin x between 
the points a:=0, x^t at which it crosses the axis is 

[/)-»sin^]^=[-cos;r]]^= -cos 7r-(-cosO)= +1 + 1=2. 

Ex. 3. A point moves on a straight line so that its velocity at 
time t is Fcos nt ft./sec. ; show that the space described from time 
^=0 till it first comes to rest is V/n ft. 

Let 07 ft. be the distance described in time t seconds ; then 

V 
DtX= Fcos nt; ^= — sin w^ + C. 

n 

When <=0, x=0 and therefore (7=0. The point first comes to rest 
when t has increased from to irl2n because cos nt is first zero when 
n^=Tr,'2. Hence we get for the distance required 

F. TT r 

— sin»=-. 
n 2 71 

§ 83. Integral Cunre. The graph of an integral function 
is called an integral curve. Since any two integral func- 
tions of F(x) differ only by a constant (7, the graph of the 
integral function f{x)+C may be obtained from that of 
f(x) by shifting the latter parallel to the y-axis through 
the distance (7. 

A geometrical construction may be given for graphing 
an integral curve based on that for the graphing of the 
derived curve (§ 79). 

Divide O^X' (Fig. 40) into equal short segments at the 
points 1^, 2i, 3i, ... and draw the ordinates through these 
points. Let the ordinates at 2j, 4j, ... meet the graph of 
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F{i3S) at 2', 4', . . . and let 2^, 4", ... be the projections of these 
points on OjF, 1" being the point where the graph cuts O^Y. 

Let us take the integral 
curve that passes through 0. 
rhen the tangent at is 
parallel to UV\ Let this 
bangent be drawn and let it 
cut the ordinate drawn from 
li at 1. 

The tangent at the point 
on the integral curve corre- 
sponding to 2' is parallel to 
Z/2". Draw 13 parallel to 
172'' cutting 2^2' at 2, and 
the ordinate drawn from 3^ 
at 3; 2 is the point corre- 
sponding to 2'. 

In the same way draw 35 
parallel to UAl' cutting 4^4' 
at 4 ; 4 is the point corre- 
sponding to 4'. 

The construction may be 
repeated and we get a series 
of lines 01, 13, 35, ... which may be considered as, approxi- 
mately, the tangents at 0, 2, 4, ...to the integral curve. 
That curve may now be drawn with a free hand through 
the points 0, 2, 4.... The point from which the con- 
struction begins is, of course, arbitrary, but when that is 
fixed the integral curve is determinate. The position of 
the other points 2, 4, ... is approximate ; the nature of the 
approximation and the justification of the construction may 
be seen thus. 

I^t f{x) be the integral function ; the equations of the 
tangents at the points on the graph of f{x) at which x is 
equal to a and 6 respectively, are 

y=(x-a)f(a)+fia); y=(x-b)f(b)+f(b). 

The abscissa of the point of intersection of these tangents 
is given by 




1,2,3,4,5,6,7, 8, M' 



Fig. 40. 
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Now, by the theorems of mean value, if 6 = a+A, we hav< 
/(6)=/(o+fc)=/(a)+A/'(a)+p«/"(a;i), 

where x^, x^ are each greater than a but less than a+/<^ 
Substituting these vsuues in the equation for x and 
reducing we get 

Assuming the derivatives continuous, then if h is smalli 
fi^i) ai^d jip^ will differ very little from each other and^ 
from f{a). Therefore approximately x=^a + \h\ that is, 
the abscissa* of the point of intersection of the tangents is 
very nearly that of a point half way between a and 6. 

Hence, in the figure the tangent at the point on the 
integral curve corresponding to 2' passes through 1 ; the^ 
point 2, which must lie on the ordinate 2^2', is therefore got ' 
as the intersection of the line through 1 parallel to 172". 
Similarly for the other points. ^ 

It may be noticed that if F{x) is of the first and, there- 
fore, f(x). of the second degree, the construction is exact 
since fXx) is constant. i 

§ 84. Oraphical Integration. The area between 0^X\ OJ, 
tne graph of F(x) and the ordinate M'R (Fig. 40) is equal 
^ /(«) where f(x) is that integral of F{x) which is zero 
7/t\^ ^ ^- ^^^ ^^^ ordinate MP of the integral curve is 
thl\r.^^'^'^ *^® *^®* OiM'RV is equal to the ordinate of 
thu« ?o ^^ ^"""T® *^ ^^® Voini corresponding to F. Wei 
area ^A ^^^Pi^^^a^ method of finding the measure of an 
when fh^ ,^..^?.^*™<5ting an integral function eveni 

^i^ed ^"^^^y^^""^^ form of the function Fix) is noi 
Tfi I 

greater ^^L^'^f/® **° ^ ^^"^ ^ith considerablyl 
possible to tiw" + ^ *^® derived curve. It is also! 
a given curve >«r *® integral curve corresponding tol 

«^^- For diLT^'^. °^ *° instrument called an /W 
^«r is r«fert?5X^,<i ^«««riptio° of the Integraph the 

(Plri^'^'^P^; la^l "^^^."^ ^- Abdank-Ablkanowicz. 
"s: GauthierlviUa^f''^ vnt4gTale et see applicatioru 

»ra;, or to the German translation bv 
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Bitterli, Die Integraphen (Leipzig: Teubner). The con- 
structions given above are taken from this work ; the notes 
of Bitterli contain several investigations on the properties 
of the integral curve and also numerous references to 
original memoirs. An article by Prof. W. F. Durand in 
the Sibley Journal of Engineering, January, 1897, will 
also be found serviceable. 



§ 85. Surfaces of Revolution. Let V be the volume of the 
surface traced out by the revolution of the arc GP (Fig. 41) 
about OX ; OM =x,MP=^ F{x) = y. To find D^ V. 
' When X increases by MN or Sx, V increases by SV, the 
volume traced out by MNQP, Clearly, when Sx is small, 
iV is greater than the cylinder of height MN and base the 
circle of radius MP, but less than the cylinder of height MN 
and base the circle of radius NQ ; therefore 

TrMP^,MN<SV<7rNQ^.MN; TrMP^<SV/Sx<TrN(?. 

Pence taking the limit for 8x = 

D^r= ttMP^ = X2/2 ; rf F= iry^dx. 

I Let S be the area of the surface traced out by the arc CP, 

tnd let CP be 8. To find D^S. 

I On the tangent at P take a length 

VT equal to the arc PQ, and let L 

be the foot of the ordinate to T. 

When X increases by MN or Sx, CP 

increases by the arc PQ or & ; we 

^ay assume that the area traced 

>ut by the arc PQ is, when Sx is 

tmall, greater than that traced out 

l)y the chord PQ but less than that 

traced out by the tangent PT, If 

ihe arc PQ lies below the chord PQ 

ihe inequalities will be reversed. 

The curved surface of the conical frustum having MP, 
}fQ as the radii of its circular ends and the chord JrQ for 
iant side is ir{MP+NQ)PQ ; the surface traced out by PT 
B similarly ir{MP+LT)PT. Hence 

PQ SS ,,,^. .^.PT 




M NL X 



Fio. 41. 



^(MP+NQy-^<^<ir{MP+LT) 



Sx 



o.o. 



w 
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The limit for rfa:=0 of PQ/Sx and of PT/Sx is D^ (§ 62)| 
and the limit of MP+NQ and of MP+LTis 2MP; hence 

D^=27rMP D^=2Try D^, 

or dS=27ry-T-dx=2Tryd8. 

The volume V is that integral of iry^ which is zero wheuj 
« = 0-4, and the surface S that integral of 27ry ds/dx, whicU 
is zero when x = OA, I 

Ex. 1. If the curve revolves about OF show that 

d F= ira/^dy ; dS = ^wx^ dy = 2irxds. 

dy 

Ex. 2. Show that the volume of a spherical cap of height A is 
vh^{^R^\K) and that the area of the surface of tne cap is 27^24^ 
R being the radius of the sphere. 

The equation of CPQ is y^»J{B?-a^\ hence 

F=0 when x=OA=R~h, and therefore 

0=-v(iIP-Jlh^-^ JA3) ; F= Tr(xR^ - J^) - TT (1^ -Rh^+ JA»). j 

llie volume required is the value of V for a;=R and is therefoiJ 

Again 
therefore 

^n*^^ « a' W^ *' a section of a surface by a plane perpendic, 
w^^^^ bet^^ '«««t>°n of *, i^(x), ani if V is tfie vol, 

^ ^-- the «^tS.n'^n^T(.Wow Sr *" ^^ "^"^ *^^ P> 
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§ 86. Infinitesimals. The student will doubtless have 
noticed that in finding derivatives a good deal of work 
would hg;ve been saved had it been possible to reject at the 
outset those parts of an expression that had zero for limit. 
Thus in § 80 Sz consists of the rectangle MNJtP and the 
curvilinear triangle PBQ, which is less than the rectangle 
PRQ8. Sz/Sx is therefore the sum of MP and of a line 
which is less than RQ. Since RQ converges to zero with 
Sx we may, so far as the limit is concerned, throw aside 
RQ from the outset ; we should thus at once obtain MP as 
the limit of Sz/Sx. 

Now that the student has had so much practice in finding 
derivatives and limits generally, he will be ready to grasp 
the method which enables us to reject, at any stage, a 
quantity which we can see will not occur in the limit; the 
method is that of Injiniteaimcils 

^ Definition. A variable quantity whose limit is zero is 
I called an infinitesimal 

A constant, however small, is not an infinitesimal in the 
sense now defined ; an infinitesimal is a variable quantity. 

Let a, )8, y ... , be infinitesimals, and let j8, y ... , be such 
jthat when a converges to zero ^, y . . . also converge to zero ; 
j3, y...are dependent on a and we can compare them 
with a and with one another. When a is taken as the 
standard of comparison a is usually called the principal 
infinitesimal. 
I fi is said to be an infinitesimal of the same order as a when 

o=oa 
where Aj is a finite number not zero. When k is zero fi is 

said to be an infinitesimal of a higher order than a ; when k 

is infinite J3 is said to be an in&iitesimal of a lower order 

than cu 

I When the limit of 13/ a is infiinite j3 is sometimes called an 

\ infinite with respect to a. 

\ In practice one infinitesimal is chosen as principal infini- 

itesimal and the other infinitesimals are said to be of a 

^certain order, first, second, etc., the principal infinitesimal 

I being either explicitly stated or sufficiently indicated by 

I the context. 
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B is defined to be an infinitesimal of order n with respect 
to a, n being positive but not necessarily integral, when 






where ik is a finite number, not zero. 

By the definition of a limit we may write 

^/o«=*:+a) or )8 = *:a•*+o)a^ 

where « is a variable that converges to zero with a, that is 
» is an infinitesimal The diflerence jS-Ara** or ow* is an 
infinitesimal of a higher order than a* because the hmit 
of «Ki'»/a*, that is of «, is zero. .* .1 xu^ 

Jfco» is called the principal part of jS; mamfestly the 
ratio of an mfinitesimal to its principal part has unity as 

its limit. 

If Lj8a«=fc, 



a»0 



where k is finite, not zero, /8 is sometimes said to be infinite 
of order n with respect to a, ti being positive. 

If )8, y are infinitesimals of order m, n respectively, the 
product )8y is an infinitesimal of order m+n, and the 
quotient fi/y is an infinitesimal of order m-^n ii m>n, 
but an infinite of order n—m if m < w. For 

)8 = (ik+ft))a'~; y = (A/+ft)')a^ 

and in the same way the quotient theorem may be proved. 

Ex. 1. sin a, 1 - cos a, sin a (1 - cos a) are of the 1st, 2nd, 3rd order 
respectively with respect to a. For 

assO a assO or a=0 ^ 

and their principal parts are a, ^a*, Ja^ respectively. 

Ex 2. If )S=V(9a-2a24-3a3), ^ is of order i and its principal 
Partisa^a. For r r- 

L 4= L V(9-2a+3a2)=3. 

i«8 inl- ^*? a -sin a is of the 3rd order and its principal part is 
ta. This follows at once from ex. 1. 



INFINITESIMALS. Ifi? 

§ 87. Fnndamental Theorems. The value of the explicit 
discussion of infinitesimals depends on the principle that so 
far as the IvmU of an expr^ion is concerned we need only 
in general attend to the principal part ; the other terms of 
the infinitesimal being of a higher order than the principal 
part will have to that part a ratio whose limit is zero, and 
may therefore be discarded from the outset. 

If an expression contain a finite constant term A and 
infinitesimals a, )3, y*-*, then so far as the limit is con- 
cerned we may, in general,B,t once replace A+a+fi+y+ ... 
by A, The essential thing is to find out the order of the 
expression ; in comparison with infinitesimals the principal 
part alone need be retained, while m comparison with finite 
quantities no infinitesimal need be retained. The order of 
an infinitesimal fi+y+ ... is, of course, that of its principal 
part. 

Care must, however, be exercised in applying this prin- 
ciple. Thus 1 — cos a + sin a contains the constant term 1; 
but 1 —cos a is of the second order, sin a of the first. Hence 
the whole expression is an infinitesimal of the first order, its 
principal part being a. 

The following are the two fundamental theorems. 

Theorem I. The limit of the quotient of two infmi- 
teaimaJs is not altered by replacing each infinitesimal 
by another having the same principal part. 

Let j8, y be two infinitesimals. In order that their 
quotient should have a finite limit, not zero, each must be 
of the same order. We may therefore write, the order 

being n, /3 = ^a«+ft)a«; y=A/a~-|-a)V. 

Let ^1, yi be two other infinitesimals having the same 
principal parts as ^, y respectively ; then 

where w^, a>i are infinitesimals different from w, <a\ Now, 

The reasoning would clearly hold i^ ^ were of higher 
order than y, for the limit both of fi/y and of /Sj/yi would be 
zero. If 13 were of lower order the theorem would hold in 
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the sense that the limit both of j8/y and of fi-Jyi would be 
infinite. 

From its great use in the differential calculus this theorem 
is often called the fundamental theorem of the differential 
calculus. 

Theorem II. The limit for n infinite of the sum of n 
infiniteaimaU is not altered by replacing each infinitesimal 
by another having the saw^ principal party provided aU 
the infinitesimxjUs are of the sams sign. 

The theorem is not necessarily true if the infinitesimals 
are not all of the same sign. 

Let Un=^i+/82+ ... +^n; '^n=yi+y2+ ••• +yny 
where jS^ has the same principal part as y^, /Sg as yg • • • • Th^i 
principal infinitesimal, previously denoted by a, is here l/7i,j 
and therefore the limit of each of the quotients /8i/yi, ^Jy^ • ••< 
for a = or ri = oo is unity. Of course the principal parts^ 
of ^1, ^2> i^g ... are not necessarily the same. 

It is a known theorem of algebra that when the quanti 
ties /Si, yi . . . , /Sg, y2 . . . , are all of the same sign the fraction 
y^nl'f^n Aies in value between the greatest and the least of 

the fractions iS^/yi, i82/y2 Hence, for every value of n 

the fraction ujvn lies between two fractiona each of whichl 
has the same limit, unity. Therefore, 

n—co '^n 

and therefore if Vn converges to a limit, Un will converge tq 
the same limit, that is 

L Un= L Vn. 

Ex. Let fip=nl(n+p)% yp=n/(n+p){n+p-\-l) ; then the limit oi 
PpIjp for w=« is unity for every integral value of p. But i 

yp=nl(n+p)-nl(n+p+l) ; 

_ n n . 

n+i 2/^+1 ' 
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. From its use in integration this theorem is often called 
tihe fmidamental theorem of the integral calculus. 

I Ex. 1. Wlien dx ia the principal infinitesimal, then (§ 60) the 
''princiml part of Sf{x) is df(x)=f(x)dx^ and that of 8/(j?) is df{x)= 

'f\x)dx. If /(iF)=tan<^ then the principal part of 8 tan</> is 

fJtan <f>==f'(x)ax, 

J Ex. 2. Let PQ be the graph oif{x) ; FT, TQ the tangents at P, Q. 
\OM=a, MN=PR=h, lRPs=4>, lSTQ=8<I>, lTPQ^o, lTQP=I3. 
^ Let h or PR be the principal infinitesimal 

RSy PS, PQ are of the first order. 

Let/"(^) be finite, not zero, from 
x=a to x=a+h; then by Th. III., 
!§72, 



Hence SQ is of the second order. 

8<f> is of the first order and its 
brincipal part is h coa^<t>fXa) ; for 
Ertan 9 is equal to se<^<^ d<f> and 
also (ex. 1) to hf"{a\ so that 

d<l>=h cos2</)/"(a). 




Fio. 42. 



Again, a and j3 are of the first order. For ainPSRs^cos ^ and 
sin a sin a siaPSR SQ cos<f) ,. sina , «•/»// v 



sin a, and therefore a, is thus of the first order ; the principal part 
^ a is ^hcoB^<f>fXa)y that is, half the principal part of 8<f>, Since 
p«d<^ — a its principal part is equal to that of a, that is, to half 
Uiat of 8(L 

J PT_j _8in^_i _T ^« T ^^-1 
^PQ~^am8<t>'~^''^PQ'' ^TQ"^' 



Again, 



K) that PT, TQ are of first order. Also 

PT+ TQ-PQ= PT{\ - cos a) +TQ{\- cos j8) ; 

lo that the difference between PT-\- TQ and PQ is of the third order, 
rince PT and TQ are of the first and (1 - cos a) and (1 - cos P) of the 
lecond. Hence the difference between PT+ TQ and the arc PQ is at 
east of the third order since the arc PQ is greater than PQ, 

The fact that the limit of PT/PQ is 1/2 is sometimes expressed in 
ihe words " PT is vltimatdy equal to \PQ " or " PT is in the limit 
Miual to iP§." Similarly it is said, that "the triangle PTQ is 
utimatdy isosceles.'' This phraseology, though occasionally con- 
venient, is apt to lead beginners astray. 

If /"(a)=0, SQ is of a lugher order than the second, and 8<^, a, j8 
are also of higher order than the first, and PT+ TQ-PQ oi higher 
lian the third. 
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Kjl 3. In Fig. 24, § 39, if MA be principal infinitesimal, prove 
(i) ATy arc AN oi first order, 
(ii) MNy NT, MT of second order. 

Draw MC perpendicular to AT; then prove 
(iii) MC of second order, 
(iv) CT of third order. 

Ex. 4 Show that (Fig. 42) if arc PQ^Ss 

§= L^=co83<^./'(a)=/'(a)/{l+(f(a))2}». 

§ 88. Polar Formnlae. Let A PQ (Fig. 43) be a curve whose 

polar equation is r=/(0); let LXOP=e, lPOQ^SO; OP^r, 

OQ=r+Sr. Draw QB perpendicular to OP. 

N 




Fig. 43. 

We will consider the arc PQ positive when the angle 
POQ is described by a positive rotation of the radius^ 
vector OP; the tangent PT is to be drawn towards th 
positive direction of PQ and by the angle, yfr say, betwee 
the tangent PT and the radius OP is meant the angle JSP' 
between the outward drawn radius OP and the tangent Pf 

(i) To find tan ^, 

_ rainSd+SrainSd 
~ Sr COS Sd-r{l-coa SO) 
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If SO be principal infinitesimal, Sr is of first order since 
)ir/d6 is in general finite ; therefore Sr sin SO and (1 — cos SO) 
mre of second order. We may, therefore, omit the quantities 
t>f the second order and put SO for sin SO and 1 for cos SO. 
Hence 

tan ^= L tan i2PQ= L ^t-.= ^ j— 

(ii)' To find the derivative of the arc. 

Let AP=8, arc PQ = &; then retaining only infinitesi- 
mals of the lowest order and remembering that PQ and 
arc PQ are of the same order we get 

(d8^^_j^ USrf+(rS0n ^^..(drV 

or d8=J{d7^+7^dO^}, 

and sin ^ = rdO/ds, cos yfr = dr/da. 

(iii) To find the derivative of the area. 

Let sector AOP = z, sector POQ = Sz; then Sz is inter- 
mediate to the circular sectors of angle SO and radii OP, 
OQ respectively. Hence Sz/SO lies between Jr^ and ^(r+Sry, 
and therefore 

dz 

^=Jr2; dz = i7^dO. 

(iv) Polar subtangent and Polar subnormal. 

If PM, PN are the tangent and the normal at P and 
through a line MON is drawn perpendicular to OPy 
meeting PM at M and PN at N, Om is called the polar 
subtangent and ON the polar subnormal. PM and PN are 
sometimes called the polar tangent and the polar normal 
respectively. 

The lengths of these lines can be easily expressed when 
required in terms of r and ^. 

EXERCISES XVIII. 

1. The equation r^aS represents the curve called the Spiral of 
Archimedes. Prove tan ^=(7 and show that the subnormal is con- 
stant. Sketch the curve. 
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8. The equation r—a/6 represents the Reciprocal Spiral, Show 
that the subtaneent is constant. " 

Prove that the perpendicular from the point (r, &) on the initial] 
line OX is equal to a sin $1$^ and then show that the curve has ani 
asymptote parallel to OX and at a distance a from OX, j 

3. The Lituus ia the curve given by f^O=a^. Show, as in ex. 2, tj 
OX is an asymptote and sketdi the curve. 

4. Show that ^ is constant for the curve given by r=a«*«»t« From 
this property the curve is called the EquianguUxr Spiral. Sketch the 
curve. 

5. The curve given by r=a(l -cos ^) is called the Cardioid, Show 
that ylr^6/2 and sketch the curve. 

6. If r=2a/{l -cos ^, show that V^=ir - 6/2, What is the curve ? 

7. If r=«0. *-i^(!f±^. 

or a I 

' dr r 

If r=»a«^«**, -i^=rco8eca. 

If r«=a2 cos 2^, ^=-. 

da r 

8. If, in the figure of § 88, PC is drawn perpendicular to OP and 
QC perpendicular to OQ, prove that the limit of PC as 86 converges to 
zero is drld6. If Sz is the area of the sector CPQ, show that dz/dO is 
equal to ^drld6f, 

9. Find the area bounded by the curve and the radii whose vectorial 
angles are ^j, 6^ for the curves of examples 1-5. 

10. The curve riven by r*=a'cos2^ is called a Lemniscate ; show 
that it consists of two loops of equal area and find the area of one 
loop. 

11. APQ (Fig. 43) is the path of a moving point P. If % v and a, fi 
are the components of the velocity and of 9ie acceleration of P along 
and perpendicular to the radius vector OPy show that 

u=r, v=r6; 

To prove these, note that (the limits being taken for 8t=0) 

, (r+&r)coB86'-r , (r+8r)sin8^ 

and if ti^ Vi are the values of w, v at §, 

, I*, cos 8^ — V| sin 8^ — w ^ ftir, ein 86 +v^ cos 86 — v 
„=L-] gi , ^=L^2 ^ . 
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12. If in example 11 the acceleration is always towards 0, show 
hat the radius vector sweeps out equal ^U7eas in equal times. 

Tor j8=0, and therefore r^^^Si (§ 88)= constant. 

13. If in Fig. 24 the tangent at N meets the tangents A T, BT at 
?y Q, shovr that the triangles PQT, ABT are each of the third order 
rhen MA is of the first, and that the limit of their ratio is 1/4. 

14. If in Fig. 42 the ordinate at ^ is LT^ show that the limit 
f ML\MN is 1/2. Show also that the principal part of the triangle 
^TQ is Wf\<^\ 

15. A circle is drawn touching PT at P, and passing through Q 
Fig. 42) ; if p is the limit of the radius when Q converges to P, show 
hat 

p=iL(Pe/sina)=:cfo/#={l+(/(a)2}V(«). 

If SQ is produced to meet the circle at ^. show that the limit of 
y^' is 2 sec» <^//'(a). 

16. A circle is described about the triangle PT^ (Fig. 42) ; if pj is 
;he limit of the radius when § converges to jr, show that pi =^p (ex. 16). 

17. W is any point on the arc P§ (Fig. 42), and a circle is described 
tbout the triangle PW^ ; show that when W and § converge to P 
the radius of the circle converges to p (ex. 16). Show that the result 
Is true if W and § are on opposite sides of P, and W and § both 
5on verge to P. 



CHAPTER XL 

PARTIAL DIFFEEENTIATION. 

§ 89. Partial Differentiation. In the following chapter wei 
will discuss very briefly functions of two or more inde^ 
pendent variables ; a thorough treatment of such functions 
IS difficult, and we will restrict the discussion to the simpler 
properties of continuous functions. 

Definition. A function f(x, y) of two independent vari- 
ables x^ y is defined to be continuous for the values a, h of 
Xy y if the limit for h=0 and A;=0 of 

/(a+A,6+i)-/(a,6) 

is zero, in whatever way h and k tend to zero. 

A similar definition holds for a function of more than 
two variablea 

Let tt be a function of x and y, say u^ax^+ibocy+cj^. 
Since x and y are independent x may vary and y remain 
constant ; the aj-derivative of u when x varies and y does 
not vary is called the partial x-derivative of u, or, the 
partial differential coefficient of u with respect to x. In 
the same way the partial 2/-derivative of u is the deriva- 
tive of V, with respect to j/ on the supposition that x does 
not vary. 

When tt is a function of x alone its aj-derivative is 
denoted by D^n or d/u/dx ; the same notation is often used 
for the partial cc-derivative of u, and the reader must 
infer from the context whether the derivative is partial 
or not. It has become customary, however, to represent 
partial derivatives by the notation 

dv, du . . /du\ /du\ 
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^he form 3 instead of d, or the bracket, indicating that the 
derivative is p£»i)ial. 
Notations analogous to fXx), fx(x) are also in use. Thus 

I fx((x^> y)> fy{x, y\ fx(x, y), fy(x, y\ u^, Uy, 

^enote partial derivatives of the functions /(a;, y) and u. 
I There is no notation, however, that is in itself quite free 
Irom ambiguity; the reader must usually infer from the 
»ntext whether a derivative is partial or not. 

The formal definition of du/dx, dufdy. where u=f(x, y) 
B, therefore, ^^ ^ f(x+Sx,y)-f(x,y) . 

"dx ^so Sx 

9y «y=o Sy 

Ex. 1. If u^cu^+2banf-{-<^. 

du/dx = 2cuc + 26y ; 'dufdy = 2bx + 2oy. 

Ex. 2. If «=sin(<w?+iy+c). 

'dufdx=acoa((Juc+by+c); 9M/3y=6cos(aa?+iy+c). 

S 89a. CkMrdinate Geometry of Three Dimensions. A knowledge 
bf coordinate geometry of three dimensions will ^eatlj assist tne 
reader in obtaining a clear conception of partial derivatives ; we will 
therefore give in uiis article a few fundamental theorems regarding 
t;he representation of points, lines, and surfaces by means cS three 
poordinates. In many cases the extension from two to three co- 
brdinates is extremely simple. 

(i) Coordinate Planes 
ana Axes. Coordinates 
of a Point, Through a 
point let three planes 
TOZ, ZOX, XOY be 
drawn, the angle be- 
tween each pair of planes 
being 90^, and suppose 
the planes to be pro- 
duced indefinitely, their 
intdhiections being the 
lines XOX,rOF,Z'(?Z; 
these lines will be mutu- 
ally at right angles. We 
will suppose f'OT and 
Z'OZ to lie in the plane 
of the P&per and the 
portion OXto be drawn upwards towards the reader (Fig. 44). 
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Prom any point P draw PN perpendicular to the plane XOT anl 
NM perpendiculiu: to the line X'OX\ complete the parallelepi'^'^ 
The position of P will be determined by the seoTrvemts OM or 
OL or LP, OF or NP. 

The three planes TOZ, ZOX, XOT are called the coordmcvte plain 
the three lines X*OX, Y'OYy ZOZ the coordinate axes and the th 
segments OMy 0L\ ON' the coordinates of P; is the origin 
coordinates. 

The positive directions of the axes and therefore of the segmen 
or cooroinates are from to X, from to F, from to Z respectively. 
P may be denoted the point (x^ y, z) where 

x=0M=LN^2fP) y=OL^MN=LP\ z=0N'=L'2f=^NP. 

The coordinate planes divide space into eight portions {octants) an<i 
there will be eight arrangements of the signs + , - corresponding to 
the octant in which the point is situated. Thus when the signs an 
(+, +, +) P Ues in the space bounded by YOZ, ZOX, XOT; wheii 
thev are (-, -, +) P lies in that bounded by TOZ, ZOX\ X'OT, 
and so on. 

(ii) Distance hettoeen ttffo Points, The geometry of Fig. 44 showi 

that OP^^OM^+MN^+NP^; OP=^{a^-^y^+^) (l| 

If Pi is the point {xy, ^j, «i) and Pj the point {x^t y^ z^ <^^ 
through Pi, Pj planes parallel to the coordinate planes (Fig. 46' 
forming the parallelepiped PiXgFg^gA J *^®^ -^- 

PjXg = ^Tj - Xi, Pi Fa =^2 " yn A^2 = ^2 ■" hi 
and A^2=v/«^2-^i)H(y2-yi)H(^a-^)'} 




Fio. 45. 



If we suppose the point P in Fig. 44 to vary its position, but always 
to remain at the same distance, a say, from 0, it will lie u{)on a 
sphere ; the coordinates of P will by (1) always satisfy the equation 

a^-\-y^-\-z^=a\ 
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which is therefore called the equation of the sphere. Similarly we see 
from (X) that the equation of tne sphere with centre Pi{xi^ y^, z^ and 

radius a is {^c-x^+iy-y^fJfiz-z^f^a^ (2) 

(iii) Direction Cosines of a Line. Let OP (Fig. 44) be any line 
through ; on the line take ©ne direction, say, the direction from 
■0 to ? as positive. The position of the line will be definitely fixed 
when the angles that the positive direction of the line makes with the 
positive directions of the coordinate axes are known. These angles, 
namely XOPy TOP^ ZOP, are called the direction angles of the 
line, and the cosines of these angles are called the direction cosines 
of the line. Each of these angles may be taken as lying between 
0* and 180° inclusive. 

Thus the direction angles of OX are (0% 90% 90°), of OX' (180", 90', 
90°), and the direction cosines are (1, 0, Oi ( — 1, 0, 0) respectively. 
I If a, )S, y are the direction angles of OP, then 

cos a =Oir/OP, cos P-^OL'/ OP, co&y^ON'jOPy 



OM^+OL'^+ON'^ 



OP^ 



= 1. 



r. 



and cos^ a+ cos^ P + cos^ y = 

If we write 2, m, n in place of cos a, cos )3, cos y, we see that the 
direction cosines (^, m, n) of a line are connected by the identical 

relation P+m2+w2=l (3) 

When the line does not pass through the origin, draw a line 
through parallel to the airection on the line that is taken as 
positive ; the direction cosines of the line so drawn are those of 
the given line. 

If the distance between P^ and Pj ^ ^) ^ being considered positive, 
the direction cosines of the segment PiP^ are 

(^2-<a?i)/n (y2-yi)/n (h-h)h ] 

and those of the segment P^i^ are [ (3^ 

(^i-^2)/n Ivi-yi^lr, («i- 

(iv) Cosine of the Angle between two 
Lines. Let (2^, m^, n{), {l^ m^ n^ be 
the direction cosines of the lines, and 
draw OP, OQ (Fig. 46) parallel to the 
positive direction of the lines. Let 
OQ be the projection of OP on OQ, 
and let PN be perpendicular to the 
plane JTOF and Air perpendicular to 
OX. Then 

OM^lfiP, MN^mfiP, 

NP^nxOP, OQ=OPcoB 6, 

where d is the angle between the lines 
OP, OQ. 

By the fundamental principles of 
projection, the projection of OP on 
OQ is equal to the sum of the projections of OJf, MN, NP on OQ 




FiQ. 46. 
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But the projection of OM on OQ is l^OMy of MN is mJ£N, and of NP 
18 n^NPy since ^ is the cosine of the angle between OM and OQ, etc. 

Hence OP cos ^ = l/)M+ m^N-^- n^P 

and therefore coA6=^lil^-\-mym^-i-n^n^ (4) 

Since 8in«^-l-cos«^ and l^^-^-m^^+n^^^A, l^+mi^+n^^=l, 

we have 8in«^=(;i«+ Wi«+«i*XV+»^^+«s*) - (V2+«»i»»2+**i«2)* 

= (miWj - »4ni)« + (njZg - «a^i)* + (^i^g - l^m^ (5> 

The condition that two lines should be at right angles is, from (4), I 

/]^2+mim2+n|n2^0 (4') 

(v) E^uatwM of a Straight Line. Let the point P^ {x^, y^, z^ be a 

fixed point on the line and let P^ (Fig. 45) be any other point (ar, y, z) 

on the line. Let P^P^^^r and let {I, m, n) be the direction cosines of 

PiPi', then i 

PiX^=x-Xi=lr; y-yi=mr; z-z^=nr^ 

and therefore { 

~T~^~^"~^ ^®^i 

Equations (6) express the relations that hold between the co-' 
ordinates of any point on the line and those of the fixed point, and arei 
therefore callecl the equations of the line. Had a point P, been taken 
on the opposite side of P^ from that on which Ps lies the direction 
cosines of PiP» would have been (-^, -m, -n) but the resulting 
equations would have been the same. If r be the absolute distance 
between the variable point (or, y, z) and the fixed point {x^, y^, z^) we 

may write (x-x^/l^...^ ±r (6') 

the + or — sign being taken according as the vai-iable point lies to| 
the positive or to the negative side of the fixed point. 

(vi) Equation of a Plane. The equation ^=a is clearly true for' 
every point on a plane parallel to the plane YOZ and distant a from 
that plane ; in other words x^a is the equation of a plane parallel to 
the plane YOZ. Similarly y=6, z^c are the equations of planes 
parallel to the other two coordinate planes. The equations of the 
coordinate planes themselves are ^=0,y=0, ^=0 respectively. 

The equation y=ax+b when considered foith rejirence solely to the^ 
coordinate plane XOY represents a straight line, AB a&y. If through 
AB a, plane is drawn parallel to Z^OZ the coordinates of every point in 
that plane will still satisfy the equation y=ax+b. When considered 
with reference to space therefore the equation represents a plane' 
parallel to the axis of the omitted coordinate. Similarly «=<«?+ 6, 
z=ay+b represent planes parallel to OF, OX respectively. 

Let a plane meet the coordinate axes a.t A, B, (Fig. 47) ; let OZ 
be the perpendicular from on the plane, (I, m, n) the direction cosines ' 
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of OL, Take P (a?, y, z) any point on the plane and draw the 
coordinates OM^MN^ SfP. 

The projection of OP on OL is OL itself which may be denoted by 
f ; also the projection of OP is equal 
to the sum of the projections of OJf, 21 

UN, NP on OL which are lOM, mMN 
nNP respectively. Hence 



lx-^my-\-nz=p. 



(7) 




Fig. 47. 



lao that the equation of a plane is of 
l^e first degree in the coorcunates. 
: If Z)=V(«*+*^+c«) the equation 

a«-\-hy+cz—d (7') 

may be written in the form 

lx-{-my-\-m=p 

py putting ?, w, w, t> for a//>, hjD, cjD^ 
djD respectively, tne sign of the root being chosen the same as that 
pf d so that p or djD may be positive, llie quantities a//), 6/Z>, cjD 
pre direction cosines since the sum of their squares is unity which is 
the condition required by (3) for direction cosines. These quantities 

re the direction cosines of ih^ normal to the plane. 
The direction cosines of the normal to the plane a;=0 are (1, 0, 0); 
f the normal to the plane v=^cuc+b, that is, — flW7+y=6 are 
-a/V(a*+l), l/>/(a2+l), 0), and so on. 

(i-ii) Equation of a Surface. Equations of a Curve. In general an 
nation of the form z—f(x^ y) or F(x^ y, ^)=0 represents a surface, 
us by (ii) the equation a^^y^-^z^-c^^O represents a sphere of 
|:adius a. 

Again, when the coordinates of a point satisfy tv)o equations 
F(^,y, z)=Oj if/jCy y, «)=0, the point must lie on each of the surfcuies 
^presented by these equations, that is, the two equations, considered 
ps simultaneous, are the equations of the cui-ve of intersection of the 
twrfa^ces. Thus the two equations 

represent planes ; the two, taken as simultaneous equations, represent 
their curve of intersection, that is, are the equations of a certain 
itraight line. Or, again, equations (6) may be written 

Rrhich are the equations of two planes ; the intersection of the planes 
fi the straight line given by (6). 

The two equations a? = 1, a^ ■\-y^ + 2^ = 9 

represent a circle which is the curve in which a plane intersects 1^ 
rpherp. 

G.o. 
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(viii) Pdar Coordinates, In Fiff. 44, let OP=^r, lZOF= 0, L.XON=4> 
then r, By <^ are called tha p^ar coordinates of P. The relationi 
between the rectangular coordinates (x^ y, z) and the polar coordinate! 
(r, By <^) of the same point P are easily seen to be j 

j7=rsin^cos<^, ^=rsin ^sin</>, 0=rcos^. 

(ix) Cylindrical coordinates. In Fig. 44, let ON=p, L.XON^y 
NP^z ; then Pf <^ z are called the cylindrical coordinates of 

Evidently p =r sin ^ ; x—p cos 4h V^P ^^ ^* 

p, ^ are the p2an« polar coordinates of Ny the projection of P on tl 
plane XOY\ r, ^, 9 are sometimes called spherical polar coordinates. 

Ex. 1. Find the equation of the plane through the three point 
(1, 0, 0), (0, 2, 0), (0, 0, 3). , . . ... 

Let the equation be ax+bv+cz—d; the coordinates of each poii 
must satisfy the equation. !^nce, to find a, b, c, d, we have 

a=d; 2b=d; Zc=d, 

that is, a/rf= 1, 6/rf= J, c/c? = J ; 

and the required equation is 

x-{-y/2+z/2 = l. 

It will be noticed that only the ratios of a, 6, c, c? are required ; th 
equation of the plane thus contains only three independent constant 
just as that of the straight line in Plane Greometry contains only ttuo, 

Ex. 2. The equation of the plane through (a, 0, 0), (0, 6, 0] 
(0, 0, c), is x/a +y/b + 2;/c = 1 ; 

a, by c are the intercuts made by the plane on the coordinate axes. 

Ex. 3. The equation of the plane through the three points (2, O, 3] 
(^1,6, 2), (3, -4, -2) is 

29a?+ 16^-7^=37. 

Ex. 4. The equations of the line through (^j, yj, z^), (^21 2^» ^ are 

^1-^2 yi-y2 ^-%* 

By § 89a (v), the equations of the line through (x^y y^ z^ in th 
direction (^, m, n) are 

{x - x^jl = (y - yi)/m = (2 - zi)ln. 
Since (^2* ^21 ^2) ^^^^ ^^ ^^^ ^^^^) ^^^ ratios I: mm are determined b; 

(^2-^i)/^=(y2-yi)/»*=fe-«i)M 

from which the required equations follow. 

Ex. 5. The direction cosines of the line through the point 

/ 4 9 4 \ 

(3, - 4, - 2), ( - 1, 6, 2) are y -jjj^^ -Tjjg* Tfi^j' *^^® positive direo 

tion of the line being from the first to the second of the points. 
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I Ex. 6. The cosine of the (acute) angle between the planes 

Is 1/14. 

Ex. 7. If 86 is the small angle between the lines whose direction 
cosines are ly m, n and l+8ly m+8m, w + Sw, show that, approximately, 

! (8^)2= (80^ +(Sm)2+ (87^)2. 

Both sets of cosines satisfy (iii) (3), and therefore 

i (;+8^)2+(m+8m)2 + (w+87i)2=l=;2+w2+TO«, 

ind 2 {m + m8m +n&n)= - {(SQ* + (Brnf + (Sw)^}. 

J Again 2sin2(i56^)=l -cos8^= -(^8^+m8w+%8w), 

and the result follows at once. 

§ 90. Total Derivatives. Complete Differentials. Let 
i=f(x, y) and let x and y be functions of a third variable t 
o prove 

dAi_?ni dx du dy /j\ 

dt^dx dt dy dt 

When t takes the increment St let x, y, u take the incre- 
bents Sx, Sy, Su respectively ; then 

Su=f(x+Sx, y+Sy)-fix, y\ 

Ind this equation may be written 

<5u = [/(aj+<5a;, y+8y)-f(x, y+Sy)] 

+[f(^>y+Sy)-My)] (i) 

By the mean value theorem § 72 

f{x + Sx, y+Sy)-'f(x, y + Sy)=Mx+e^Sx, y + Sy) 8x.,,{2) 
fix, y+8y)-f(x, y)=Ux, y+O^Sy) Sy (3) 

khere 6^, 6^ are proper fractiona The coeflScient of Sx in 
2) is the ic-derivative of f(x, y + Sy) taken on the supposi- 
ion that y+Sy does not vary and with x replaced by 
+ 6iSx ; the coefficient of Sy in (3) is the y-derivative of 
(Xy y) taken on the supposition that x does not vary and 
rith y replaced by y+O^Sy. Hence 

^=Mx+e,Sx, y+Sy)f^+Mx, y+OM J|- 
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N T §]i^^ T ^_^ T ^— ^y. 

itsso ^^ d^ 6t=o Sit dt it=o St dt 
L Mx+e^Sx, y + Sy)=fa(x, y); 

^ M^f y+02Sy)=Mx, y); 

since Sx, 8y converge to zero with St, and the functions ai 
all supposed to be continuous. Writing dw/dx, du/dy ii 
place oifaUx, y),fy{x, y) we get equation (a). 

In the same way if u=f(x, y, z) and a?, y, z are all funof 
tions of a variable t we get 

du _du da^ du dy du dz /J 

dt'^^dt^'dydt^dzdt 1 

and so on for any number of variables. 

In (a) we may suppose ^ to be the variable aj ; y is thei 
a function of x, and u is reaUy a function of the one vari 
able X. Equation (a) becomes in that case 

du_9u 3ud^ /^ 

dx^dx dy dx 

and in the same way, from (b) 

dx "dx ?/y dx dz dx ^ 

In these equations du/dx and du/dx have quite differen 
meanings. The derivative du/dx is formed on the supposi- 
tion that an explicitly named variable x alone varies ; oal 
the other hand du/dx is the limit of Su/Sx where Su is th«i 
change in u, due (i) to the change Sx in the explicitly named! 
variable x, and (ii) to the changes Sy, Sz, which are them^ 
selves due to the change Sx, \ 

du/dx, du/dt are called total dervvativea with respect t» 
X and t respectively. 

Ex. If u=a!^+t/^, then 

dufdjj = 2x ; dufdi/ = 2y. 
But if ^ is a function of x, say y=flw?+ft, then 

du 
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6r we may use (A') ; then 

nnce dtf/da!=a, and we get the same result as before. 

If X, y are independent, and if Su be the change in u, due 
to the independent changes 6x, Sy, equation (1) may be 
vrritten 

Su=Mx+e^Sx, y+Sy)Sx+f^x, y+e^Sy)Sy 

= [/fl<«^> 2/)+ft>i] Sx+[fj^x, y)+w2\ Sy 

Where a>^, Wg converge to zero with Sx and Sy, Hence if we 
lake &c, Sy as independent principal infinitesimals and write 
jfir, dy in place of Sx, Sy the products a>idx, w^dy will be 
bf order higher than the first and the principal part du of 
iSu will be given by 

i • dv,=^dxc+^dy (c) 

Similarly for three (or more) independent variables 

^=^^-^^^y+zi^ <^> 

du is called a total differential or a complete differential 

inre called partial differentials. These partial difi[erentials 

are sometimes written d^Uy dyU, dgU, 

\ If x, y, z are not independent but functions of t then, 

{Since dx=(dx/dt)dt ... y we should get equations of the 

iBame form as (c), (d) by multiplying (a), (b) by dt. 

f These equations (a) . . . (d) have important applications 

in geometry and mechanics. For plane geometry the 

equation (a') is very useful; the reader should study the 

lollowing examples carefully. 

I Ex. 1. Let u=cus^+bi/^-l ; then, x and y being mdependent, 

Consider now the equatUm u=0. The variables Xy y are no longer 
jindependent ; the point (^, y) must lie on the conic u^Q andy may 
ibe considered a function of :r, namely an ordinate of the conic. Since 
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u is now always zero for the admissible variations of a: and ^, the totd 
j;-derivative of u (not the partial) must be always zero. Hence by {A') 

Si ^ cb:~ dx~~ 'bxl 'by~ hy 

This equation gives the gradient at the point {x^ y) on the conic. 

Ex. 2. Let u be any function f{x, y) of x and y ; the equation u —i 
that is /(x, y)^0 defines y as a function of Xy namely y is the ordinal 
of the curve /(.r, y)=0. As in ex. 1, the total ar-derivative of u 
zero and the gradient at the point (x, y) is given by 

dx" Sr/ ^~" Sf/ 2^ 

where / is written for brevity instead of /(x, y). 

Ex. 3. If f{Xy y)^a^+y^ — 3axyy the gradient of the curve whosa 
equation is f(x, y)=0 is ' 

dy_ 3j?^ - day ay — x^ 

dx" Zy^-'dax~y^-a>x' 

Ex. 4. If pv=k$ {k constant) find dp in terms of dvy dO. 

Ex. 6. If u=*tan"^(y/4?) prove that 

du=(xdy-ydx)l(j!^+y^, 

Ex. 6. If iP=rcos^, ^=rsin ^, r and independent, show that 

dx = cos 0dr - r sin 0d$, dy = sin $dr + r cos dc?^ 

xdy - y <ia? = r*c?^. 
Ex. 7. Let u=f{xyy)-s^ then 

9u_B/ 5m_3/ ^«__i I 

The equation w=0 defines a surface, and now z may be considei^ 
a function of two independent variables x^ y, namely z=/(xy y\ | 

Bo? "dx 'dx^ ^^^y^^y 

§ 91. Geometrical Illustrations. Let P be the point {x, y, 
on the surface given by z—f{x, y), tod let APB, DPF b 
sections made by planes through P parallel to the plane 
YOZ, ZOX respectively (Fig. 48). 
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For points on the curve DPjP, y is constant. Hence Zzj'dx 
br 'dfi'dx is the gradient at P of the curve DPF, Similarly 
'^I'by is the gradient at P of the curve APB, 

If the equation of the 
surface is u=0, where u is 
the function F{Xy y, z), the 
equation u=0 de&ies z as 
to function of two inde- 
^ndent variables x and y. 
Along the curve DPFy y is 
constant. Hence along that 
curve the total cc-derivative 
lof u or F{x, y, z) must be 
'zero, u being for that curve 
la function of x and z which 
is always zero. Therefore, 
as in § 90, ex. 1, 2, 



(1) 




Fio. 48. 



(!') 



?!^4.^?? = ?^=:_?:?/?^.' 

'dx 'dz dx'^ 'dx" dx/ dz 

and dz/dx is the gradient at P of the curve DPF. 
Similarly, the gradient at P of the curve APB is 

dz^_dF/dF 

dy^ dyl dz 

'^ These expressions reduce to those first given if we put 
u=f(x, y)^z. (Compare § 90, ex. 7.) 

Tangent Plans. In Fig. 49 let APP^ BPP^ be sections 
of the surface by planes parallel to YOZy ZOX respectively. 
^Let P be the point (aj, y, 0), MM-^ = Sx, MM^^Sy^ M^ the 
point {x+Sx,y+8y,0) and Po the point on the surface 
{x+SXy y+Sy, z+8z). Let Pr^ PT^ be the tangents at 
P to PPPi, ^PP2y ^1 lyi^? on M^P^ produced and T^ on 
JfgPg produced ; Pmym^m^ is a rectangle parallel and con- 
gruent to MM^M^M^ ; P1P3, P2-P3 ^^e the curves in which 
the planes M^m^, M^m^ cut the surface, and T^T^ T^T^ the 
straight lines in which the same planes cut the plane 
through PT^T^ 






31ft AH ELBMENTART TREATISE ON THE CALCULUS. 

Since the gradient at P of the curve BPP^ is "bzfbx ami 
of the curve APP^ is 'bzj'dy we have 

Also the geometry of the figure shows that I 

m,r, + m,r,=m,2',. I 

sj,-'".^.- <.i 

But |^+|.,, j 

is the principal part of Sz (§ 90, c) ; therefore, when Ptri^} 
Ptn, represent Sx, $y the linei 
mg/g represents the principal] 
part of Sz. 1 

Again, it the plane PMMJ*} 
cut the surface in the curve PFJ 
the gradient at P of PP, is tha 
limit of SelMM^ or SzjPm^ BuB 
by the principles of infinitesimala 
tie limit of Sz/Prntia the same 
as the limit of mgTjPm^, sinc^ 
tn^Tg is the principal part of Szi 
Hence the gradient at P of PPJ 
is m^JPrn^ and therefore PT^ 
is the tangent at P to the ard 

^•'- **■ iSie plane PT, 7"^ is completely' 

determined by the two lines PT.^, PT^, that is, by the pointj 
(*i y, 2) and the derivatives 'bzj'dx, 'Qzj'dy. By properj 
choice of the independent increments Sx, Sy we could geti 
any point Q on the surface near P and the tangent to thei 
arc PQ would lie in the plane PT^T^ This plane is thereforej 
called the tangent plane to the surface at P, and the lina 
through P perpendicular to the tangent plane is called the' 
normal to the surface at P. ' 

To find the equation of the tangent plane suppose T^ i 
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be any point on it and let its coordinates be (X, F, Z) those, 
bf P being («, y, z) ; then 

and therefore by (2) 

^-. = |(Z-.)+|(F-3,) (3) 

which is the equation of the tangent plane at the point 
!(ic, y, z) on the surface, X, F, Z being the current coordinates 
of any point on the plane. 

When the equation of the surface is F{Xy y^ z)=^0 we get 
by substituting the values of dz/dx, dz/dy from (1) and (T) 

(x-.)g+(r-,)|+(z-,^.o OT 

The direction cosines of the normal are (89a (vi)) pro- 
portional to the coefficients of the current coordinates 
X, Y, Z and thereforie the equations of the normal are 

(X-«)/g.(7-!,>/g <Z-») («) 

Ex. 1. The equation F{x^y,z)=a^-¥y^-¥z^'-a^^O representis a 
sphere of radius a. 

?^-2^ ?^-2v 2^-2. 
-dx-^' dy~^^' ^"■^• 

Honce the tangent plane at {x, y, z) is 

or a:X+yF+2:^=(a:«+y2+^2)=a«, 

since (:i?, v, «) is on the sphere. If we take x^y, z z& current coordi- 
nates and (j?i, ^1, ^i) as the point of contact, the equation is 

x^x +yiy+ZiZ= a*. 

The equations of the normal are 

(X-x)/2x={r-y)/2y={Z-z)/2z, or X/x^Y/y^Zlz. 

With (xy y, z) as current coordinates the equations are 

^l^i=ylyi=^/h' 

The normal clearly passes through the origin which is the centre of 
the sphere. 
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Ex. 2. The equation or* + ^« + cz* - 1 = represents a surface called | 
a central contcota (a plane section is in general a central conic). Findv 
the equations of the tangent plane and the normal at {^i, t/i, ^i)- 

Ex. 3. The equation b^^-\-cz*-2x=0 represents a non-central 
conicoid. Find the equations of the tangent plane and the normal 
at (^1, yi, «i). 

Ex. 4. The equation aji^+bj^^-\-cz^=Oy where a, 6, c are not all of 
the same sign, represents a cone with its vertex at the origin. Find 
the equations of the tangent plane and the normal at (xt, y^, z^). 

If F\x, y, 0)=aa?*+6y*+<J2*, the derivatives dFfdx, 'dFfoy, dFfdz are 
all zero when x=y=^z=0. Every tangent plane to the cone goes 
through the origin, and there is no definite normal at the origin ; the 
equations of the tangent plane and normal are illusory if formed for 
the origin. At special points on a surface it may happen that the 
three partial derivatives are all zero ; in that case there is no definite 
taneent plane or normal at the point. Such points are usually called 
conical points, the vertex of a cone being the simplest case. 

§ 92. Bate of Variation in a given Direction. It is often 
necessary to find the rate at which a function of the 
coordinates of a point varies in a given direction. Thus 
at a point in a cooling solid the rate of diminution of tem- 
perature will usually be different along different lines 

issuing from the point. 

(i) Let u be a function /(a?, y) of 
two variables, and let Up, Ug denote 
the values of u at P(x, y) and at 
Q(x +Sx,y+ Sy) respectively, where 
PR=Sx, RQ = P8=Sy (Fig. 50> 
Then 

Up=f(x, y\ 

The average rate of increase of u in the direction PQ is 
{Uq-~Up)IPQ which may be written 

u^—Up ^ Ug—Up PR Ug — Ujf RQ 




FiQ. 60. 



PQ 



PR PQ * RQ PQ 



As in § 89a (iii) let the direction PQ be distinguished 
from that of PQ', and let PQ make with OX the angle ^ 
(see note at end of this article) ; then 

PR/ PQ= COS ^, RQ/PQ=am(f>. 
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Exactly as in § 90 it may be seen that the limits for 
PQ = of (Ujj— Up)/Pi2 and {Uf^ — u^jRQ are du/dx and 
^^6/^2/ respectively. If the element PQ be denoted by Ss 
(where 8 may represent the length of a line, straight or 
curved, measured from some point up to P) then the 
average rate of increase of u is (u*^—Up)IS8 or Sup/Ss and 
the rate of increase of u in the direction PQ is then 

-=-cos^+-sini, (1) 

If the rate of increase of u in the direction PT perpen- 
dicular to PQ is denoted by du/da', PT making the angle 
^ + 7r/2 with OZ 

3?= "3^"^^ ^+3^^^* (^> 

(ii) If u be a function f(x, y, z) of three variables the 
rate of increase du/ds in the direction PQ may be proved 
in exactly the same way to be 

! OS dx dy dz 

' where (I, m^ n) are the direction cosines of PQ. 
If (1) and (2) be solved for du/dx, du/dy we get 

- = -C08i,-^,Sm.t>r (1) 

^ = g^8m^+^co8^ (2) 

Equations (1), (2), (3) may be obtained at once from the equations 
of § 90 by taking t equal to s or «'. We have used the notation dufds 
instead of du/ds since we wish to find the rate of variation of u in two 
(or three) independent directions. In this and similar cases the 
meaning of the symbols must be constantly attended to. 

For examples on the use of these formulae, see the set at the end of 
the chapter (examples 9-13). 

^ote on Angles. — In earlier chapters it has been sufficient to consider 
the positive or negative acute angle that a line lying in the plane XOY 
makes with OX, In discussions like that of case (i), however, where 
only kalf-lines issuing from a point are dealt with, that restriction 
must be given up, and the angle may, like the angle of the polar 
coordinates, vary from to 27r or from - tt to tt. Thus P§' makes 



220 AN ELEMENTARY TREATISE ON THE CALCULUS. 

the angle {<!>•¥ ir) or (<f>-ir) with OX. With this new convention 
COS 6 may have a negative value. For lines in space the deterfnination 
specified in § 88a (iii) is always sufficient. 

§ 93. DeriTatives of Higher Orders. The derivatives of 
u=if(x, y) will usually be functions of x and t/, and will 
therefore hav^ derivatives. Hence we have 2nd, 3rd, . . . 
partial derivatives. The notation for these is similar to 
that for fimctions of one variable : 

The brackets and the letters within them are usually 
omitted and the last pair are written /aw, /yyy. 
Again, the y-derivative of du/dx is 

or 



dy dx dydx 
while the x-derivative of du/dy ia 



or 



'dx dy dxdy 

When all the functions in question are continuous these | 
two derivatives are equal (see below). For example, let 
u = aa;»»3/»; then 

so that 3^ _ y tt 

'dydx'^dxdy 

1^ indiffl "^y- In other words the (yiyier of difFerentiatini 
M to^ « J^f ' ^^^ operations of differentiating as to a; anc 
^ y are cornmutcUive. 

enfy that these two derivatives are equal when 

0) w=^sinj^+3,sinx; (ii) tt=^Iogy; (iii) u=Un'^. 



1 
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means that t6 is to be differentiated first three times as to y 
then twice as to oj ; while the symbol 

, means that tt is to be differentiated first twice as to a; then 
thrice as to j/. 

Similar meanings and notations hold for the higher 
derivatives of a function of any number of variables. 

A sound proof of the commutative property is somewhat difficult. 
Consider the expression 

hk ^ ^ 

By the definition of a derivative 

Hence the limit of (1) for A =0 is 

{fJix,y+k)-fJix,y)}lk (2) 

Again the limit of (2) for lr=0 is the y-derivative of fJix, y\ that 

By interchanging the second and third terms in the numerator of 
(1) and finding first the limit for ^=0 and then the limit for A=0 we 
should get /ay. Thus fyx and fay are both derived as limits from the 
same expression. But the assumption that the limits will be the 
same in whatever order we make h and k tend to zero is equivalent to 
assuming the theorem to be proved. A simple example will show 
that the order of taking the limits is not necessarily indifferent. 

Take the function (A + 2ir)/(A+/t) 

A + 2/r 2i&. lIl^^^1=L — = 2 

»=o U=o h-^k ) ~*=o k ~ ' 



* L 



h=Qh+k k 
h + 2k h 



L{L^}=Lf=l. 



Of course neither in this expression nor in (1) must**A or k become 
zero ; zero is the limit not a vatue of h and k. 

Assuming all the functions in question to be continuous we may 
proceed as follows. Let, for brevity, 

F{x)=f{x,y+k)-f{x,y\ 



\ 



222 AN ELEMENTARY TREATISE ON THE CALCULUS. 



then the numerator of (1) is F(x+h)-F(s). By the Mean Value 
Theorem F{x+h)''F(x)=hF^x+e^h), 0<^i<l, 

or, returning to the function f(x, y\ 

f\x+h)-F\x)^h{flx+9^h, !f+k)-Mx+e^h, y)K 
so that (1) becomes I 

{/-(*+0,*,y+*)-/^«+OAy)}/* (20 

Now apply the Mean Value Tlvdorem to the function of ^ in (2') ; 

/«(j:+ ^A y+k) 'Mx+e^h, y)^kf^x^e^h, y+ ejc\ 0<ft< 1, 

and (1) becomes /,«(^+^Ay+^2*). (3) 

Again, taking 4*(y)—f(x+h, v)-/(a?, y) instead of F(x\ the 
numerator of (1) is <^(y +it)- <^(y). Apply the Mean Value Theorem 
and proceed as before. We thus nnd that (1) is equal to 

M^+e^y+es (4) 

The two expressions (3), (4) are therefore equal. Since the functions 
are continuous the limits are therefore equal in whatever way h and k 
tend to zero, that is fgx^fxr i 

Hie commutative property may be easily extended by; 
induction to higher derivatives, the functions being sup- ! 
posed all continuous. Thus, since j 

dxdy^dydx 

Ba5*dy dxXdxdy) " dxdydx "" dxdy Xdx) "" dydx W / ByBa?" 
In general, 

dP+^+ry^ __ dP+9+ry^ ^ dP-^9+ru 

as may be readily shown by induction. 

A 5^>,^-,. ^^ ^^?- ^^ § 91, let F be the volume bounded by the surface 
^^DCy the coordinate planes and the planes MP, LP. 

^- (i)|r=a«air^P^;|gI=^i>. 

(ii) |l'=area ZiyT*/) ; g^=^P. 



Of iL''cJL^t?iv?p^;^^»^>°''/(^'i'). ^« ««' » geometrical proof 



I 
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^ Ex. 2. If tt=logr where r2=(^-a)2+(y-5)5*and {x-a\ {^-b)sLre 
not simultaneously zero, show that 

-^-^=2(^-a); also -^-^=2r?^ ; .•.o- = » 



BV_J[ . v3^_l 2(^-gy 



Similarly. ^4"'-^' 

and therefore by addition, since r^ = (a? - a)* + (y - h)% the result follows. 

Ex. 3. If w=l/r where r2=(^-a)2+(y-6)2+(2-c)2 and (x-a\ 
(y — ^)> (^ — c) are not simultaneously zero, prove that 

'dNb /d^ /dhi _ 

A charge m of electricity concentrated at (a, 6, o) has at (^, y, z) the 
potential m/r. The potential V therefore satisfies the equation last 
written, usually called Laplace? s Equation, 

If charges wi,, «i2, ... are concentrated at (a^^ ftj, Cj), (a2i &2> ^2)* ••• ^^® 
potential K at (;r, y, «) of these charges is ^(m/r) where 

so that the potential at any point (a?, y, «) not coincident with any of 
(the masses also satisfies the same equation. 

Ex. 4. If w=/(^, y) and Xy y are functions of t find dhijdt^ 

We have ^=1?^ ^+1^ ^, (i) 

, dt dx dr^ di ^^ 

dhi_ d fdu\_'du d^ dx d fduX 3u ^^.^ c?/3m\ 

dt^~dt\di)'~dx 'dt^'^di diVdxJ^dy dfi^ dt dtK^yl' 

Since dufdx is a function of x and y, its ^-derivative is found in the 
same way as du/dt in (i) ; that is, write 'du/dx for u in (i), 

dt\dx/'~'3j? dt dydx dt 

Substituting these values and noting that %^s-=^-^^> "^^ ^^^ 

^_3m dh^/du d^y /dht?dxy 
dt^~di dt^'^dy dt^^dx^Kdt) 

^ d^u dx dy ?^fdy\^ 
"^"^dxdy dt dt'^dyAdtJ' 
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Ex. 6. If /(a?, y)=0, show that dhfjda^ is given by the equation 

This may be obtained directly ; or in Ex. 4 put t=^x and note that 
u=f(x, y)=0 for every value of x and v, ana therefore du/dt andj 
d*u/at^ are both zero, while dxjdt^X, d^xfd^—O, I 

Deduce in this way the results of examples 26, 27, 28 of Exercises XIVa 
Ex. 6. If u=f(2f-\-ax)y prove ' 

Ex. 7. If u =f(x -{'at)+(f>{x- at\ prove 



dlhi 









Verify f or m = il cos {x +at)-^B sin (^ - at}. 

§ 94. Complete Differentials. If u is a function of the two 
independent variables x and y the complete differential o; 

dw=^dx+^dy (1) 

Now the question arises; given two functions 0(a?, y), 
\fr(x, y) of two independent variables x, y, is there ali^ays \ 
another function u which has 

4>(x, y)dx+\jf{x, y)dy (2)! 

as its differential ? { 

If X and y are not independent, say if y is a function f(x)i 
of X, we may replace y by f{x) and dy by /'(a;) (i». The \ 
expression (2) will thus become of the form F{x)dx and in 
this case (§ 82) there is a function which has F{x) as its' 
x-derivative or F{x) dec as its differential. I 

But if X and y are independent the case is altered Fort 
suppose the expression (2) to be the complete differential of ^ 
a function u; then the expressions (1) and (2) must bel 
equal for all values of dx and dy, , Since dx and dy arei 
independent we may put dy = 0, daj+0 and we get 

<l>{x,y) = du/dx, 
and in the same way 

ylr(x,y)=^?iu/dy 
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>r all values of x and y. Therefore 

dy dydx "" dxdy " dx 

Hence the expression (2) cannot be a complete differential 
oless 'dip/'dy = 'd'ylr/dx. 

Condition (3) is therefore a necessary condition ; it is also 

sufficient condition, but for the proof of sufficiency we 
sf er to treatises on Differential Equations. 

li JPy Q, R are functions of three independent variables 
> y, z the necessary and sufficient conditions that 

Pdx+Qdy+Rdz 

liould be a complete differential, that is, that there should 
e a function u of x, y, z such that 

du=^ Pdx+Qdy + Bdz 

th t 5^ = ?:?, ?^=?Q ^=?^. 

dx^dy' dy^dz dz dx 

I The student may show that these conditions are necessary. 

I 

I Ex. 1 . (3^7^ - ^xy)dx + (3y2 - aa?2)c^ is a complete differential for 

|(3^-^-4xy)=-4^=^(3/-2^) 

lid M=^ — 2^+^. 

Ex. 2. If P=y<2^+y+2;), §=^a<a?+25^+0), /2=^^+y+2«), 
|ow that du—Pdx-\'Q!dy-\-Bdz 

bere u = a^z + y^zx + ^xy. 

§96. Application to Mechanics. Let 
le plane curve APQ be the path of a 
B^rticle which is acted on. by a force 
', making an angle e with the tangent 
*T, F and € being functions of the 
x>rdinates aj, y of P. Let TT be the 
rork done from the position A (a, 6) Fig. 51. 

jp to the position P, and let the arc 

LP be denoted by 8. To the first order of infinitesimals 
tie work done over the distance cfe is 

dTr=Pcos€cfe. 

G.C. P 




\ 
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Let PT, PF make the angles ^, \fr with the a?-axis ; tho! 
iX)Bif>=idx/d8, sin <f>^dy/d8, and since cos€ = cos(^— ^) 

where ^ = Fcos^, Y^^Fwiy/r, the components of 
parallel to the axes. We thns get 

^^'i^t+^ty- ci 

Suppose now that Xdx+ Ydy is the complete differentu 
of a dingle-valued function /(«, y). Therefore X = dffd 
and Y-df/dy, so that , % 



Hence, as the particle moves along the curve, the rat 
dW/da at which W changes is equal to the rate df/ds 
which the function /(a?, j/) changes, and any change dWii 
W is equal to the corresponding change df in the functk 
f{Xy y). As the particle moves from ^ to P the work doi 
is therefore equal to the change in/(a5, y\ so that 

W=f{x,y)-f{a,h). .(S 

If W is the work from -4 to P when the particle movel 
)ng a different path of length 8\ we have as before  



along 



dW' = ^,d8^df, 



so that F' =/(aj, y) -/(a, b) = W. 

In this case, therefore, the work done by the force ] 
independent of the path between A and P, and, when A 
fixed and P variable, is a function simply of the coordini 
of P. When P coincides with A, that is, when the pi 
is a closed curve, the work done is zero (see Ex. 2 for 
illustration in which f{x, y) is Tnvltiple'Vcdued). 

Suppose on the other hand that Xdx+Ydy is not 
complete differential. In this case the coefficient of cfoii 
(1) is not the total derivative of a function /(a;, y). To fini 
the work from ^ to P we must express y in terms of x b; 
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using the equation of the path. Equation (1) will then 
become 

''M^*^t)X^*^^ w 

wid the coefficient of dx in (1') is a function of x alone. 
For different paths the function X+Y(dyldx) will have 
different values, and therefore W will depend not merely on 
jthe coordinates of P but also on the path from A to P. 
(See Ex. 3). 

i If APQ is not a plane curve it is easy to prove by the 
jBame method as that of finding dx/ds, dyjds for a plane 
curve (§ 62) that the direction cosines of the tangent PT 
are (§ 89a, iiL (3')) 

dx/da, dyjdsy dzjds, 

I If ly m, n are the direction cosines of PF 
' ,€&c . dy , dz 

h ^H^^*^t^4>- c) 

brhere X^IF, Y=mF, Z=nF are the components of F 
parallel to the axes. 

Exactly as before we see that if Xdx+ Tdy+Zdz is the 
K)mplete differential of a single- valued function f{x, y, z) 

dW=df and W=f(x, y, z)^f(a, 6, c) 

irhere A is the point (a, b, c). In this case W is independ- 
ent of the particular path from ^ to P. 

If however Xdx + Ydy+Zdz is not a complete differential 
t will be necessary to use the equations of the path and W 
rill depend not merely on the coordinates of A and P but 
Dso on the particular path from -4 to P. 
! When Xdx + Ydy+Zdz is a complete differential the 
brce F is said to be conservative ; the components are 
he derivatives of a force function u or a potential — V, 

Z=^ or X= -1^; dW=du or dW= -dF. 

dx 3aj' 
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Ex. 1. If F^m/r^ where r«=x«+y2+2*=OP2, and the direction 
of /* 18 from to P, then Fi&& conservative force. 

For Jr=f/'=^, r=% z=^, 

and dW==Xcb:+ rdy+ZcU=^{^xcb:+^dif'{-zdz\ 

or dW—-^dr^dl j, since xdx-\-ydy+zdz=rdr. 

Hence W— -«»/r+ const, and if V=^mlr, 

X^-dVfdx, r=-dVfdy, Z^-'dVfdz, 
The work from position P to position Q is 

mlOP-m/OQ, 
and is independent of the path between P and Q, 

Ex. 2. Let Z= -y/r*, F^x/f^, where f2=:p8+y^. 
In this case, putting y/ar=tan 0, 

dW={xdy-ydx)lf^=d. tajr\ylx)=de, 

and therefore Tr= ^ + constant. 

If the point P sets out from A and, after describing a closed cu 
within which the origin lies, returns to Ay the angle d and theref 
W will increase by 2ir. The work done is not zero, although d W t 
a complete differential dS ; the function is multiple-valued. 

If, however, the path is a closed curve within which the origin d 
not lie, the work done over that path will be zero. 

Ex. 3. Let X=—y, Y=x. In this case xdy —ydx is not a compl 
differentiaL Let A coincide with the origin 0, and let the path W 
the parabola y=(ja?*. Then, by {V\ \ 

dW={ — C3fi-^x,2cx)dx=ca^dx\ W—\c3i^—^xy. 

If the path is y^ca^, we find W=j^ca^=ixy, the work beinl 
different for different paths. 

§ 96. Applicatioxui to Thermodynamics. The condition o( 
a given mass of thermodynamic substance, say unit mass, it 
completely defined by three variables p, v, 6 the intensity o| 
pressure, the volume and the absolute temperature, p, n I 
are connected by an equation, the characteristic equatici' 
of the substance, fip, v, 6) = 0; for a perfect gas the equa-! 
tion is pv = kd, k being a constant. Oi the thJee variable^ 
therefore, only two are independent. 

Since f{p, v, 6) = its total differential is zero ; theref ort 

%'^+fv'''+%<^=^ 4 
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I If p be constant, and v, 6 vary, then dp = and we have 

de~ de ' dv 

Forming in the same way dO/dp, dp/dv and multiplying 

. dv dO 'dp ^ ,^. 

^^^^^ Wd^dv^"^ ^^> 

^ °^y 3^1-+'  w 

It must be remembered that in all these expressions the 
derivative of one of the variables p, v, 6 with respect to a 
second is formed on the supposition that the third variable 
is constant. 

If a small quantity SQ of heat be communicated to the 
substance and change p, v, 6 by Sp, Sv, SO respectively, 
then SQ can be expressed in terms of any two of these 
increments. To the first order of infinitesimals we may 
write, with 6, v as the variables, 

dQ=Mde+Ndv (4) 

It is to be most carefully noticed that dO, dv are am arbitrary 
small changes of temperature and volume. The three differentials 
dO, dv, dp are subject merely to the restriction expressed in equation 
(IX and any two of them may have values chosen at will. 

The specific heat at constant volume (K-,,) is the limit for 
S6 = oi SQ/S6 on the supposition that the volume does not 
change when 6 increases by SO, that is, on the supposition 
jthat dv=0. But if dv=0 equation (4) gives dQ/aO = M so 

The specific heat at constant pressure (Kp) is the limit 
jfor S0=0 of SQ/SO on the supposition that p is constant, 
;bhat is, that dp = 0. To find Kp equation (4) must be trans- 
formed so that and p shall be the independent variables. 
Since i; is a function of and p we have 

% ^^=i'^^+i^2' (5) 

(4) becomes dQ = (jlf + iv|^) d0 + ivg dp. 
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Therefore Kp=M+N^=K,+N^ 

The elasticity of the substance is —vdp/dv (§ 70). 
^« denote the elasticity when the substaiice expands 
constant temperature; 

therefore, E$^—v^ 

where 'bpi'dv is taken subject to the condition that 6 
constant. 

Let E^ denote the elasticity when the substance expanc 
adiabatically, that is, so that heat neither enters nor esca] 
We must distinguish the v-derivative of p in the two 
For the present denote the v-derivative of p for adiabat 
expansion by (dp/dv)^ and let dp/dv retain its previou 
meaning. Therefore, 

To find (dp/dv\, we must transform (4) so that p and t 
shall be independent variables. Now 

and therefore dQ=M^dp+(M^+N)dv (8] 

{dp/'dv)i is the value deduced from (8) on the supposition 
that dQ=0. Therefore 



VbvA 



M^^N M+J,^^ 



35 „3^ dv ^^ <^>- 



* if— Jf— — 

3p dp ze 

The numerator last written is Kp and M=K,; therefore 
Hence ^ = Ep /o 




r 
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For a perfect' gas KpjK^ is a constant, y ; also for a 
* perfect gas pv=kdf and therefore 

dp/dv = —p/v. 

Hence for adiabatic expansion, by (7) and (9), 

\ that is, pTj^ = constant 

The results (1)...(3), (5)... (9), are merely formal con- 
sequences of the definitions and the two equations 

I y (p .y 0) =, and dQ = MdO + Ndv. 

^ § 97. Fonr Thermodynamic Relations. dQ in the previous 

^^article is not a complete differential ; we cannot express Q 

in the form F(d, v) — ^(0o> '^o) without assuming some further 

relation between 6 and v. Physically, Q is not a function 

■>f 6 and v; heat may be given to the substance and 6, 

V go through a range of values and return to their initial 

, values, while the heat absorbed in the process is not equal 

to that given out Compare § 95 when dTT is a complete 

differential ; when a?, y return to their initial values a, 6, 

TF = 0, that is, the work done by the force F is equal to 

that done against it. 

It is shown in treatises on thermodynamics that if we 
put dQ=dd<f> where ^ is the entropy we can replace (4) by 

dE=ed<P'-pdv (10) 

I E i& the intrinsic energy and pdv the work done in the 
^infinitesimal expansion dv. dE is a complete differential ; 
that is, £ is a fimction of the variables that define the state 
of the substance. 

There are now four variables p^ v, 0, 0, but of these only 
two are independent. If v, Q are chosen as independent 
the symbol 'dpj'dO is now not suflSciently clear; it means the 
d-derivative of p when v is constant But if 0, were the 
^ independent variables, 3p/3d would mean the 0- derivative 
when ^ is constant. To avoid confusion we will, when 
there is doubt, enclose the derivative in a bracket and aflBx 
the independent variable which is supposed to be constant. 
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Thus (dp/dOX means that v, are the independent variables, 
and that v is constant in forming dp/dO. 

Since dE is a complete diflferential we have (§ 94 (3)) 
from equation (10) 

• I 

Let now v, d be the independent variables, then since | 

(10) becomes dE=e^de+(0^-'p)dv, 



and therefore 



or 






(l).=(^). <^ 

since the two derivatives of second order are equal. 

In the same way, by taking j), as independent variables, 

-^ ©rd).  <^ 

and by taking p, 6 SiS independent variables 

©,=-^). <'■> 

Equations (1'), (2'), (3'), (4') are those numbered (1), (2), 
(3), (4) in Maxwell's Heat, p. 169. 

In effecting the differentiations it must be borne in mind 
that for example when v, 6 are the independent variables, 
W/dv is zero. The careful working out of these four rela- 
tions will give much information as to the meaning of 
partial derivatives; it is necessary at each step to attend 
to the meaning of the operations rather than to the notation. 
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Ex. 1. d<i>=dQie={Mdo+mv)ie. 

For a perfect gas Epy K^ are constant, and by § 96, K^—M and 
Kp-Kv=N(dvfdd)p. But for a perfect gas (dvl'dB)p=vj6. Hence 
Nie^(Kp''Kj)/v and 

d^=K.^+{Kp-K^^^d . log (e^^v^P-'^^) 

'js may be tested by differentiation. Therefore 

^ = log {$^v^p~^v) + const. 

For adiabatic expansion dQ^Q and d<l>=0; we therefore have 

0K^Kp-K^ = const, or pvnf = const. , 
as in § 96. 

Ex. 2. The gain in energy dE due to a supply dQ of heat is given 
by d£!= dQ - pdv = (iV- p)dv + MdO, 

Show that if dB is a complete differential, dQ is not. 
Since rf-^ is a complete differential, we have 

d{N-p) _dM ^NJdM /dp 

W "dv ^^ W~dv^dff 

that is, 'dNfdO, dMfdv are not equal and the result follows. 
Ex. 3. Prove that 

dOd<f> d<l>'de~ ' 'dp'dv "dvdp' 

Ex. 4. Show that equation (10) may be written in the forms 

dE= d(e<t>) - <f>dO -pdv ; dE= - d{pv) + Sd^ + vdp ; 

dE=d{e<t>)- d(pv) - <l>dO + vdp, 

and then prove (1'), (2'), (3')- 

Ex. 5. It is shown in works on Thermodynamics that rf<^ is a 
complete differential. Prove that 

dv\o)~d6\'e/ 

§ 98. Change of Variable. Differentials of Higher Orders. 
When the independent variable a; of a function y is changed 
by a substitution, x = <j>{t) say, to a new independent 
variable t the aj-derivatives of y, Dgfy, Dxy^.., must be 
expressed in terms of the ^derivatives of y, y,y'>' » We 
have found (§ 68, ex. 2) that 

Dxv^m Dh^{^y-y^)l^ (1) 
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and it is easy to find Dxy, DxJ/... when these are required 
Since fj>(t) is supposed to be ^ven, the values of ic, «..., can 
be calculated, and the substitution of 0(0 for x and the 
above values for Dy, Dh/ changes any expression containing 
a?, y, Dy, Dhf... into one containing ty y, y, y.., , 

If we wish to make y the independent variable and x thei 
dependent, then "^ 

^-y-^' ^'2/=i>.(^)-^.^=-(^ (2) 

and so on. 

Again if we change from rectangular to polar coordinates, 
an equation /{x, y) = becomes an equation between r and 

6 and we may express Dxyt Dxy.,., in terms of Dgv, D^r; 
... being the independent variable. For a3=«co8 0, 
2/ = r sin d and we can differentiate the products r cos 0, 
rsine with respect to 0, r being a function of B, 

dx yydr . ^ 

:j^=cos j^— r sin 6 
de d9 I {^\ 

5g2=cos03^-2sme2^-rcos0, 

with similar expressions for dy/dO, dh//d6^. In equations 
(1) we may suppose t replaced by 6, since of course t may 
represent any variable; x would be replaced by dx/dd, 
X by d?xjdQ^ and so on. We should thus express Dy^ Dhf 
in terms of r, Q, dr/dO, d^rjdG^, 

In geometry and mechanics differentials of order higher 
than the first are often required. When x is the inde- 
pendent variable, dy = y'dx (§ 60). The second differential 
of y is denoted by d^y and is defined by the equation 

d^y::=fdx^^{D'xy)dx\ 

and in general the nth differential of y is denoted by d^y 
and is defined by the equation 

where dx^ means {dxY. 

If dx is an infinitesimal of the first order d^y is, in 
general, of the nth order. 
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In the second of equations (1) multiply the niunerator 
and denominator of the fraction on the right by dt^. Since 
t is the independent variable we have 

dx^xdt, cPx=^xdt^, dy = ydty d^y^ijdPy 

and therefore Dxy = {dxd^y—dyd^x)/doc^ (4) 

D^y is thus expressed as a quotient of differentials; the 
independent variable for the differentials is not x but t 
(or any other variable of which x and y are functions). If 
X is the independent variable, then by definition 

d^x = (D!x)dx^ = Oxd<c^ = 0, 

and similarly we see that d^x, d^Xy , . . are zero. In other 
words, the differential of the independent variable is 
constant 

From (4) we may easily derive (2). Take y as the 
independent variable ; then d^y = 0, dx = (Dyx)dyy d^x 

= {DyX)dy^ and (4) becomes 

For more than one independent variable the trans- 
formations are complicated. We will consider only one 
case that is of great importance in mathematical physics. 

§ 99. TranBformation of Vhi. Let u be a function of two 
independent variables a?, y, and let cc, y be changed to polar 
coordinates r, ; we wish to express Uxy itaw • • in terms of 
Uy, Urr* . . • Of course a derivative u^ implies that x, y have 
been replaced in the function w by r cos 0, r sin Q. 

du/dr is the rate of variation of u in the direction in 
which r increases, 6 being constant. In § 92 put = 0, 
8=randwefind ^ ^ ^ 

dr dx dy 

du/ds' in § 92 is the rate of variation of u in the direction 
+ 7r/2. Let = so that PT is perpendicular to OP and 
&'=PT=r tan 50 

du__ J Su_ J Su _ldu 

37""a,'=o5?"M=ortan50""r W 

Hence _ =-sm0;r — hcos0— \^) 

r W dx 3y 
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The element 'ds' is replaced by rdO ; r'dO is the element \ 
in the direction perpendicular to r just as dr is that in the 
direction of r. 

Equations (1), (2) are so ilnportant that we give another 
proof of them. By § 90 (a), taking x and y as functions 
of r, 6 being kept constant, we get by putting r for t 

dw_dii '^ du dy Q/\ 

dr'^^dr'^dy dr 

Here dufdx means (du/dx)y and dx/dr means (dx/'dr)^ in 
the notation of § 97. Also 




Dr'-^'— "^ g) sina. 



and the substitution of these values in (!') gives (1). 
In the same way 

du__du/dx\ i'^f^\ (2') 

Wdxydd/r dy\Wr 

from which equation (2) follows. 

Solving (1) and (2) for du/dx, du/dy we get 

du Jdu sin du /o\ 

;^ = COS0;^^ :^ W 

dx dr r W 

du . ^du . cos 3u /^\ 

;r-=sm9:^^ — z^ KV 

dy dr r dQ 

The function ^+^2+^ 

is of very frequent occurrence in Physics and is usually 
denoted by V^u, It is often necessary to transform V^u 
so that other variables shall be the independent variables. 

First, let u be a function of the two variables a?, y so that 
the third term is absent, and transform it so that r, 6, polar 
coordinates, shall be independent variables. 

Denote du/dx, dw/dy by Ux, Uy ; then we can find d^u/dx^ 
in terms of r, 6 by writing Ua; in place of u in (3). 
We must calculate dUg/dr^, du^/dd. Now, 
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dr 



d( ^du sinddu] 



Hence from (3) 

3a:2 ^ dr r W 

and when the above values of dUa^/dr, dUg/dO are substituted 
we get, after an easy reduction, 

^- 2^^^ ^sinOcosg 3% sin^gB^u 
^-cost^^^- ^ ^^^+ ^ ^^ 

sin^ fl 3i6 2 sin g cos 3ie> /^\ 

+ r 3r"*" ?2 ^g ^ ^^ 

In a similar way we find 

 3%_ . j;^3% 2sinecose 3^16 cos^gB^ 

cos^d 3t6_2sin0cos0 du /gx 

Adding (5) and (6) we get 

J^eajf transform V% from Xyy,zto cylindrical coordinates 

aj=pcos0, y = psin0, = 2?. 

Here 2? is not changed ; we have merely to write />, <f> for 
r, in (7), so that 

T72. 32^.131^^132^^3% .^v 

V^=^+-3;^+;^3^+3^ W 

Lastly y transform to spherical polar coordinates 
fl3 = rsin0cos0, 2/ = rsin0sin 0, = rcos0. 
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The transformation may be effected in two steps. First 
transform to cylindrical coordinates /d, 0, z where p- 
rsind; this change gives (8). Next transform from z, p 
tor,0where «=rcos0, p = rsina 

This change gives by writing z for x and p f or y in (7), \ 

a^"^V~9^ -^^^^^^ 

Also by (4) replacing y by p, 

du .' 3t6 . cosO 9u ,-^v 

g^=«^'^%+^i^ae <^^>: 

Substitute from (9) and (10) in (8) and put p = r8inO I 
and we get 

^^"a^-^-^ 9^+^902+ ^ ae"^r2sin20 902 vAA) 

It is sometimes useful to write the first two terms of (11) 
in the equivalent forms 

and we may transform (11) to 

since -gg^ = ?^, etc. 



EXERCISES ZIX. 

1. If :r=rco8^, i/=r sin 6, show that 

^^ \or/B \oxJv ^ \rdd/r \ox/» 

The equation (i) is not in conflict with the theorem that when a: is a 
function of the sirigle variable r, the product of dx/dr and drjdx is 
unity. The student should prove the equations by using a diagram, 
and he will see their meaning much more clearly. 
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2. If :F=rcoB^, y=rsin^, prove 

(i) J>h = ^-2 + 2 {B^Y - rD^r] /(cos SD^r^r sin Of ; 

Deduce from (i) the condition for a point of inflexion on the curve 
^ven by the polar equation r=J{$). 

3. If 07=0(1-008 1), i/=a(nt+siji t), express Dx^/ in terms of t, 

4. If ^=r cos ^, y=rsin ft and ^, y, r, 6 functions of t, prove 

(i) *cos^+i^sin^=r ; (ii) -icsin^+ycos^=r0; 

(iii) X cos ^+y sin 6=r- r^ ; (iv) -^ sin 6+y cos 6==rd+2r^. 

If F is the point (x, y\ equations (i) and (ii) give the velocity of P 
along and perpendicular to the radius vector while equations (iii) 
and (iv) give the acceleration of P in the same directions. It is easy 
to see that 



•'^^^'^-M(f^)- 



5. If s is the arc of a curve measured from a fixed point on it up 
to the point P{x^ y, z\ prove, using accents to denote ^-derivatives 
and dots to denote ^derivatives, 

(i) ^^'+yy' +0'2"=O ; (ii) ±=af8 ; (iii) x=^af'8-\-af's'^ ; 
(iv) y«-hyy+2'i=i ; (v) ^+3rH2*=«H«*/p* ; 

where -\lp^=oif'^-\-y"'^^-z'\ 
Equation (i) is obtained by differentiating as to « the identity 

this relation holding since af^ y, ^ are direction cosines. These results 
are important in Mechanics. Thus (iv) gives the tangential velocity, 
(v) the total acceleration. 

6. If the axes are turned through an angle a, the old coordinates 
{x, y) of any point are connected with the new coordinates (|, rj) 
of that point by the equations (§ 27) 



prove that 



a: =^ cos a -17 sin a, y=^sina+7/cosa, 



S?'^By«"^"^3^ 



(i). 



3m 3m 3a: . 3m 3y 3m . , 3m 
^-=75-0 — 1-^5-'^= -o-sma+^-cosa. 
Orf ox or) oy oTf ox oy 
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Solving for 'dufdx, dufdy, we find 

du 'du 'du . 'du du . "du 

g^-^ cos a -^ sin a; g^-^sma+g^coaa ; 

9"w 'dux 'du, dug . 

A similar equation to (i) holds for three variables Xy y, z. 

7. Prove |(v««)=V'(|). 

8. If in § 99 (12) $ be changed to fi where fi=cos^, show that 
V*M becomes 

1 r d\ru) , d /,, ^.du\ ^ 1 dhr\ 




the angle between the directions of PQ and P'§'. IVove 

(i) drfda^-coaO ; (ii) dr/d^= -cos ff ; 

/—\ ^ , Br3r ^ ,. . 3(r~*) cos^ 

. . 4 3XvV) _ 2 cos €+3 cos ^008 y 

In § 92 (3) put «=r ; then since r'=(ar' -:r)»+(y-y)»+(2' -«y, 
3r/9:r = - (^ - ^)/r, Br/B^ = (a;' - a?)/r, etc. 
and the ^-direction cosine of FP' is {a/-a:)/r ; of P'P, {x-af)lr. 

In finding 'dFrfdi B*' by differentiating ^r/3« as to «', it is to be noted 
that l^m^n and ^, y, ^ are independent of / ; so are V^ m\ n' and 
y, y, i' of «. 

since V^'batffdtl. Finding the derivatives of ^{7/ - y)lry n{s^ — z)lf 
and adding 

B^r (W +mm' +nn'\ , ( ^ -x , y'-v . 2'-£;\l 3r 

__ COS6 3r 1 3r 

which gives (iii). Also 

<X^~*)/3»= -r-'9r/3l»=cos ^/r^, which is (iv). 
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f 

10. Let QP in ex. 9 be produced backward to §i, making PQi=Ql\ 
Let u=l/PF'^l/r, and let iiq,u^, denote l/QP'y l/QiP'. Show 
(aA in § 92) that 

Bw_ J uq — Uqj ^ 'du coaO 

11. With the notation of ex. 9, let P be the centre of an elementary 
2Aagnet of moment My whose axis is in the direction PQ ; show that 
the potential V at P' of the magnet is 

At Q, Qi (see ex. 10) let quantities m, -m of magnetism be placed ; 
|the potential at P' of these quantities is 

muq - muq^ = mQ^Q{uq - Uq,)/QiQ, 

hjet QiQ tend to zero while the product mQiQ . remains constant and 
equal to M ; then V is the limit of the fraction just written, which 
by ex. 10 is 

jjdu ,,cos 

12. The components of the magnetic force at P* (ex. 11) are 

-'dVfdaf, -dVfdt/', -dVfdz^ ; show that 

dV_ 3M(a/-x)coae Ml 
^ da/" r^ r3' 

with similar expressions for the other two components. 

' 13. If an elementary magnet of moment M' is placed with its 
icentre at P' and its axis along /*'§', show that the mutual potential 
(energy W of the magnets is 

nr ^F^^ irir/^(0 J/^i/^'(cosc + 3cos ^COS ^) 

lf=Jf ^=ifif 3737= ^ 



^ Apply the method of ex. 11, taking V in place of u or 1/r. 



o.c. 
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CHAPTER XII. 

APPLICATIONS TO THE THEORY OF EQUATIONS. 

1 

i 

I 

§ 100. Rational Integral Functions. If f(x) is a rational^ 
integral function of x of degree n, it is proved in treatises 
on the theory of equations that in general there are 1\ 
values of x which make f(x) zero ; these values are called the 
roots of the equation J{x) = 0, or the zeroes of the functior^ 
f{x). These values are not, however, necessarily rea| 
numbers, nor are they necessarily all different. Thus, if 
^(a;) = (aj-l)2(x-2)(ic2 + l), f{x) is of the 5th degree; two 
of the roots of f{x) = are equal to 1, one root is 2, and 
there are two imaginary roots ±^( — 1). 

a is called an r-ple root of f{x) = 0, or an r-ple zero of fix) 
if f{x) contain (aj — a)*", but no higher power of (aj — a). In 
this case f(x) is of the form (x — aY<l>{x)y and 0(a) is noi 
zero ; if 0(a) were zero, then by the Remainder Theoren; 
proved in Algebra <t>{x) would contain a; — a, and therefore 
f{x) would contain a higher power than {x — af. 

When f(x) = (x^ay(l>(x) it is obvious that the 1st, 2nc 
... (r— l)th derivatives of f(x) will contain a; — a as a factoij 
and will therefore vanish when x = a. We leave it as a 
exercise to the student to show that the necessary an 
sufficient conditions that a should be an r-ple zero of /(a 
are that f(x) and its first (r— 1) derivatives should vanis 
when x = ay but that the r^^ derivative should not vaniaj 
when a3 = a. Also that the multiple roots of f{x) = an 
roots of /'(aj) = 0, and may therefore be obtained as t 
zeroes of the g.c.m. of f{x) and fix). 

Manifestly the graph of (x — aYipix) will or will not cr 
the a;-axis according as r is an odd or an even integer ; 
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I r>l the aj-axis will be a tangent at the point (a, 0), since in 
that case f{a) will be zero. 

Ex. 1. Show that 2 is a triple root of the equation 

' ' y(2), /(2), f{^) are zero, but /"(2) is not zero ; ^(2) is {x - ^)%Zx '+ 2) 
I so that 2 is a triple root, and - 2/3 is the remaining root. 

Ex. 2. Find what relation must hold between q and r that the 
equation 3i^-\-qx + r=0 should have a double root. 

If the root be a, then/a)=0,/(a)=0,/'(a)=f=0 ; therefore 
a3+^a+r=0(i); 3a2 + ^=0(ii); 6a=M) (iii). 

From (ii) a2= -g'/3, and therefore by (i) 25'a/3+r=0. Hence 
' a2 = - ^/3, and a? = 9r2/4^^ 

I so that 277'^ + 4g''=0 is the required relation. 

§ 101. Any Continuous Function. We will now suppose 
f{x) to be any continuous function; it has always to be 
remembered that theorems proved on the assumption of the 
•continuity of the function may cease to be true if the 
function be discontinuous. 

Iif{a)yf(b) are of opposite signs, then (§ 45, Th. II.) there 
is at least one root of flx) = in the interval (a, b) ; when it 
is said that a root lies in the interval (a, 6), what is meant 
is that the root is greater than one of the numbers a, b and 
less than the other. 

I£ f{x) is continuous and does n(5t vanish for any value 
bf X in the interval (a, 6), then f(x) is either an increasing 
or else a decreasing function in the interval (a, 6), and 
)bherefore when y(a) and f(b) are of opposite signs, f{x) 
vanishes once only ; that is, there is only one root in the 
Enterval. 

I£ f(x) and f{x) are continuous, then between every two 
nsecutive roots of f(x) = there is at least one root of 
(aj) = 0; and conversely, between two consecutive roots of 
(ir) = there cannot be more than one root of f{x) = and 
here may be none. 

The first part of this proposition is Rollers Theorem (§ 72). 
Fo prove the converse, let a and ^ be the two roots of 
r(/r) = 0, and suppose if possible that there are two roots of 
r(flj) = (), say a and 6, in the interval (a, ^) ; we may assume 
^ <: a < b < J8. Since /(a) = 0, f{b) = 0, fXx) must vanish in 
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the interval (a, 6), contrary to the hypothesis that a, jS are 
consecutive roots of f{x) = 0. It has abeady been pointed 
out that f{x) may vanish more than once between two 
consecutive roots of f{x) = 0, and therefore it may happen 
that there is no root of f(x) = between two consecutive 
roots ofAa^) = 0(§ 72). 

§ 102. Newton's Method of Approximating to the Boots of 
an Equation. Throughout the chapter we consider real 
roots alone, and we suppose that f(x) and its first two 
derivatives are continuous within the range considered. 
When f(x) is a rational integral function we will suppose' 
that the multiple roots, if any, of f(x) = have been 
determined by the method of the G.C.M., and that the cor- 
responding factors have been removed ; hence f(x) and fXx) 
will not vanish for the same value of x, (Of course it may 
quite well happen that the zeroes of the G.C.M. have to be 
determined by one of the methods about to be given for, 
approximating to the roots of an equation.) 

The following method of approximating to the roots is 
known as Newton's Method. 

Suppose it has been found that^a) is numerically small; 
we can generally get a closer approximation than a as 
follows : Let a be the root to which a is an approximation, 
so that J{a) = 0. By th^ Mean Value Theorem, 

/(a)=/(a) + (a-a)Aa) + Ka-a)y>i) (1) 

where x^ lies in the interval (a, a). If we neglect (a — of in 
comparison with (a — a), equation (1) becomes, since /(a) = 0, 

/(a) + (ai - a)fXa) = 0, giving a^ = a -f(a)/f\a) 

where aj is the approximate value of a. 

We may now use a^ as we have just used a, and get 
another approximation og where 

«2 = ai-/(ai)//(ai), 

and so on. This process, however, does not show that a^ is 
really closer to a than a is, and gives no criterion of the 
closeness of the approximation. We therefore investigate 
the conditions for the closeness. 
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§ 103. Tests for Degree of Approximation. Let us suppose 
(i) that /(a), fijb) are of opposite signs, (ii) that f{x) does 
not vanish in the interval (a, 6), (iii) that f\x) does not 
vanish in the interval. 

Conditions (i), (ii) show that there is one and only one 
root, a say, in the interval (a, h) ; condition (iii) shows that 
the graph of f{x) is either convex upwards or else concave 
upwards in the interval, that is, it has no point of inflexion.- 

Liet a be that end of the interval at which f{x) has the 
same sign as f\x) ; tliis choice of the end of the interval is 
essential, a may be either greater or less than h. 

The figures (a), (6) show the graph when f'\x) is nega- 
tive, (c), {d) when f\x) is positive. The abscissae of Ay B 
are a, 6. 







I Fig. 52. 

The graphs show that the tangent at A will cross the 
' a;-axis at a point a^ between a and a ; a^ will therefore be 
a better approximation than a. Now the equation of the 
tangent at A is 

y=/(a)+(aJ -«)/(«)> 

and when y = 0, a? = a^. Hence 

a, = a-f(a)/fXa) (1) 

Let the line through B parallel to the tangent at A cut 
the aj-axis at the point 6^ ; the equation of the line is 

y=f(b)+(x-b)f(a). 

Hence h=h-f{h)lf\a) (1') 
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and 61 lies between b and a, so that 6, is a better approxi- 
mation than 6, though not necessarily better than a. 

Now b,-a,= - tA«')-/(«)-(^-«)/'(«)}//(«). 
which by the Mean Value Theorem may be written ^ 

where x^ lies in the interval (a, h). 

Let d be the numerical value of (6 — a), d^ that of (61— «i), 
and let denote the greatest value of fXx), g the smallest 
value of f\x) in the interval (a, b) ; then 

d^^d^0/2g, or d^^d%, k=G/2g, 

Since a — o^ is numerically less than b^ — a^ we have a — a^ 
numerically less than d^ or d% so that the error in taking 
«! instead of the root a is less than d%. Similarly the error 
in 6, is less than d%. 

We may repeat the process with a^, 6^ instead of a, 6 ; 
we should find, using a similar notation, 

«« = oi -A«i)//'(«i) :K-=K -/(M//(«i) 

(^2 = ^1^^) that is, d^^d^l^, 

and the error in taking a^ or b^ is less than d^ or d^]<?. 
The process may be repeated. As soon as a, 6 are such 

that dk is less than 1, the approximation to a becomes very 

rapid. There is, as a rule, no need to calculate, fcj, ftg--- 
The student will see by examining figures that if a is not 

chosen as stated, the value of a^ or 6^ may be further from 

a than a or 6. 

§ 104. Examples. 

Ex. 1. If f{pc) = 3:p3 _ 4^ _|. 5^ find the roots of f(x) = 0. 
nx)^H.x-\-%)ix-%); f\x)^\%x; /» = 18. 

/(- §) = 6J is a maximum value of f{x) ; /(|)=3| is a minimum. The 
point (0, 5) is a point of inflexion. 

It is easy to see that the graph of f{x) crosses the ^-axis once only^ 
so that there is only one real root. 

/(-2)=-ll, /(-l)=+6, so that the root lies between —2 and 
— 1 ; as /( — 2) and /( - 1) are large, we seek a closer approximation 
before choosing a, 6. N ow /( - 1 -6) = - '888, /( - 1 -5) = + '875. Since' 
f'{x) is negative when x is negative, we take a= - 1*6, 6= — 1*5. 
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<?= numerically greatest value of /"(^') in interval ( - 1*6, - 1 -5) = 28*8. 

^ = numerically smallest value oi f{x) in interval = 16*25. 

ir=(?/25r=14-4/16-25<l ; d='\ \ d^k<'Ol. 

ai^a-f(a)/f(a)= - 1-6+ 04= - 1-56, 

ind Oi differs from a by less than 'Ol. 

a^=ai-f(ai)/f(ai)= -1-56 + '0083= -1-5517, 

md a^ differs from a by less than d^k^ or 0001. 

The values '04 and "0083 are of course approximations. Care must 
ue taken that we do not go beyond the root. Thus 

-/(«)//(«)= -046..., 

but if we take '05 as the value, thus making a. = —1*55, we find 
^(-1*55) to be positive. The reasoning, however, depends on having 
%ai) of the same sign as /"(^X ^^at is in this case negative. 
A closer approximation is 

a3=- 1-551 608 12, 

md the error is less than a unit of the last decimal place. 

Ex. 2. Solve the equation :f + sin a? - - = 0. 

If ^ is a point on the circumference of a circle, and if AB, AC are 
bwo chords which trisect the area of the circle, then the angle between 
AB and the diameter through A is ^a: radians. 

f{x) = ^ + sin a? - ■= ; f{x) = 1+ cos a? ; f'{x) = - sin jc. 

It is easily found that a; lies between 30° and 31", or in radians 
•5236, and 5411. 

/(-6236) = - -0236 ; /'(•5236) = 1 8660 ; 

/(-5411)=+-0089; /(-5411) = l-8572 ; 

d= -0175 < -02 ; k^Gj^g < % d^k < -00008. 

Since /"(^) is negative, we take a =-5236, 

a^=a -f(a)/f(a) = -5236 + -01 26 = -5362, 

and the error is less than a unit of the fourth place. 
The next approximation gives 

a^=ai -f(ai)lf{a{)^ -5362 + -0000674 = '5362674, 

and the error is less than a unit of the last figure. In degrees the 
angle is 30** 43' 33";0. 

§ 106. Successive Approximations. SuppcNse the equation 
to be of the form x = <p(x); let a be a root and a an 
approximation to a, a = a+^' say. Now 

a = (p(a) = if>(a+h) = <l>{a)+h(l>\a + eh); 
and therefore a — <p(a) = h(f>{a + Oh). 
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Using the terms " greater " and " less " to mean nun 
eoily " greater " and " less," we see that if, for every \ 
of X that is nearer to a than a is, if>{x) is less than a pr 
fraction m, the difference between a and (p(a) is less i 
mh ; that is, the difference between a and 0(a) is less i 
that between a and a. Hence 0(a) is a closer approxi 
tion than a. 

Denote 0(a) by a^ and let a = ai+^ where h^ is equa 
h<p\a+Oh) and therefore less than tnh. We find in 
same way 

a — 0(ai) = Aj 0X^1 + ^ A) "^ K'^ ^ ^^*- 

So that 0(aj) = a2 is a closer approximation than o^. 
upper limits of the errors Am, hm^ usually decrease pr< 
rapidly as m is, in the cases to which the method app 
often a small fraction. We may proceed, of course, will 
and so on. 

It is essential for the success of the method that if>'(x) 
near the root, a proper fraction. It may be proved i 
Newton's method is a particular case of that of Succea 
Approximations, and unless m be pretty small the la 
method has no advantage over Newton's. 

Ex. Solve the equation 10* =3456 Jx. 
Take logarithms to the base 10, and we get 

ar=iloga?+3 -538 5737 = <^j?). 

If we draw the graph of ^logx and of j?- 3*538 5737 we see 1 
they intersect for a value of x near 4 and also for a very small v 
of X, Take first a =4, now 

M *4343 

so that when a: is nearly 4, <f>X^) is a proper fraction. 
Take 4-figure logarithms for the first approximations, 

ai = 0(4) =3-5386 + -3010= 3-8396; 

02 = 0(ai) = 3-5386 + '2921 = 38307 ; 

Og = 0(02) = 3-5386 + -2916 = 3*8302. 

When a:=a^ a?-0(^)=*OOO5, so that ao is a fairly close approxii 
tion. Take now 7-figure logarithms, and we find 

^4 = <t>(a^) = 3-538 5737 + '291 6107 = 3*830 1844 ; 

a6=<5E<a4) = 3*830 1835; 

ag=^a6)= 3*830 1835 ; 

to 7 decimals a^ is correct. 




>% ^^ 
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Ex. 1. x=2y+x'-jy+jF'-.«*. 

Ist App. xs2y ; 

2ndApp.x=2y4-(2y)«-(2y)y==2y+2y8 ; 
3rd App. j:=2y+(2^ + 2y*)«-(2j^ + 2y«)y + (2y)3=2y+V+lV ; 

4thApp. J:=2i^+(2y + 2y«+14y3)»-(2y + 2y«+lV)y+(2y+2y2)'- 
=2y+2y«+14y»4•64y*. 

Ex. 2. 4j{x) may be an infinite series, the usual conditions 
convergency being supposed satisfied. Thus if we put c*= 1 +y, 1 

or J?=y-i^- Jj^-5*jj?*... ; 

and the student will readily find that to the fourth order 

that is log (1 4-y) =y - iy* 4- Jy' - Jy*. 

This is an example of Reversion of Series ; the full discussion, 
ever, of the subject of this article lies beyond our limits. The sti 
is referred to (Crystal's Algebra, vol. ii., chap. 30, for an ade< 
treatment. 

Ex. 3. Expand y in powers of x for large values of x when 

When X and y are both large the product xy may be neglect< 
comparison with x^ and y*, hence a first approximation gives y^+x 
that is y= — a?. To get a second approximation write 

y= -a:+3cwy/(x2-ay+y'), 

and on the right side put —x for y. We thus get 

2nd App. ^^-'X+3ax{ — x)l(ji^+x^+a^)=-x-a. 

To get a third approximation put —{x+a) for y and exnan 
powers of l/x, which lyy hypothesis is small since x is large. Thei 

y=-'"-ar»+3a^=-^-T+i)V^+i+a^>> 

The line y = - x - a is an asymptote of the curve ; the term a^ 
shows that at both ends of the asymptote the curve is above 
asymptote. (See Ex. 13, p. 62.) 

The method of this article is of great service in find 
the shape of a curve near any point on it. If the poini 
not the origin, we may shift the origin to the point, s 
then the equation will be of the form given at the beginni 
of the article. We may, of course, when we wish to expa 
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/ in powers of x, write the equation in the form y = ylr{y\ 
For the application of the method to the finding of asymp- 
totes and generally to the investigation of the shape of the 
jurve at a great distance from the origin, example 3 may 
lerve as an illustration. The student is referred to the 
idmirable treatise on Curve Tracing by Frost (London: 
liacmillan) for a systematic exposition of the method in its 
applications to geometry ; that book is, in the words of 
E^ofessor Chrystal, "a work which should be in^the hands 
>f every one who aims at becoming a mathematician, either 
practical or scientific." 

§ 107. The Equation z = tanz. Equations of the form 
mx = tan x occur in the Theory of the Conduction of Heat 
find in the Theory of Vibrating Plates. For simplicity we 
take w. = l, but the discussion goes on similar lines when 
m is diflFerent from 1. 

Obviously zero is a root, and the negative roots are equal 
in numerical value to the positive roots, so that we consider 
only the positive roots. 

By drawing the graphs of tan x and of x we see that they 
intersect once and once only in the intervals (tt, Sw/^), 
(27r, 5x72) and in general (nir, 7i7r+7r/2) where n is any 
positive integer. There is therefore one, and only one, root 
of the equation in each interval ; there is no root between 
«0 and 7r/2. 

Let x—ta.nx=f(x) and calculate by Newton's method 
the root in the interval (tt, 37r/2). 

f(x) = — tan^ X ; fXx) = — 2 tan x sec^ x. 

An inspection of the tables shows that the angle lies 
between 1 80° + 77*" and 1 80° + 78^ Expressing these angles 
in radians, we have to three decimals 

ic = 4-485; /(a;) =154; 

X = 4-503 ; f(x) = - 202 ; /(x) = - 22-1. 

Since f'{x) is negative we take a = 4*503, b = 4-486, so 
that d = "018 < -02 and it is easily found that k is less than 5. 

«! = a - f(a)/f(a) = 4- 503 - 009 = 4494, 

and the error is less than d^k or less than 002. 
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In Reeking a closer approximation care must be ts 
not to go beyond the root ; if we do so /(ag) will be posii 
Owing to the rapidity with which the tangent chai 
there is danger of doing so when using 4-ngure tal 
besides the next approximation will have an error less i 
d^lf or 2 X 10"*, so that we may use the ordinary 7-fi| 
tables. 

«4 is not beyond the root, for/(c4)= —'Oil 9542. 
Again, • 

a2 = aj-/(ai)//(ai)=ai--000 5888 = 4-4934112, 

so that if we take the root as 4*49341 the error is less < 
2 units in the last place. A closer approximation is 

4-493 4095. 

To get the other roots let ic = 'W7r + '3r/2 — d, then Q ii 
acute angle and 

tan X = tan 1^ — j = 1/tan 6 ; 

and since 0; = tana; we have tan d= -» d=tan"^ (- V B 
putting c for mr + ir/2 we have 

a; = c— tan"^f-V 

It is shown in a later chapter that 
SO that x = c h^niQ— v-fi + 



x^Sa^ 5x^^ 7x' 

The equation may be solved by the method of last arl 
since x is, even for tt = 2, greater than 7*5, and there 
l/x fairly small 

1st. App. x = c; 
2nd. App. x = c — ; 

3rA App. x = c-{c-l) '+^=c-^-^; 
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4th. App. x = c^{c-l-^^ ' + K'"D '-^' 



1 2 13 






c 3c3 15c^' 

rxi. A 12 13 146 

5th. App. aj = c---Q-3-:r^- 



c 3c^ 15(^ 105c7 

For 71 = 2, 3, 4, . . . , this last approximation is amply 
fmfficient for all practical purposes. The student may 
Bhow that x/tt has the values 1*4303, 24590, 3*4709, 4*4747, 
6-4818, 6*4844, for n = l, 2, 3, 4, 5, 6. [Kayleigh's Sound, 
I, p. 334 (2nd Ed.).] 

I Many equations involving trigonometric and exponential 
functions were discussed by Euler, and the general solution 
of the equation aj = tanaj is due to him. 

EXERCISES XX. 

In the following examples it will usually be sufficient to calculate 
the root to 3 or 4 decimal places ; in some cases the results are given 
k> more figures. 

1. Find the real root of 3^+6^-40=0. 

2. A sphere of radius 1 is divided by a plane into two parts whose 
rolumes are in the ratio of 1 to 2 ; the distance .r of the plane from 
the centre of the sphere is a root of the equation 3iP^ — 9^+2=0. 
Find a:, 

3. Find the root of o?^ - 4a^ - 7^ + 24 = that lies between 2 and 3. 
. 4. If (1+^)*= 27-34, findo?. 

5. If 10*= 204?, find^. 

6. The chord AB of a. circle, centre C, bisects the sector ACB; if the 
mgle ACB is X radians, show that J7=2 sin^ and find a;. 

I 7. Solve the equation a?=cosii7. 

8. The equation 2a?=tan^ has one root between and 7r/2 and 
mother between ir and 37r/2 ; find both roots. 

9. Show how to solve the equation 

br a when I and c are given, I being not much greater than c ; for 
ncample, c=100, i=106. The value of a determines the catenary 



254 AN ELEMENTARY TREATISE ON THE CALCULUS. 

anumed by a Btring of length I hanging from two points in a 
zontal line distant c from each other. 

10. Find the least roots of 

(i) (<^+e-*)cosjr-2=0; (ii) (^+c-*)co&r+2=0. 
Obviously zero is a root of (i) ; find the next smallest root. 

11. Solve ^— a8inj:=6 
where a =245316, 6=5-755067. 

12. Show that the approximations to the root a of a: — <f>(a:) j 
by the method of § 105 are alternately greater and less than a if 
is negative. 

13. If /(j?, y)=0 and F(x, y)=0 have as an approximate pa: 
solutions x^Oy y=h show that in general the values a+A, h'\-k 
be closer approximations if A, Ir satisfy the equations 

where in the derivatives Xy y are replaced by a, h. 

If /(j',y)-^Hary«-y-12, F{x,y)^^y^y'-^, 

find closer approximations to the roots near x—%y — \. 

14. If (y-a:)(y-2a:)=^+2j^3^+^ 

show that when x is small there are two values of y given, as fa 
terms of the third order in t, by the equations 

y^x-x^-a^ and y=2a:+a:2 + 3ir^. 

Show that the curve given by the equation has two branches 
pass through the origin and that the tangents at the origin are i 
and y = tx. Sketch the curve for small values of x. 

[Write y^^-^JZ^-^JZ^-^JZ^ and proceed as in § 106 ; t 
write y = 2a7+J7^/(y-:F) + , etc.] 

15. If a2(y^-:r*)=^+^, show that for small values of x there 
two values of y given by 

y—x+x^ja^ and y= -x-a^ja^. 

Show also that near (o, a) the shape of the curve is given by 

x^-^2a(y-a)=0. 
Graph the curve. 

16. If (y-xy=^a^+a^y-^x* show that for small values of x 

y=x±»j2.x^. 
Graph the curve near the origin. 
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§ 108. Proportional Parts. In the use of Logarithmic and 
similar Tables it is often necessary to find the value of the 
function for a value of the argument not given exactly in 
the Tables. It becomes necessary, therefore, to interpolate, 
and the ordinary rule is based on the assumption that the 
diflFerence in the function is proportional to the difference 
In the argument. We will now examine the assumption. 

Let h and z be small quantities having the same sign, 
but z being numerically less than h\ then by the Mean 
Value Theorem, f{x), fix), f\x) being assumed continuous, 
|he following equations are approximately correct. 

* A<^+^)-A(^)=¥'(P')+Wf"iP-): (1) 

Aa+z)-f(a)=zf\a)+^zJ\a) (2) 

Let D =f{a + h) —f{a) and eliminate /'(^) 5 therefore 

f(a+z)~f(a)=lD+^z(z-h)f\a) (3) 

^ Ek}uation (3) is approximate, but by following the lines of 
jthe proof of the Mean Value Theorem we can show it to be 
exact if in place of /"(a) we write f{a + Qh) where ^ is a 
proper fraction. 

*^^^^^^ /(a+0)-y(a) = |i) + i0(0-A)P (A) 

and let F{x) =f(x) ^f(a) - ^^D ^i{x^a)(x-a- h)P. 

Now F{a) = identically ; i^(a + 0) = by ( a) ; F{a +h) = 
identically, remembering the value of D. Hence F\x) must 
ranish for a value of a;. between a and a+0, and again for 
a value of x between a +2; and a+h\ therefore F'\x) must 
vanish for a value of x between these two values, and 
therefore between a and a+A. But 

and therefore P =/'(« + 6h). 

Hence, instead of (3) we get the exact equation, 

f{a+z)^f{a) = ^j^D+\z{z^h)r{a + eh) (4) 

where D =f(a + h) —/(a). 
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In the figure (Fig. 53), 

OA=a, AC=z, AB = h. 

UT=zD/L 

ST=\z(h'-z)f\a+eh). 

The error committed in repla 
the arc PSQ by the chord PI 
measured by ST. is by hypothesis less than h, ajid 
numerically greatest value 01 zQi—z) is \h\ Hence, 
be the numerically greatest value of f\x) in the inte 
(a, a+h\ the numencally greatest value of ST or of 

\z{h^z)f\a+eh) 
will be iA«G. 

Suppose now that f{x) is tabulated for a series of e 
distant values of «, the difference between successive va 
being h. Let a +2; be a value of x between a and a 
and therefore not given in the Table. The ordinary rul 
to calculate f{a+z) from (4), neglecting the second t 
on the right ; that is, 

f{a+z)=f{a)+lj). 

For a given value of a, the amount by which f{a) is 
creased to find /(a 4-^), namely zDJh, is therefore proportic 
to z ; the error in following the rule is therefore not gref 
tha,nh^O/S, 

Exceptions to the application of the rule occur in 
following cases : 

I. may be such that h^Q/S can not be neglected 
comparison with zD/h ; in this case the difference D is Si 
to be irregular. 

II. D may be so small that it vanishes to the number 
Jigv/res in the Table ; in this case the difference is said to 
insensible. The difference will be insensible when f(a) 
very small, since 

D =f(a + h) ^f(a) = hf(a) + ^h^Xa + Bh). 
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Example. f(x) = logi^sin x. 
Let if = logio e = 434 2946 ; 

hen f\x) = if cot oj ; f'\x) = — if cosec^a?. 

If X is small, f'(x) is large, and the differences are 
rregular; since cotaj is not large the differences are not 
isensible. 

^ If a; is nearly 90°, cot x is small, and the differences are 
isensible; though fXx) is not large the ratio fXx)/fXx) 
R — 2/sin2a5 is numerically large and therefore h^Q/8 can 
Ot be neglected in comparison with zD/h. Near 90** 
lieref ore the differences are both insensible and irregular. 

For tables that proceed at differences of V, A is 1' or in 

^^^ A =000 2909, 

ttd iMh^ = 000 0000046. 

o find when ^Mh^cosec^x would affect the seventh figure 

^e may put iif/t2cosec2i» = 5 x 10-«, 

hd we find from this equation that x is about 18°. Hence, 
^rt altogether from errors due to neglected figures in 
irrjdng out the numerical work which may easily amount 
i more than a unit in the seventh place, the error due to 
eglecting the term h^O/S will amount to half a unit in the 
rventh place for angles less than 18°. 
'If fe is equal to 10" the student may show that the 
Iventh figure will not be affected by the neglect of h^O/8 
Q the angle is about 3°. 

The student may with advantage consult Hobson's 
rigonometry. Chap. 9. The advanced student will find 
thorough discussion of all the principles involved in 
imerical approximations and the use of tables, in Liiroth's 
orleaimgen vher numerioches Eechnen (Leipzig: Teubner, 
KX)). 

Ex. 1. Show that for log cos ^ the differences are insensible and 
regular when x is small, and irregular when ^ is near 90°. 

Ex. 2. Show that for log tan a? the differences are irregular when 
is small and when x is near 90^ Show also that the maximum 
ror is least when x is near 45^ 
o.a R 
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Ex. 3. In a 7-figure table of the logarithms of numbers, show 1 
the term h^OjS is most important when the number is 10000, and i 
the greatest error arising from the neglect of that term is al 
5*5 X 10'*®, and is therefore negligible for these tables. 

§ 109. Small OorrectioiiB. In practice all measureme 
are subject to errors, and it is therefore of importance 
determine the influence on the result of a calculation wl 
the ar^ment or arguments of the calculated function 

fiven t)y measurements whose errors are approximat 
nown. 

Let a quantity x be determined by measurement and 
y be a function f{x) of x. Suppose that the value x gi^ 
by the measurement differs from the true value by SXy ti 
the true value of y is/(aj+&c) and the error Sy is 

8y=-f{x+Sx)^f{x)^f(x+eSx)Sx 
or Sy=f{x)6x approximately. 

The relative error Syjy is, approximately, 

y f{^) 

As a rule it h the relative error that is important; 
the two factors Sx and f(x)/f{x) the first depends sol 
on the accuracy of the measurements while the secon< 
conditioned by the general arrangements of the ini 
tigation. 

If there are two or more variables, oj, y, z say. then 
error Su in the function u=f{x, y, z) is 

as far as quantities of the first order in Sx, Sy, Sz. Si 
the value of Su is of the first degree in Sx, Sy, Sz the jc 
effect of the individual errors Sx, etc., is obtained 
addition of the effects due to each separately. T 
principle of " the superposition of small errors " is of gi 
importance in practice. 

Ex. 1. The side a and the angles B, C of a, triangle ABC 
measured ; if these be liable to the errors da, SB, SC, to mid the ei 
in the calculated value of the area S, 
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Denote by (8S)a the error in S due to the error 8a taken by itself, 
id use a similar notation for the other errors. In finding the 
arivative of S it is most convenient to differentiate logarithmically. 

^=^2 sin j5 gin C7/sin(5+ C), 

(8S)alS=28ala, " 

(8S)BlS={cotB'-cot(B+C)}8B, 

(8S)o/S={cot C - cot {B-\-C)} 8a 

The total error 8S is got by adding these separate errors. 

As an example, let a=250 (feet), B=2r 12', C=45^ 18', 8a=-26, 

?= IC, 8(7=20'. The percentage errors in a, B, are 

100^ = -l; 100^= -6; 100^= •?. 
a n u 

\, is sufficient therefore to use 5-figure logarithms. We find 

^ = -002 + -00474 + -00392 = -01066. 

8=^10646; 8;S'=113-49; ^^^^=1-L 

The calculation of S from the values a+8a, B+8B, C -{-80 gives, if 
i' be the new value of S, 

^' = 10760; ^'-^=114. 

Since b=asmB/Qm{B-\'C), we have for the error in b 

^lb=8ala+{cotB-cot{B+C))8B-cot(B-\'C)8C, 

> that Sb/b = 00390, 10086/6 = -4, 8b = -5 nearly, 

ad in the same way 

&?/c=-0040, 100Sc/c=-4, &j=-75. 

Ex. 2. The sides a, 6, c of a triangle ABC are measured ; to find 
ke error 8A in A due to errors 8a, 86, 8c in a, 6, c. 
W^e may take the value of cos A given by 

cos^=(62+c2-a2)/26c 

id differentiate ; but the result may be obtained more quickly, thus: 

a=b coa C -\- c coQ B ; 

lerefore 8a = cos (7 86 + cos 5 8c - (6 sin (7 8(7+ c sin ^85) 

=cos {786+cos 5 8c - 6 sin C(8(7+8iB) 

=cos (786 +COS 5 8c+ 6 sin C 8-4, 

nee 6sin(7=csin5 and ^1+ 5+ (7= 180', so that 8^4 + 85+ 8(7 is zero. 

[ence 8^4 = (8a - cos (7 86 - cos 5 8c)/6 sin (7, 

kd the trigonometrical functions may easily be expressed in terms of 
Ed sides if required. 
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L The area 5 of a triangle ABC is determined by a, 6, (7 ; a 
that the relative error in the area is given by 

-5-= — h-r+cotC/oC/. 
Sao 

Show that the error in the side c is given by 

&;sco8^3a+cos^56+a8ini75(7. 

2. At a distance of 120 feet from the foot of a tower the elevai 
of its top is 40° 16^ ; if the distance and the elevation are measurei 
within 1 inch and 1 minute, find the greatest error in the calcula 
height. 

. S. If the density (p) of a body be inferred from its weights TT, % 
air and in water resjMctively, show that the relative error in p < 
to errors 8 IF, 6tr in IF, ur is 

p— W--W W ^ W-w 

4. The side a and the opposite angle ^1 of a triangle ABC rem 
constant ; show that when the other sides and angles are sligl 

^*^^ Sb 8c ^ 

cos^ cost/ 

6. If a triangle ABC be slightly varied but so as to remain inscri 
in the same circle, show that 

8a 8b 8c _^ 



COS A cobB cos (7 

6. In a tangent galvanometer the tangent of the deflection of 
needle is proportional to the current ; snow that the relative er 
in the value of the current due to an error in the reading of 
deflection is least when the deflection is 45**. 

7. If ordinates which differ by less than one-hundredth of the u 
line are considered to be equal, show that the parabola y=:r+2:z^ ^ 
coincide with the graph of 

^+2.r2+3^+4ir* + 5a;» 

for values of x between - '14 and + '14. 

8. Show that the curve a^4-y*=3cw;y has two branches which p 
through the origin and that the equations of these branches near 1 

Show that closer approximations are given by 
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9. Show that, near the points stated, the carve 0^+^/^=200^ is 
iven by the respective equations, a being positive. 

Near (o, o) y^=2cuv^ ; near (2a, 0) ^= - 4a^(x - 2a) ; 

At infinity y = - ^ + 2a/3 + 4aV9^. 

Show that y is a maximum when a;=4a/3 and graph the curve. 

10. Show that for the curve ^^ _ ^ _ 6^ + ^y +^2 _ q (jj^e following 
pproximations hold : — 

Near (o, 0) y=2:p-fa;2 and y= -3^+f^*. 

At infinity ^+l = l/y, y=^+2-6/^, y=-^-3 + 6/^. 

Show that the asymptote a?+l=0 crosses the curve at (-1, -5), 
le asymptote y = j? + 2 crosses at ( - f , f ) and the asymptote y = - ^ - 3 
rosses at ( - j, - f ). Graph the curva 

11. Show that the curves 

ave each a cusp at the origin but that both branches of (ii) lie above 
he ;r-axis near the origin. Graph the curves. 

In case (ii) the cusp is called a cusp of the second kind or a ramphotd 
usp while the ordinary cusp is called for distinction a cusp of the first 
Una or a ceratoid cusp. 



CHAPTER XIII. 



INTEGRATION. 



§ 110. IntegnktaoiL In § 82 the general problem of i 
Integral Calculus has been stated, namely : — Given a o 
tinuous function F{x), to find another function w^h 
(i) has F(x) as its derivative and (ii) takes a given value 
when X takes a given value a. 

When condition (i) alone is given there is an indefin 
number of solutions. These solutions, however, differ oi 
by a constant; any one of them is called an inde/in 
integral of F(x) and the constant is called the (xmstant 
integration. This constant is sometimes called an arbitra 
constant since it may have any value whatever. If yi 
is an indefinite integral, f{x)+0 is called the general : 
tegral. being an arbitrary constant. 

Instead of the notation of inverse functions Dx'^ F(x) 
is customary to denote the indefinite integral of F{x) 
the symbol f 

l^(aj)daj; ( 

read, " the integral of F{x) with respect to a?," or " integi 
of F(x)dx" The differential dx indicates the variable 

integration, namely x, and the joint symbol I . . . doj mea 

"integral of ...with respect to x" F(x) is called ti 
integrand. 

What was in § 82 denoted by [D-'^F(x)f is now denote 

by n 

F(x)dx; ( 

read, " the integral from a to 6 of F(x) dx" The functic 
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denoted by the symbol is called a definite integral, and a, 6 
are called the limits of the integral, a being the l(yu)er limit 
and 6 the upper, (The word " limit " in this use of it means 
merely " value of the variable of integration at one end of 
its range," " end- value " ; this use of the word must not be 
confused with the technical sense employed in other con- 
►nections.) The interval (6 — a) is called the range of 
lintegration. 

Geometrically, the symbol (2) denotes the area, in sign 
land in magnitude, swept out by an ordinate of the graph 
of F(x) as X varies from the lower limit a to the upper 
limit 6. If f(x) is an indefinite integral of F(x) then as 



in § 82 .^ 

F(x)dx = [D'^F(x)l =f(h)^f{a) (3) 

I We may, if we please, use the general integral f(x) + G 
instead of f(x) ; the result will be the same since (7, being a 
f constant, will disappear in the subtraction. 
I It follows at once from the geometrical meaning or from 

1(3) that fV(a;)d!aj=-fV(aj)cZic=/(a)-/(6) (4) 

I that is, the limits a, 6 may be interchanged if at the same 
time the sign of the integral is changed. 

Again, the form /(6)— /(a), or the geometrical meaning, 
shows that the definite integral is a function of its limits, 

r ... P 

not of the variable of integration. Thus I F(u)du has 
precisely the same value as I F(x) dx. 

From the point of view of a rate, F{x) when it is the 
derivative of f(x) measures the rate at which f(x) increases 
with respect to x; the amount, positive or negative, by 
which f(x) increases as x varies from a to 6 is j(b)'-f(a). 
Hence the definite integral (3) measures the amount by 
which a function f(x) increases for a given change (b — a) of 
its argument when the rate of change, F{x), of the function 
is known. 

The function which has F(x) as its derivative, and which 
is equal to A when x is equal to a, is (§ 82) 

D-''F(x)^[D'^F(x)]a+A, 



264 AK ELEMENTARY TREATISE ON THE CALCULUS. 

and is, in the present notation, represented by 

{''F{x)dx+A oThy{'F{w)du+A (5) 

Here the upper limit x denotes the particular value of the 
argument for which the function is calculated. In the 
geometrical representation of § 82 the upper limit x is 
the abscissa OM of the point P. From the point of view 
of rates the symbol (5) denotes the function which is 
equal to A when its argument is equal to a and which 
increases at the rate F(x). 

The subject of definite integrals will be more fully con- 
sidered in Chapter XIV. ; enough, however, has been given 
in this article and in Chapter X. to enable the student to 
solve the simple examples on areas, etc., which are given 
in the exercises of this chapter. 

111. Standard Forms. Integration from the point of 
view from which it is now being considered is simply the 
inverse of differentiation and the first requisite for the 
calculation of an integral, definite or indefinite, is a table 
of known integrals; the table will be formed from an 
examination of the known results of dififerentiation. 
Various methods will then be given for reducing, if 
possible, an integrand not found in the table to a form 
that may be integrated by means of the standard forms. 
In all cases of indefinite integrals the test to be applied 
is that the derivative of the integral must he equal to the 
integrand. 

In symbols 

f(x)=\F(x)dx if ^=F(x) 

SO that the equation that defines an integral is 

^^lJF(x)dxyFix). 

Considered as symbols of operation d/dx and j . . .dx are 
inverse to each other. J 

In the language of differentials F(x)dx is the difiTerential 



STANDARD FORMS OF INTEGRALS. 265 

>f f{x) when f{x) is the integral of Fix) ; f{x) is often 
lalled the integral of the differential F(x)dx, Since 

F(x)dx = df(x) = d[\F(x)dx'\ 

ihe operators d and I are inverse to each other. 

The following table contains what may be called the 
fundamental standard forms; other important forms will 
!» given later. Most of the forms are given twice; the 
argument occurs so often in the combination ax+b that 
he student should from the outset make himself familiar 
l^ith the corresponding integral. The results should of 
curse be tested by differentiation. 

1. Un^-h 

J n+1 y ' (ti+l)a 

2. If 71= -1. 

\- dx=\ozx\ I — -— i:cZaj = -loff(aaj+6). 

3. Ie*c?a3=e*; Xe^dx^-^. 

4. |sina;daj= — cosa;; I sin (ace +6) da; = — cos(aaj+6). 

5. Icos xdx = ^vcLX\ I cos (ace + &) c?a; = - sin (a£c+ 6). 

6. I secret; dx = tan x ; I sec^(aaj +b)dx = ~ tan (aa? + &). 

7. |co8ec*a;daj= — cotcc; 

f 1 

I cosec^(acc +b)dx-' — cot (occ + 6). 
J a 

c. ( dx . . [ dx . ,/cc\ 

or =— cos'^cc; or =— cos"^(-V 
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or =— cot-^x; or = — cot"^(-)- 

a \a/ 

Since 8in~*jr-(-co8~';r) is equal to ir/2, both 8in~^a? and -co 
are integrals of \/>J(l -or^ ; a similar observation holds for the inte 
of 1/(1+^). An indennite integral may often be expressed 
different forms, any two of which must however differ only I 
constant. Particular care is required in dealing with the inv 
trigonometiic functions since these are many- valued ; the restric 
on the range of the an^le (§§ 28, 64) must always be attended U>. 

If X is negative, the integral of l/;r is not log^ but log ( — ^) ; if 
less than a, the integral of l/{x-a) is log(a-^). Form 11 is inse 
for the sake of comparison with 10 ; for a similar reason forms 8 ai 
are brought together. 

Aigain, if a? is negative, it may be verified that the integral of 

Instead of the logarithms in form 9 inverse hyperb 
functions may be used (§ 66). 

and it should be remembered that cosh'^cc is two-vali 
The forms tanh"^a?, coth'^a;, are of less importance. 

Ex. 1. Integrate with respect to x 

J^; ^; V(3a:-4); ^j(3^:r4)' ^(Z-a^' 
Ex. 2. Evaluate 

/•' . . /•' . [^ dx f^dx Md 

I amxdx; I cosxaa:; / — s- > / — ; / — 

.AD Jo Jo COB^X Ja* X J-3 d 
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§ 112. Algebraic and Trigonometric Transformations. By 
applying the definition of an integral and Theorems II., III. 
oi § 58 the foUowing theorems are easily proved : 

(i) I c F{x) dx==c\ F(x) cfe if c is a constant. 

(ii) l(u— i;+ ...+0)cZa;=lucia5— |'ycZa?+... + \zdx, 

where u, v, .,.z are functions of x or constants. 

Thus the derivative of the integral on the left of (ii) is 

by definition 
•^ U — V+...+Z; 

by Theorem III., § 58, the derivative of the sum on the 
right of (ii) is the sum of the derivatives of the terms, and 
I that sum is by the definition of an integral u — v+,,,+z. 
Hence, apart from constants of integration, which are not 
'Considered, equation (ii) is seen to be true. 

, Ex^. ((3^-6^+l)c^=j3:r*c^'- J5^2^^+Jlc^ by (ii) 

= 3 ja^dx - 5 / a:'^dx + Ida; by (i) 

Integration is essentially a tentative process, and it often 
^ happens that among the known functions there is none of 
which a given function is the derivative (see § 82). Two 
general methods of integration will be given (§§ 113, 118) 
which are of great use in the search for integrals; but 
usually some simple algebraic or trigonometric transforma- 
' tion of the integrand will be of great assistance in reducing 
it to a sum of terms each of which is a standard form. 
Some of the results are so important as to be included 
among the standard forms, but the student should rather 
try to seize the spirit of the transformations than burden 
his memory with a mass of isolated results. (See the 
remarks in § 123.) 

We now take one or two examples of such transforma- 
tions. 
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Ex. L Integrate (2j;»-7«*+1)/(2j?-1X 
By division, 

Hence the integral is 

J«»-fd;«-Jx-ilog(2a?-l). 

Any fraction in which the numerator is a rational integral fund 
of X and the denominator a linear function may be integrated in 
same way. 

Ex. 2. Integrate !/(*»- a*). 

Beeolve the fraction into partial fractions : 

«*-a' 2aV«-a x-\-aJ 

1 , x—a 

This is the proper form if ^ > a', because then, and only then, 
(x- a)/(j;+a) positive ; if ^ < a' the integral is 

1 , a—x 

because in that case the integral of ll{x-a) is los{a—x). 

The transformation is a particular case of the method of nart 
fractions, and the student snould refer to some text-book of algel: 
for an account of the method ; see also § 120. 

Since ^ 30:76 2 ^ 1 



(o:-lX^-2) x-l^x-2' 
we find f^^^^^-^^=2\og(x-l)+\og{x-2). 

Ex. 3. The forms -l-^, - ]^ 
If a, b are both positive, we have 

If a is negative, b positive, we reduce the integrand to the form 
ex. 2 ; thus 

f dx ^If dx ^ I i^^/ ^-n/5/V3 \ 
J 3x^-5 aJo^-J 2^15 ^\x-\-j6I^V' 

In a similar way ll^(a+bx^) may be treated ; thus 

f dx I [ dx _\ . _^(x^f2\ 
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With a little practice the student should be able to do many of the 
iteps mentally ; the full process for the first case is 

Ex. 4. sin**a?, cos**^, sin wi^ cos wa?. 

When 71 is a small positive integer, sin*^, co8**;r may, without any 
difficulty, be expressed in terms of sines or cosines of multiples of x ; 
for other values of n it is best to take the method of successive reduc- 
tion (§ 119) or the method of ex. 4, § 114, 

sin^a: = J(l — cos 2;r) ; sin^^ = | sin .r - J sin So? ; 
/sin*a?cfe=J^-Jsin2^ ; jsm^a:djc= -Jcos^+tV^^^^^ » 

I sin^xcLv^-T ; jf sin^j?c^=0-[-}+^]=§. 

In the same way powers of cos^ may be treated. 

Again, a product of a sine and a cosine, or of two sines or of two 
cosines, may be expressed as a sum or a difference of sines or cosines 
and then integrated. Thus 

sin7/M7C0S7W7=J{sin(m+7^)r+sin(m-?^)a?} ; 

hence, if m=}=7i, 

/J coa(m+n)af cos(m— 7i\r 
sm mx cos nxdx= - — 9 — c ;^7 r- 
2(m+?i) 2(m-n) 

but if m=?^, then the integral is 

— — cos2wm;. 
4m 

BXEKCISES XXn. 

Integrate, with respect to ^, examples 1-15. 
J ag*-4^4-2a:g-3 . 2 2^+1. 3 2^-3 . 



4. 3a?-7 K 1 . g 1 . 

(^-l)(a:-2)(a;-3)' 7-3^2' ''• 7+3^' 

11. cos2(aa?+fc); 12. sin* or; 13. sin 3^ sin 4j?; 

14. sin (3^ + 2) cos {4x + 3) ; 15. cos x cos 2x cos 3^. 

Find the value of the integrals in examples 16-21. 

16. IcoA^xdx', 17. /sin''2a7c?a?; 18. j 4:5::^ 5 

19. Ijzp' 20. j^jT^; 21. j[ ^;7^ri^. 
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22. If m, n are unequal positive integers, prove that 

/ cos mx cos nx dx=Q= I sin mx sin nx dx, 

and find the value of each integral when w, n are equal positive 
integers. 

23. Show by considering the graphs of the integrands that the 
following equations are true : 

(i) / cos"a7ci^= / sin**^<ir where n is positive, 

Jo Jo 

(ii) / sm**xdx=2 I sin^a? dx where n is positive, 

w 

(iii) / cos^xdx=2j cob**xcIx if n is an even integer, 

but =0 if w is an odd integer. 

24. The area bounded bv the parabola ^^=4ax, and the double 
ordinate through the point (6, c) on it is ^bc. 

25. If CL, b are positive and o<6, the area between the hyperbola 
ocy—(^y the :F-axis and the ordinates at a, h is c^\og{b/a). 

If instead of a hyperbola the curve is that given by y=af*l<f*''\ 
then the area is ^ ^n+i _ a«+i)/(^ + i)c-i. 

26. The area between the ^-axis and one arch of the harmonic curve 
y=b sin {xja) is 2a6. 

27. An ellipse revolves about its major axis ; show that the volume 
of the spheroid generated by a complete revolution is ^ab^. 

If the axis of revolution be the minor axis, the volume is J^a^ft. 

28. The area of the section of certain surfaces made by a plane 
through the point whose abscissa is x perpendicular to the ^^-axis 
is A+Bx+Cx^ where A, B, C are constants. Show that the volume 
intercepted between two planes perpendicular to the X'&xis is 

A(b- a)-\-iB(b^ - a2) + iC(l^ - a^) 

where a, b are the abscissae of the points where the planes cut the 
^-axis, (a<b). 

Apply the result to find (i) the volume of a cone ; (ii) the volume of 
a segment of a sphere ; (iii) the volume of the ellipsoid whose equation 

^ x^la^+yyb^+z^/c^=l. 

29. If in ex. 28 S^ S^ M are the areas of the sections through a, b 
and the point midway between a and 6, and if 6-a=2A, show that 
the volume is !»/«  e i /• jz\ 
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§ 113. Change of Variable. The rule for differentiating a 
unction of a function (§ 59) leads to one of the two general 
Qethods of integration referred to in the preceding article, 
lamely, that of changing the variable of integration. 

Take first the simple example 

_ f dx dy 1 

y^]x^+2x+2' dx~x^+2x+2 

[jet y be made a function of u by the substitution x=u — l; 

^^^^^' dy dydx 1 I 

dv, dx du 05^+205+2 u^+l 

Bence, considered as a function of u, the integral is 

r /111 
y= 1-2^— j- = tan'^t6, that is, 2/=tan"^(aj+l). 

The change of variable has enabled 'us to reduce the 
integrand to a known form, and thus to integrate it. 

Take now the general case in which the integrand is F{xy 
Let y be made a function of u by the substitution x = <l>{u) ; 

then ^=p.^^Fix)^ (1) 

du dx du ^ ^ du 

In (1) let dxjdu be found from the equation aj = ^(u) and 
then express the new integrand F{x) dxjdu in terms of u 
by means of the same equation. Equation (1) will now be 
free from x and we shall have 



y 



=K)£^-- (2) 



It may happen that the new integrand is, as in the above 
example, a standard form ; if not, it may perhaps be more 
easily reduced to one than the old integrand F{x), 

Expressing j/ as an integral with respect to x^ and equating 
it to the value given by (2), we have 

y^^F{x)d^^^F{x)^du (3) 

The simple rule then for changing the variable is: 
Replace dx by {dxjdu) du and by means of the equation 
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between x and u express the new integrand Fix) dx/du 
terms of u; ike integral will then he a fwmtion of the 
variable u. 

When the integration has been effected the inte, 
should be expressed in terms of the old variable. 

If when x = a, t6=a, and when x = b, u = fi, the relati 
being such that as x varies continuously from a to 6, u al« 
varies continuously from a to )8, then 

fF(x)cLc=^yix)^dv,. (4 

In this case, of course, there is no need for returning to the 
old variable. 

In applying the transformations (3) and (4) it is essential 
that to each value of x there should correspond one and 
only one value of u, and to each value of u one and only 
one value of x, within the ranges 6 — a, ^— o of integration 
When the equation between x and u gives t6 as a multiple- 
valued function of cc, or a; as a multipe-valued function of 
Uy care must be taken to choose the proper valua (See' 
§ 117, Ex. 3, § 123.) 

§ 114. Examples of Change of Variable. 

Ex. 1. F(x) of the form ^(cm?+6). 

Let «*=flw?+6; du=adx. cLv=^-du 

a 

J ylr{ax-\-h)dx=- \ yft{u)du,. 

This type constantly occurs. Thus if u=x-l/4, 

/ dx _\ [ ^ _if ^ . 

so that the integral is 

A constant factor, like 2, can be taken outside the integral sign 
when necessary ; similarly a constant factor may be introduced, as in 
ex. 3. 
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<n\ /».♦»— 1 



: Ex. 2. F(a;) of the form ylr{x'')af 

' n 

. / ylr(af')af-^ dx = - / ^(u)du, 
rhus, if i*=^, 

J s/{cux^+h)a;dx=-J ^(au+b)du=—{au+b)\ 

lind the given integral is {aa!^-\-by^/Sa. 

' The integral may also be found by putting w = a^ + 6j or by putting 
u^^aa^-^b. The last substitution gives 

.vdx^-udu; j J{aa^+b)a:dx=-j u^du = ^f 

leading to the same value as before. 

Ex. 3. F(a;) of the form [V^Wf V^'(^)- 

Let u=ylr(ai) ; du—ylr'(a:)dx ; F{ai)dx=u^du, 

|nd the integral is a power or a logarithm according as n is different 
from or equal to - 1. "We have 

(3a) /[^(^)rV^'(^)^=^[V^W]"^S ^+-1. 

From (36) we see that when the integrand is a fraction whose 
numerator is the derivative of the denominator, the integral is the 
Logarithm of the denominator. 

The introduction of a factor is sometimes needed to make the 
integrand of the form 3. Thus 

tan xdx= - I dx—- log cos x, 

J cos X " 

(iv) / tan^^ dr = / tan ^ (sec^^ -l)dx= j tan x secPx dx- jt&nxdx^ 
and therefore = J tan^ x + log cos x. 
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Ex. 4. F(ai) = sin** X cos'' X. 

(i) When either m or n is a,n odd positive integer the integratio 
can be effected by substituting u for cos^r when m is odd, but u fo 

sin a? when n is odd. For example, take F(x)=sin^x ooa^x. 
Jjetu^sinx; du=co8xdx; co8*^=(l — w^)* 

/ sin^^p cos*x cKr = / («* - 2w« + u^) du 

= sin'a?(f - ^ sin*^ + ^ sin*^). 

l\m^xcos^xdx= [ (u^-2u^+u^)du=i-i^+^=^. 
Jo Jo 

Again, if w = cos x, du= — sin x dx 

j sin^47 dx= - / (1 - u^ydu = - (w - fw^ + Jw*), 

and / sin^^ dx = — cos ^ + § cos^^ - ^ cos^o?. 

(ii) When m+n is an' even negative integer, let w=tan^ (or cotx) 
the new integrand caybe expanded by the Binomial Theorem. Thui 

Jsm^^cos^ J u^ 1 + tt^ J \u^ w u / ' 
and the integral is readily found in terms of x. 

Ex. 5. If F(ps) is a rational function of x and of ,J{ax-{-h\ the sub 
stitution ax+h=u^ will make the new integrand a rational functio 
of u. Thus, if :f+ 1 =w^ 

\a^s/{x ^\)dx= 2J(u^ - l)Vdti = 2(}u^ - f m^ + J«3), 

and after a little reduction we get for the integral 

2y/(x+l)(16x^+3x^-4x-hS)/l06. . 

The forms just given include many of the most importaq 
eases in elementary work, and the student should at one 
try the earlier examples in Exercises XXIII. Only throug 
practice will he gain facility in making the transformationJ 

§ 115. Quadratic Functions. If i2 = ax^ +bx+c and if /(ai 
is rational and integral, the fraction f(x)/R can be expresse 
as the sum of an integral function and a proper fractio 
(Ax+B)/K We will now consider the forms (Ax + B)l. 
and {Ax+B)I^K 
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For beginners the simplest method is to write R in the 

when a is positive we may take it as equal to +1, and 
when negative as equal to — 1 : there is no loss of generality 
in so domg since a constant factor may always be taken 
outside the integral sign. 

If 4ac — 6^ is positive the factors of R are imaginary; 
JR is then of the form 

R = (x + af+^ (i) 

If 4ac — 6^ is negative the factors of R are real, and 

fora±=+l, R = ix+af-l3', (ii) 

fora=-l, R = ^-{x + af (iii) 

I. (Ax+B)/R. 

(i) If the factors of R are real resolve the fraction into 
'partial fractions as in § 112, Ex. 2. 

(ii) If the factors of R are imaginary then R=(x+af+^ 
and we can transform the fraction so that the substitutions 
of Ex. 3 and Ex. 1 of § 114 can be used. Choose X and /x 

^^^^ Ax+B=\{2x+2a)+jjL', X = ^4,/. = B-aA 
nence ^ -^(^ + ^)2+^+M(^^^)2+^> 

and f^^^:^ = Xlog{(.+a)^ + ^}+^i.n-(^^^ 

(the first integral being a case of § 114, Ex. 3, the second 
of § 114, Ex. 1. 

II. (Ax+B)/^R. 

' (i) Let R be either (x+af+l3^ or (x + af-^^ Make 
the same transformation ot Ax+B; then 

{(Ax+B)dx_^ f (2x+2a)dx , f dx 

; J ^R ~'^i^{{x+ay±^'r^i^{(x+ay±^} 

=^2\JR + ^log{{x + a)-hs/(x + af±W}' 
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(ii) Leti2=)8*-(a;+a)2; then 
{(Ax+B)dx_ f -(2x+2a)clx , f dx 

= -2XVi2+Msin-i(^) 

when il = 0, X=0 and the integrand is of the type § 11^ 
Ex. 1. 

In working numerical examples it is best to find first th 
derivative ofii; it is then easy to write Ax + B in th 
required form. 

Ex. 1. (3j?+l)/(2a:«+^+3). 

Z)^2^+^+3)=4f+1 ; ar+l=|{4r+l)+i; 

Ex. 2. (3a?+lM-2jc«+^+3). 

3^+i=-K-4^+i)+l; 

integrals ^ ^(_2JF2V.r+3r V2.' V{M-(^-i)'} 
= -M-2^+a:+3)+^8in-i(^). 

The types 

1 1 

x^{ax^ +hx+c)' {mx + n) ^{cux^ + 6a3 + c) 

can be reduced to the cases just discussed by the substitu- 
tions x = l/u, 7nx + n = l/u respectively. These give by 
logarithmic differentiation 

dx_ du ^ dx ^ 1^ du 

a; "~ u ' mx + n m u 

The substitution of l/u for x is effective in other cases; 

, r dx r udu _ 1 

J(a2+^"" J(a2u2+l)*~a*(a^*+l/ 
which, expressed in terms of aj, is x/a\a^+x^y. 
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The more general form l/(aaj^+6a?+c)* can be treated in 
» similar way after expressing the quadratic in the form 
given at the beginning of this article. 

§ 116. Trigonometric &nd Hyperbolic Substitutions. Another 
method of treating the quadratic function is to transform 
it by a trigonometric or hyperbolic substitution. The 
particular transformation is suggested by the form of the 
quadratic. 

a^^oc^, ^(a^^a?); x = asin6 or x = acos6; 
^+0?, s/ip^+oF)] ic=atan0 or aj = asinh0; 
x^—a?, ^{x^—a?)] aj = asec0 or aj=acosh0; 
s/{^-{x+af]\ aj+a = i8sin0; etc. 
Ex. 1. li x—aBinO) da:=acoa6d6. 

h(a^-a!^)dx=a^fcoB^ede=^(e+amecos oX 

and therefore 

Ex. 2. If ^=a8iiih^; dx=aco^ddd, 

j^{a^+a^)djp=a^fcosh^edO = ^^^+siiih ^cosh o), 
and therefore 

By putting a:=a cosh 6 we find 

Ex. 3. If a?+2=V3tan/?; dv=^36ec^edd. 

and the integral is 

1 ^+2 .V3^ -A+2\ 

For definite integrals trigonometric substitutions are of 
great importance. 
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§ 117. Some Trigonomtttrie IntegnadB. The integratic 
of powers and products of sines and cosines can often 1 
effected by the methods of § 112, Ex. 4, § 114, Ex. 4, ai 
§119, Ex. 2, 3. There is another method, however, that 
frequently useful. When the infeerand is a ration 
function of sinx and of cos a; the substitution te.=tan^ 
will reduce the integral to that of a rational algebra 
function of u, for 

2u l-u2 2du 

sina?= , - -«> cosa5=:;^ — 5> cto= 



l + u« l+u2 l+u2 

Examples 1-3 may almost be reckoned among tl 
standard forms; the substitution is for each u = ta,n^x. 

Ex. 1. / . — =/ — —logu^logtAu^, 

Ex. 2. 1"-^= f 2*. 1 l±«^i 1+tani^ 

The integral can be put in several forms as 

1 i /^-^ . ^^ n l+sino? 
log tan I o + T I or * log r - . - . 

The substitution v=^-x or v=a;-^ will reduce the integral < 
l/coBx to that of 1/sinx 

p 3 f ^ = f 2cgu f du 

' Ja+bcosx Ja(l+tt^)+6(l-w«) '*j(a+6)+(a-6) 

Let a+6 be positive; then there are three cases according as 
is numerically less than or greater than or equal to a. 

(i) 6^ < a' and therefore 6 < a, numerically 

/ — r r = -77-5 — r3\ ^*^~* ( ^ \/ — Tl )> ^ = tan he. 

(ii) h^>a^ and therefore 6 - a positive, 



««• 



/; 



oKr 1 , ylb-k-a+uJb—a 



a-\-bco%x 'Ji^-bi^ s^b+a-v^Jb-a 
(iii) 6«=a«, 

f ?^_=ltania;; f ^ ^-Icot^x. 

J a+«cos.r a ./a-acosa: a 

Case (ii) is of less importance than (i). A more easily remembered 
form of the integral (i) is obtained by writing 
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«=2tan-{tan|.V(f^)}, 
rhence cos 6= {a cos x + 6)/(a + h cos x\ 

X is the true and 6 the eccentric anomaly in an ellipse of eccentricity 
>/a (Godfrajr's Astronomy^ § 186 ; Gray's Physics^ § 620.) 

a-\-bco&x goes through its complete range of values if x varies from 
k to TT or agam if x varies from - w through negative values to 0. If 
V lies between and tt, 6 is positive and lies between and tt ; but if 
t lies between — tt and 0, 6 is negative and lies between - tt and 0. 
Sence bearing in mind the restriction on the inverse cosine (§§ 28, 64). 

Ja + ocosd? ij{a^ — (r) \a+ocosx/ 

L . —1 i/acos^+6\ '£ .^ ^ri 

but = ,. o , ov cos-i ( . , ^ ) if - TT-^X^O. 

V(« - ) \a + cos X J 

rhere is no ambiguity when the integral is expressed in terms of the 
inverse tangent. See also Examples 11, 12, p. 135. 



The integral = / — 



2du 



2bu+au^' 

If l^<a\ the substitution x=-irl^-v or x='jr/2+v will reduce it to 
Ex. 3 (i) ; the student should make both of the latter substitutions. 
He will thus see that it is not sufficient to consider only the one value 
oi $ as determined by cos 6. The substitution furnishes a good 
instance of the care needed in dealing with inverse functions, lliere 
18 no ambiguity if the integral of Ex. 3 (i) in terms of the inverse 
tangent is used. 

Ex. 6. / = : — , a positive. 

J a + bcoax+csinx 

If 62+c*=l^ we may write 

aH-6 cos ;r+c sin ^=a+^ cos (a; — a) 
and the integral reduces to Ex. 3. For P < a^ the integral is 

:^1 cos-i / Q^cos(^-a)+6 \ 

J{a^ -b^-c^ \a+b COS (x- a) /^ 

the sign being H; or - according as ^ — a lies between and ir or 
between - rr and 0. 
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Integrate with respect to x examples 1-22. 



2jr»+3i+4' V(ar-^)' ' V(^-aa?) ' 



1 



6. -f .; 6. ^ 



7 ** . ft ^ . Q '^+^ . 

. cotjr; IL --— : — ; 12. — [— ^ — ; 

I+Binx ^+sinx 

13. tan^x; 14. oot^^; 15. 



a* cos^o? 4- i^ sin^a 



16. sin^a?; 17. sin*jpco8*jr ; 18. 



sin^ 



sin^jc cos*:r * 
19. ^; 20. x^{a-x); 2L x/^(a-x); 

I 

.r+VC^-l)' 

28. Find the value of the integrals 
(i) l«n^xdx; (ii) I 8in«x co6»x rfr ; (iii) ['-^-^^^^^ ; 

(iv) ['£2?54^ ; (v)ftan:r<ir; (vi) T '^ 

Jj 4 — sin^^ Jb Jo I 



Jo l+x+a^* 

^ ^ Jo l-x-hx^ ^ ^ Jo 1 +C0S247 

Integrate with respect to x examples 24-41. 
24. /+^ . ; 26. t=^: 26. ^+' 



OQ 1 . OA \ . 5IK 1 . 

^' xJ(Sx^+2x-l)' "**• (^+iy(^-l)' (:r-iy(^-l)' 

39. ^-.; 40. . .^ ; 41. '^''+'^^ 



(^+2x4-3)5 



1+ta.nx sin.v+2cos^ 
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42. Find the value of the integrals 



(i) f'^^^ _ ; (ii) [" ^ ; (iii) f 
^^A5 + 3co8a7 ^ ' Jo 6 + 3cosa; ^ J-^ 



dx 



(iv) C—^ .(rH=l) ; (v) r_ ^ (0 < a < tt) ; 

^ ^ Jo l-grcos^+r^"^ Jo l+cosacoso?^ ^ 

(vi) [^ ^£_(^2<i). (vii) [^ £^_. 

^ ^i) l-Psin^^F^^ ^' ^ ^ Jo Z + bcosx 

43. Find the value of f^ \ sinac^ 

J- il -2:1? cos aH-^ 

(i) when < a < tt ; (ii) when tt < a < 27r. 

44. If a is positive, and b numerically less than a, prove, by the 
ibetitution cos^=(acosa?+6)/(a + 6cosa7), that 

( ' ^f^ ,, = , , lo,,  f\a - b cos ^)«-W. 
Jo {a+bcosxp {a^-ty^y*-^Jo 

45. Trace the curve given by ai/^=aP(a - a?), a > 0, and find the area 
: the loop. 

46. Trace the curve given by a^i/^=a^a^-a^, and find the area of 
oth loops. 

47. Trace the curve whose polar equation is r = a + 6 cos ^, a > 6 > 0, 
ad find the area enclosed by it. 

48. By transferring to polar coordinates, find the area of the ellipse 
iiose equation is cux^+2ha;i/+b^^=l. 

The area is 

§ 118. Integration by Parts. The second of the general 
lethods of Integration is that called "Integration by 
^arts " ; it corresponds to the theorem for the diflferentia- 
ion of a product. 

For the moment denote integration by a suffix and 
lifferentiation by an accent; thus 



u, = ji^;u' = g. 



By the rule for differentiating a product we have 

d(ii^v)_du^ dv 

dx " dx ^ dx 

inat IS, \^ ^ = uv + u{o , smce -r^ = u. 



282 AN ELEMENTARV TREATISE ON THE CALCULUS. 

Hence u^v = I (uv + u^t/) dx 

= I iivdx+ \u{v'dx ; 

and therefore I uvdx = u^v — I U{v'dx 

Equation (2) gives the theorem in question. It may hapf 
that the integrq^l of v^i/ can be more easily determir 
than that of uv. 

For a definite integral, lower limit a upper limit 6, ^ 
get instead of (1) 

6 P 

[u^v] =1 {uv+u{v')dx { 

and instead of (2) 



I uvdx = [UiV]^ —I y^v'dx. 



•{ 



where the symbol [u{u]^ means as usual that 03 is to be fij 

replaced by 6, then by a, and the second result subtract 
from the first. 

The examples will show the great power of the theorei 



Ex. 1. Find 



/xcoB^c^r. 



Hei'e both x and cos x can be immediately integrated ; but we ta 
v^x since then v' = l. 

j xcosxdx=a:. sin^- / 1 . Bma:da:=xaina:+coax, 



Ex. 2. Find 



j.^.^. 



Again we put t?=^ since r/=2Xy and the new integrand wi 
therefore be simpler than the old. 

\a^co&xdx=a^ . sinar- l2x . amxdx. 

The theorem may be again applied 

/ 2:r. 8in.rda:=2a7( — cos^)— / 2(--cosa')€i^= —2a? cos r+2sinj! 

Hence /.r*cos^<ia7=a:?*sin^+2a;cosar — 2sind7. 
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Ex. 3. Find j €f^cos{ba:+c)da: and / e^sin (6^74- c)cSr. 
In finding one of these integrals we also find the other. 
Liet P= J€^coa(bji!+c)dVy Q= j €^Bm(ba;+c)da;. 

i tliis case it does not matter which factor is taken for v. 

a J a a a 

fence aP-bQ=€f^cos(bx+c) (i) 

In the same way by operating on Q we find 

bP+aQ=€^am(ba;+c) (ii) 

Solving (i) and (ii) for P and Q we find 

 J a^ + b^ 

These two integrals are of great importance in mathematical 
bysics. 

Ex. 4. Find (^{a^-x^b; and jj{a^±a^)dx. 

' Here the integrand has but one factor ; but we may take unity as a 
kctor and put 1^=1. Hence 

=^n/(«'-^)-/vP^)^^- (1) 

We now write 

The first term on the right is the given integrand while the integral 
i the second term is - a^ sin~^(a7/a). 

Substitute in (1), transfer the integral to the left side, and divide 
Ij 2 ; we thus get 

he same result as in § 116, ex. 1. 
In the same way it may be shown that 

V(^ ± ayb; = W(-^ ± a^) ± K log (^ + s/x^±a^). 



/■ 



Compare § 116, ex. 2. 

The algebraic transformation used above is often useful ; a similar 
^nsformation occurs in integrating circular fiinctions (§ 119, 2, 3). 

The quadratic J{aa^+bx-\-c) can be integrated by expressing it as 
in § 115, and putting x-¥a=u. 
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Ex. 5. Find jlogxdx. 

J log X dx=x log X- J x-dx=x\og x-x, 

§ 119. Snccaesiye Redaction. 

Ex. 1. Let Um= / sf^^dx ; then, integrating by parts, 

that is, Km » ^^ - nUn.i. 

Writing n - 1 in place of n, we find 
«»-i =a:*"V - (n - lK-«» 
that ia, m^ = J?"«* - ar^ V + n(n - 1 )«»-* 

Proceeding in this way, we see that if n is a positive integer, u^ i 

be made to depend on Uq, that is, / d^dx or ^. If n is not a posi 

integer but is still positive, u« may be made to depend on an intei 
in wnich the integrand contains x with a positive proper fractioi 
index. The integral cannot in that case be expressed m finite tei 
by means of known functions, but it is reduced to the most convenj 
form for studying. 

The above method of making an integral depend on another of 
same form is called that of Succeaive Reatiction. 

The integrals of jf^iinxj of* cos x may be treated in the same way 

Ex. 2. tin^jwa^xdx. 

tt„ = / sin"x dx= I sin''~*4? .sinxdx 

= sin*~^ x{'- cos x)- / (n - 1) sin*^*.iF ( - cos^x) dx 

= - sin*~^^ cos .r + (n - 1 ) / sin**~'j7 cos^^r . dx. 

Now cos'j? = 1 - sin'a: ; sin**~*a: cos^^f = sin**~^a; - 8in"jp. 

Hence m»» = - sin*~\r cos :p + (» - 1 ) tt«-2 - (n - 1 ) a», 

J . , - sin**~^a? cos x , n~l 

and therefore tt„= -• 1 tA^-j. :.. 

n n 

The index n has thus been reduced by 2. Writing n - 2 in place of 

^® 8®* __ 8in*"^:c cos 3? , 71-3 

and therefore 

— sm"^*^ cos 07 n-l sin^^^rcos^ , (n - l)(n - 3) 
^" n n ^^^ '^ w(n-2) ^-"^ 

If n is a positive integer, we can repeat the reduction until tl 
index is 1 if n be odd, or if ti be even ; tii= -cos^ and u^=x, sine 
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n^j?=l. If ie is positive but not integral, Un may be reduced to 
spend on an integral in which the index is either a positive or a 
sgative proper fraction. For negative values of n see ex. 4. 
The most useful case of the formula (i) is that in which n is a 
Mitive integer and the integral is taken between the limits and 7r/2. 
d this case (i) becomes 

[^ ' n J r T r sin'-i^co8^-|^. w-ir y 

= / sin'*~^a7cfcr, 

n Jo 

i nce the integrated term vanishes at both limits. 
When n is odd, the last term of i^ is 



(w-l)(?i-3)...4.2 



( - cos :f j ; 



w(w-2)...5.3 
mt when n is even, 

(n-l)(7i-3)...3. 1 

w(w-2)...4.2 ^' 
Sence 

f^sm'^xd^^^^^Z^^h^ . 1 (« odd integer) ; 

f^ ' n ^ (y^-l)(^-3)...3.1 TT , . ^ V 

/ sin**^aar=^ — / a\ a — ^ — « (w even integer). 
Jo w(w-2) ...4.2 2 ^ ^ ^ 

If i?n= / coB**x cLCf then 

cos"~^a: sin a: n — l 

"-= — n — +^r''-* 

md it is easy to prove from the formula or, better, directly from the 
meaning of tne definite integral that 

Jo 

A simple inspection of the graphs of sin'^j? and cos**:r will show that 

/ sin"a7c2a7=2/ sin**a:d[r. 
Jo Jo 

I co8**ard!a?=2 / co&^xdx (n even integer), 

Jo Jo 

but =0 (w odd integer). 

In a similar way such results as 

' mii^xdx=0; I cos^xdx=Aj coa^xdx 

Jo Jo 

are readily proved. See also the rule given in ex. 3, 
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Ex.3. /(n^ »)= 1 8m"xco8"x cir. 

In /(m, n) the firnt letter is the index of sinx, the second that 
cosx. For brcTity denote sin x by «, cobx by c. Then 

Since c is the derivative of «, the intend of «*c is ^*^Hm + \ 
Thus, jw+i /• Ji+i 



tn + l 
But <*+«c»-*=«^l - cV"*=«*^~' -«"^- 

The first term is the integrand of f{m, n - 2), and the second that 
/(w, »). Substitute in (i), transfer /(m, n) to the left side, and th< 
multiply by (w+l)/(«i+»). Therefore 

f{m, n)= + — 7— /(m, «-2). (i 

The integral thus depends on another of the Same form with 1 
unchanged but the other index reduced by 2. 

Had we begun by writing «•*"* . «c" and integrating the cosine, v 
should have got 

/(m, «)= -^!l:^+^^/(m-2, n\ (1 

and now m is reduced by 2, 71 unchanged. 

We will continue the reduction for the case in which m, tz ar 
positive inteaerSf so as to obtain the definite integral Jrom to 7r/2. 

If n is odd, (A) makes f(m, n) depend on /(m, 1) ; (B) then make 
/(w, 1) depend on /(I, 1) or on/(0, 1) according as tw is odd or even. 

If 7i is even, (A) makes /(m, n) depend on/(ni, 0) ; but/(m, 0) is tb 
integral of ex. 2, with m in place of n. Tlius, by ex. 2 (i), /(m, 
depends on /(I, 0) or on/(0, 0) according as wi is odd or even. 

Thus, /(w, n) may be reduced to depend on one of the four 

/(I, 1)= I soda: =^Bin^ a; ; /(O, 1)= /cdr=sinx ; 

/(I, 0) = / sda^ — - cos X ; /(O, 0) = / l(ia7=x. 

When the integral is taken between and 7r/2 the values of the8< 
are 1/2, 1, 1, 7r/2 respectively. 
The student may now show that the following rule is correct : 



1. 



sin™ X cos 



m « J (m-l)(m-3) ... x(?i-l)(w-3)... 

m „ ^^dti ^ ^_ V /\ / V — /\ 1 — ^ ^ 



(m+w)(m+w-2) ... 
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tiere a=l except when m and n are both even integers, in which case 
=ir/2 ; each of the three series of factors is to be continued so long 
the factors are positive. 

It ^vill be Boticed that the factors of each series decrease by 2. 
ie rule includes the integral of ex. 2, putting m (or n) zero and 
Hitting negative factors. 



/ 8in2^C08*^C^ = -7r— ^-:r X^=:^ 



1x3.1 T^_2[_ 
'0 6.4.^^2~32' 



I 
i 
i 



'.- . , 6.3.1x3.1 IT 37r 

sin° a: cos* xdx— .f. q a a <^ ^ o == Fii> 

10.8.6.4.2 2 612 



^•7 fij 6.4.2x4.2 , 1 

sin^j:cos°:rflte— ,^ ,^ ^ ^ — : — ^^x 1 = 



12.10.8.6.4.2 120' 



*.- , 7.6.3.1 TT 367r 
^^^^^=87670^ 2 =256- 



The great importance of the results of ex. 2 and 3 arises from 
le fact that many integrals are, by a proper substitution, easily 
^uced to these forms. For example, if we put ^=asin^, so that 
hen :f=0, ^=0, and when x — a^ ^=7r/2, we get 



j'*a;^{a^-x^)^dx=a^j^9in^0coa* Ode= 



ira^ 



32 
If we put ^=asin2 ^, then 



Jo 



'0 316 ' 



a^(a-x)^ dx=2J j ain^ 6 cos*OdO= 



, Ex. 4. If n is negative the index of Un-2 is numerically greater 
lian that of n. In ex. 2 (i) let n= —m, where m is positive ; then 

/ctr_ c m+1 f dx . 

/dff c 7n I dx 

Now put 7W + 2=w, where w is positive, and we get 

/ dx cos a: n — 2 f dx 

sin**^ "" (n-l) sin**~^^ n - 1 J sin**~% 
In many cases the integration will be simplified by writing 

1 sin^ar+cos^o? 1 . cos:f ^^„ _ 

^ ; ^ 5 1 : • COS X, 

8in":r sin"a7 8in"~^a7 sin**a7 

)ut these integrals are of small importance for elementarv work. 
The key to the transformations is that after one integration by parts 
ihe new and the old indices differ by 2 ; when an index is negative it 
B simpler to begin by integrating the integrand with the reduced 
nde;s. 
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Ex. 5. Un= ItAU^xdXj 

80 that Un = T tan"~^ x - «„_2. 

n— 1 

Other examples of reduction formulae will be found in the Cxerc 
but in many cases a trigonometric substitution will reduce the 
tegral to Dne of the forms just discussed. 

EXEB0I8E8 XXIV. 

Integrate with respect to x examples 1-24. 
1, xe~' ; 2. a^e~*; 3. arsin^r; 

4. orcosx; 5. ^sin^cos^; 6. ^sin^ ; 

7. ^logj?(n4=-l) ; 8. -logo?; 9. e~*sin2^; 

X 



10. ^i . vg ; 11. xe-'^ ; 12. sin-^r ; 



x^ 

13. tan~*d? ; 14. x but^x ; 16. x tan-^jr ; 

16. ^(S+2x-x^i 17. V(3 + 2a?+^); 18. ^{2c^-a/^); 

19.^(20.+^; 20,-j^y 21. f±g^; 

22. c~''co8 4r; 23. cosh ^ cos a?; 24. sinha^sina:. 

25. Find the value of the integrals 

(i) / coB^xdx; (ii) / Bin^xdx; 

(iii) / sin^o? coa*^ c^ ; (iv) / sin^xcos^xdx ; 
Jo Jq 

(v) / sin^x coB^x dx ; (vi) / t&n^xdx. 

26. Find by a trigonometric substitution the value of 

(i) rx^^(a^-a^)dx\ (ii) (^ xj(2ax - x^) dx ; 
Jo Jo 

Jrsa 
a^^(2ax-x^)dx. 


27. Integrate / // 2iU\ ^ ^7 ^^® substitution o^—d^ cos 2^. 
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B. If /(«i, n)^ jaf^(l-a;y*cLc show that 

[ence, or by the substitution ^=8in2^, find the value of 

f ar{l -xYdx\ 
, being positive integers^" 

B. If Un=\dxl{a^+a^Y, prove that 

^"~(2w - 2) a« (a2 + ^)«-i "*" (2/i - 2) a^ ^"-^* 

0. If %n= I af*^{a^ - a^ dxy prove that 

1. If Un= I af*fj{2aa: - a?) dx^ show that 

w+2 w+2 

IVrite «^= / jF'*-Ma-(a-^)}i2i(ir=atA„_i -^ / a^-^ -7- E^cLv 
ere R=2ax-x^, and then integrate by parts. 
12. If ttn= I :x^ d:clij(2ax - x^, show that 

[3. If w, 71 are positive integers find the value of 



I. 



1 1 

(l-x«y^dx. 



H Find the value of 

(i) ra^Jia^'X^)dx; (ii) ^ af^J(2ax - aP) dx, 
Jo Jo 

15. OM is the abscissa and MP the ordinate at the point P (^, 17) on 
> hyperbola ^/a2-yW=l, $, 1? being both positive. If A is the 
•tex nearest P show that the area A MP is equal to 

Jf,-Ja61og(i+|), 

1 that the area of the sector OJP is 

J«61og(i+5,). 

W. Trace the curve given by ^^=(x-l)(x-zy and find the area of 
>loop. 
a.c. T 





\ 



290 AN ELEMENTARY TREATISE ON THE CAJXJULUS 

87. Trace the curve given by a*^'=a?'(2a-jF), a being pw 
find the whole area enclcwed by it. 

88. Find the length of an arc of the catenary y = \<i(e^ + e ~ «) mes 
from the point C where :r=0. Show that the area beti^een th 
axes, the curve and the ordinate at a point PSaa times the arc i 

89. Find the length of an arc of the cardioid r—a{\. — cos S)^ t 
being measured from the origin. 

40. Find the length of an arc of the spiral r=aOy taking s^=^Oy 
r=0. 

41. Find the length of an arc of the spiral r=<K«^oo^a, talTing 
when ^=0. 

§ 120. Partial Fractions. The method of resolvii 
rational fraction into partial fractions is now foun 
most text-books of Algebra. We will therefore refer 
student to Chrystal's Algebra^ Vol. L, Chap, viii., for a 
discussion of the theory, and will merely work out a 
examples. The fraction will be supposed to be a pr 
fraction, that is to have the degree of its numerator in 
variable x less than that of its denominator, and to l 
its lowest terms. 

Let the fraction be F\x)lfix) where F{x) and f{x) are rat 
integral functions of x. fijt) can be resolved into a product of 
prime factors^ each of which is a linear or else a quadratic fun 
of JT, but a factor, linear or quadi'atic, may be repeated several tii 

F\x)lj{x) can be resolved in one and in only one way into a so 
proper partial fractions ; these partial fractions are of the folio 
types: 

(i) To every non-repeated linear factor jf— a of f{x) corresp 
a partial fraction of the form A/{x — a), 

(ii) To every r-fold linear factor (x- pf of f{x) correspond r pa 
fractions of the form 

(iii) To every non-repeated quadratic factor x^-k-yX'\-8 of 
corresponds a partial fraction of the form (Cx+D)/{x^+yx+8), 

(iv) To every r-fold quadratic factor (a^+yx+Sy of ^:f) corresj 
r partial fractions of the form 

CrX + Dr Cr-lX + Dr-i C^X + D^ 

{x^+yx+Sy^(x^-\-yx+8y-^'^'"'^x^+yx+S 

The method of determining the coefficients A, B, ... will be leai 
from the examples. 
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Ex. 1. a?«/(^-l)(ar-2). 

No factor of the denominator is repeated ; therefore 



(^+l)(^-l)(;r-2) 07+1 07-1 or-2 

bar of fractions ; therefore 

j;2=^(a?-l)(or-2)+^(o7+l)(o;-2) + (7(o:+l)(a7-l). 

This equation heing an identity, we may give to x any value we 
eeaae.* Put 07+ 1 =0, that is, 07= - 1, and the terms in B and C vanish, 

Id we get i=j(_i-i)(_i-2) or ^ = 1/6. 

Similarly, by putting o?=l we get B'=-\l% and by putting 07=2 
e get (7=4/3 and 

0^ 11114 1 



(o^-l)(or-2) 6*07+1 2*07-1^3*07-2* 

ty to find ii, multiply both sides by its denominator 07+l and then 
at a?+l=0; 

^''L(or-l)(or-2)Jx— I* 

In the same way, if 07-a is a non- repeated factor of f^pc) and 
/(a? - a) the corresponding partial fraction 

L f{x) J« 

If j{x) = (o7 - a)<^07), then 

/(o?)=<^07)+(o7-a>^'(^) and /(a)=<^a). 



> that 



r (07-a)^X^n _/W_:Sa) 
^ - L(07 - o)^x)X^r <^(a) -/(a)* 



Ex. 2. (o;«+07+2)/(o7-l)«(o:2-o?+l).. 

The repeated factor (o7-l)^ gives two fractions, and the factor 
B— 07+1, since it has no real linear factors, gives a fraction of the 
^pe (iii) ; hence 

07^+07+2 A B Cx+D 

(o?-l)«(o^-07+l)"" (07-1)2 ■^or-l'*'F=r^+T 

learing of fractions, we get' 

X« + 07 + 2 = ii(072-0?+l) + i5(07-l)(072-07+l) + (C07 + 2))(0r-l)2. 

Hitting 07=1, we get -4=4. Now bring the term in -4 to the left 
ide and reduce after putting 4 for J. The ri^ht side will contain 
r— 1) as a factor, and therefore, since the equation is an identity, the 
sft side must also contain (o7- 1) as a factor. If it does not, there is 
H enxHT in the work. We get 

-(30?-2)(0?-l) = 5(07-l)(0^-07+l) + (C707 + 2))(07-l)^. 



^^ 
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Divide by (^- !)» and then by putting j?=l we find 5= - 1. 
take the term in ^ to the left, ana again divide by {x- 1). Then. 

80 that, since the equation is an identity, C=l, /)» -3, and ther* 

4^+x+2 4 1 x-3 



Ex. 3. («»-2)/(j?»+x+2)Xa:»+x+l). 

I '^ ^ . By (iv) and (iii), since there are no real linear factors o£ 
' denominator, 

je»--2 ^ iix+^ (Zr+Z) Jgr+Z' 

/ ' {x^-{'X+2)\ix^+x+\) (a;*+x+2)«'^j^+a?+2"^x«+2r+l* 

Clearing of fractions, 

/, ^ a4-2=(J:r+fl)(;r«+:r+l)+(C^+/>)(a?«+iP+2)(j:«+^+l) 

Put x'+:r+23sO and reduce a:* and afi to linear functions by m 
of this equation. It gives 

jF*-fx+l=-l ; ^=-4?-2,a^=-^-ar=-;r+2, 

and therefore -x= -Ax-By 

so that il = l, J9=0. Take the term in A and J3 to the left 
divide by ^r'-f ^+2 which must be a factor. Hence 

-l^(Cx'^D)(x^+X'k-l)+{Ex-^F){x^+x+2), 

Put x*+a?+2«0 and proceed as before. We get C=0, i)= 1. 
Hence, after dividing oy d?*+x+2, 

and the fraction is equal to 

X 1 1 

These examples show sufficiently the method of del 
mining the coefficients ; other methods will suggest the 
selves to the student, and he will find full details in 
chapter of Chrystal's Algebra referred to above. 

§ 121. Integration of Bational Functions. If F(oc)/f(x] 
not a proper fraction it may by division be expressed 
the sum of a rational integral function and of a ratio: 
proper fraction. 

The integral of a rational integral function is a ratioi 
integral function. 
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The integral of A/(x^a) is A log(aj — a). 

The integral of B/(x^^y where r is ditferent from unity 

-^/(r-l)(aj-)8y-i. 

The integral of (Cx+D)/(x^+yx+S) has been discussed 

I § 115 and is of the form 

Xlog(a;Hyg+^)+Mtan-^ ^^^^J\y 

We have, therefore, only to consider {Cx+D)/(x^+yx+Sy. 
rriting the quadratic in the form R=(x+af+l3^ the 
itegrslis 

= 2(r-~l)i^-i+<^-«^W 

In practice it is usually simplest to integrate l/iZ*" by the 
abstitution 05+ a = /Stand; but it is of some theoretical 
iterest to get a formula of reduction. If we differentiate 
t+a)/B^'^ we&nd 

d { x+a\ _ 1 2(r-l)(g;+ay 

(to\i?-V"i?-i Br 

_ -(2r-3) 2(r-l)^ 

y putting (aj+a)^=jB— /8^. Integrating and rearranging 

f fda;_ a?+a 2r— 3 f cZa; 

re get j5^-2(r-l)/32ijr-i+2(r-l))82jijr-i* 

Hence the integral of (Cx+D)IBr can be made to depend 
ID that of 1/22, which is an inverse trigonometric function. 

Thus the integral of any Rational Function of x can be 
expressed in terms of rational functions, logarithms and 
iiverse circular functions. 

There is always a considerable amoimt of labour in inte- 
prating by the method of partial fractions. The student 
fhould, before resolving into partial fractions, examine 
frhether the integral may be simplified by a substitution. 

«, f oc^dx , f udu « 

uid the fraction in u is easier to handle than that in x. 
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§ 122. bratioiiAl FnnetioiiB. We consider one or two caaq 
in which the integrand is an irrational function. ' 

(i) When the integrand contains only fractional powen 
of X let n be the l.g.d. of the fractions ; then the substitc 
tion x=su^ will make the new integrand rational in tc^. 

Thus, if x« 11^ 

x* dx ^ftfidu 

-6(|i*'-li«*+|ii^-i«+tan-i«) 

(ii) When the integrand contains MiJ{ouc+b) but no otb 
irrationality the substitution <ix+b=u^ will make the ne 
integrand rational in it. 

(iii) When the integrand contains j^(aa?+bx+c) but 
other irrationality the integral may be reduced to that of 
rational function as follows : 

First, let a be positive and write the root in the form 

y = jaj(x^+px+q), p = bla,q=cja. 

Let tJ(x^+px+q)=:u-'X so that, squaring and solvii 

forx x- ^^^^ , d(g_ 2(u^+ym+g) 

iora5, ^-2u+2) du^ {^u+pf 

The new integrand will clearly be rational in u. 

Second, let a be negative. In order that y may be pm 
the linear factors of cS^+toj+c must be real ; if they w 
not real the quadratic would be negative for every 
value of X and therefore y would be imaginary. We m 
therefore write, since (—a) is positive, 

y = J{-a)J{X''a){li-x), 

For definiteness suppose )8>a (algebraically) and I 
v^^+J{{x^a)l{fi^x)Y 

Then, u2=(a;-a)/(/8-a:); 

1/ \ /o \ '^ ^ 2(/3-a)u 
The new integrand will clearly be rational in u. 
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In (ii), (iii) we may suppose all the roots to be positive. 
ee § 123, etid) 

Hie above analysis shows that if 3/ be either ^(ax+b) 
,^{aa^+bx+c)y and if the integrand be a rational fnnc- 
m f(Xy y) of X and of t/, the integration of f{x, y) can 
iirays be reduced to that of a rational function, and 
erefore (§121) requires for its integration only rational 
actions, logarithms, or inverse circular functions. 
(iv) Let the integrand be x^ia + hx^y. 

(a) If jp is a positive integer expand {a+hx^y, 

(h) Try the substitution u = a+bx'^ which gives 

1 . .1. dx (t6— a)«'^ 
td the integral becomes 

no "* J 

\ that if (m+l)ln is a positive integer the binomial may 
J expanded and the integral obtained in finite terms. 

(c) If (771+ l)/n is not a positive integer let x = 1/v and 
ie integral becomes 



\v-^'^P'^(b+av''ydv, 



— w 



Instead of m we have now --(m+rip + 2) and therefore 
f (b) if -'(m+np+l)/n be a positive integer, that is, if 
ti+l)/n+p be a negative integer the integral may be got 
i finite terms. The substitution is 

v, = b+av'^=b+ax'''^. 

§ 123. Gkneral Bemarks. From the discussion now given 
. will be seen that integration is a somewhat haphazard 
recess. The only general results obtained are those of 
} 121, 122 ; in most cases the integration, when it is 
ossible at all, has to be effected by reducing the given 
itegrand by various methods to a few standard forms. 
Iven for the cases discussed in § 122 it is frequently simpler 
3 take a special method for a given case than to apply the 
eneral theorem. 



'^ 
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Much of the difficulty beginners find in integration 
due to a deficiency in power of algebraic and trigonomefa 
manipulations. When the standard forms have been cch 
mittea to memory the next step is to master the t^ 
principles of chan^ of variable and of integration I 
parts ; but the student who has not a thorough mastery 
elementary algebraic and trigonometric transformatio 
will often fail to see the reasons that suggest the particul 
devices adopted and will have to struggle with difficult] 
that are due, not to the nature of the calculus but to li 
own deficient algebraic training. 

Integral d&pendent on Ike range of the variaMe, Anot 
source of difficulty requires special notice, namely that 
integral may have one form for one range of the varia 
and a different form for another range. Thus the integi 
of 1/x is log a; or log (—a?) according as a; is positive 
negative ; in this case the integral may be written ^log(x 
a form which covers both cases. See § 117, Elx. 3, 
another case. 

Again, difficulty may arise from the ambiguity of 
square root ; in that ambiguity the explanation of the t 
forms for the integral of il(a+bcoax) is to be found w; 
the inverse cosine is derived from the inverse tajig 
Thus, if it be agreed that the root is always to be taki 
with the positive sign, the transformation P^^Q = ^( 
would only be correct if P were positive; if P wa 
negative we should have P^Q= -- s/iP^Q)- 
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Integrate with respect to x examples 1-24 



(ar+l)(a?+2)(ar+2)* ^ {j^-l){a^-Ay 

^- {x--a){x-h){x^cy ^ (^+1)V-1)' 

- 1 ^1 X 

^' a^ix-l)' ®- (^-1)3' 7. (^irrp' 

^' ^+1' ^' ^fi+i' 10- a^^x-\-\' 
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11» 'ZA~r~i3 o » 12. /^ I ^2\/^ . i.2\ » 13. 



20. ...^\.:^. l 21. t:^-?^^; 22. ^"^^ " 



23. 7-i-TwTZ^T-n^3rr^ ; 24. ^ 



25. Transform the integral 

f dx 

J {x-afix-hY 

by the substitution w=(a?-a)/(iF-6) ; find its value when m=3, w=2. 
Integrate with respect to x examples 26-37. 

29. /^ . \>^ ; 30. /. , ^x\/i ^x ; 31. ^ 



isi-vhxf^' '^' (i+^yo-^)' ''^- (i-^)V(i+a:2)' 

32. ^4.^(^,^) > 33. ^V(a4-6.r2); 34. :r*(l4-a?*)^; 

1 «r. 2a + a? l(a-x\ . _„ ,^ 

36-^7(1+^: 36. ^q:jV(^^ ; 37. ^/tan^. 



CHAPTER XIV. 

DEFINITE INTEGRALS. GEOMETRICAL 

APPLICATIONS. 

§ 12i. Definite Integnls. In this and the two following 
articles we will state a few of the more important theorems 
respecting definite integrals. 

Theorem L -4 definite integral is a function of its 
limits, not of the variable of integration. 
. This theorem is obvious from the geometrical meaning of 
the integral; so long as the symbol F denotes the same 
function the graph of F(x) with x for abscissa is the same 
as that of F{u) with u for abscissa, and therefore 

[F(x)dx={y(u)du, 

Or, again, if F{x)=Dxf{x\ then F(u)=Duf(n) and each 
symbol represents f{b)--j{a). 

Theorem n. \'F(x)dx=-\J'(x)dx, See §110. 

Theorem IIL If a<b and if F(x) is positive for every 
value of X within tiie range of integration, the integral 



t 



F(x)dx 



is positive, not zero; if F(x) is negative, the integral is 
negative. 

For the area represented by the integral is positive in the 
first case, negative in the second. Obviously the theorem 
will still be true if F(x) is zero for some but not all of the 
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^lues of X in the interval (a, 6), and a similar observation 
8 true in Theorems V., VL, VII. 

Thus such an equation as 

Jo (^-l)2"U-lJo" 

B absurd. The contradiction arises from the fact that the positive 
ntegrand,l/(ar-l)* is discontinuous when a?=l, the value 1 lying in 
he mterval (0, 2). 

Theorem IV. [ F(x) ^ = f F(x) dx + [f(x) dx. 

For the area represented by the integral on the left, sign as 
wrell as magnitude of the areas being taken into account, is 
Mjual to the sum of the areas represented by the integrals 
)n the right. In the same way, 

[ V(a;) dx = [/(x) dx + [V(a;) dx + Tf(x) dx, 

md so on for any number of subdivisions of the interval 
[d, b). Of coxu«e one or more of the numbers c,g,.,, , may 
be greater than the greater or less than the smaller of the 
two numbers a, 6, provided F(x) is continuous for all the 
values considered. 

Theorem V. If a<b and if Q is the (algebraicaUy) 
jreateet and L the (algebraically) least value of F{x) in the 

mterval (a, 6), then I F(x)dx<0(b—a) but>L{b'-a), 

For O—Fix) and F{x) — L are positive ; hence by Th. III. 
the integrals 

^JO-Fix)] dx and £[jF(a;)-Z] dx, 
Uiat is I OdX" I F(x)dx and I F(x)dx— I Ldx, 

or 0{b^a)- \/(x) dx and \F(x) dx-LQ)- a), 

are both positive, so that the integral is less than 0(b — a) 
but greater than L(b'^ a). 

The integral will be equal to HQ)^a) where -H" is a 
number less than but greater than L ; but since F(x) is 
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continuous it must, for at least one value o^ of a; between 
a and 6, be equal to H. The value o^ is of the form 
a+ (6 - a) where < (9 < 1 (§ 73). Hence, 

^F(x)dx=F(x^)(b-a)=F{a+e(b^a)}{b'--a), 

The theorem is evident from the figure; for the area 
ABDEG is less than the rectangle O.AB, greater than the 
rectangle L . AB, equal to the rectangle H,AB or MP . AB 
where MP is an ordinate less than but greater than L. 

The value H or F(x^ is sometimes called the Mean VaZue 
or the Average Value of the function F{x) over the range 
(6 -a). (See §134) 








Fia 54. 



Fig. 55. 



Theorem VI. If a<b and if for every value of x in the 
interval (a, 6), F(x) is (algebraically) less than 0(cc) but 
(algebraically) greater than \[r(x), then 

I F(x)dx< I <l>(x)dx but > I ^(x)dx. 

Proved in the same way as Th. V. since ^(x)—F(x) and 
F(x)^\Ia(x) are positive. For geometrical proof see the 
figure (Fig. 55). 

Theorem VII. If a<b and if F(x) is the product of two 
functions 4>(x), yfr(x\ one of which, <f>(x), is positive for 
every value of x in tne interval (a, b), then 

n n cb 

I (f)(x)\fr(x)dx<0\ d)(x)dx but >L\ <l>(x)dx, 

Ja Ja ja 
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where 0, L are the {algebraically) greatest and least values 
of yfr(x) in the interval, (a, 6). 

Proved in the same way as Th. V., since G— ^(a;), 
\jr{x)'-L, and therefore (0 — ylr{x))<l>(x) and (\l^(x)'-L)<p(x) 
are positive. 

If (f>(x) is negative for every value of x in the interval 
(a, b) we shall have 

Cb rb Cb 

I <l)(x)\l/{x)dx>Q\ <f>{x)dx but <i| <f>(x)dx, 

J a J a J a 

In both cases, the function x/r(a?) being continuous, we 
may as in Th. V. write 

I (I>(x)\l/{x)dx = \l4x^)\ (p(x)dx (a) 

Ja J a 

where a<x^<b. 

The theorem expressed in equation (a) is called The First 
{Integral) Theorem of Mean Value. (See Exercises XXVI., 
29-31.) 

Ex. SbAw that i£n>2y the integral 

[^ da; 

Jo V(l-^) 

is greater than *5 but less thaii '524. 

For every value of a: within the range of integration, the value 
excepted, 

so that the integral is less than 

but greater than [ Ida: = -5. 

Jo 

§ 125. Related Integrals. 

Theorem I. I F{x)dx= I F{a'-x)dx, 

Jo Jo 

Letaj=a— u; thencib= — (iu,and whena?=0, tt = a, when 
aj = a, tft = 0, so that 

F{x)dx=-\ F{a-u)du=\ F{a-'u)du, 
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For 



and in the integral last written we may put a; for u (§ 124 
Th. 1). 
A useful case is 

WW w 

pr pr pr 

I f(Binx)dx=\ /(8in[Y— aj])(ir=| f(co&x)dx. 

Theorem n. J F(x)dx=\'{F{-^x)+F(x)}dx. 

rF(x)dx=[ F(x)dx+{^F(x)dx. 
a J -a Jo 

In the first integral let x= ^u and it becomes 

-J ^(-u)dw=[V(-u)du = jV(-.aj)da;, 
from which the result f oUowa Hence 

r F(x) dx = 2 [ V(a;) dx, if F(^x)^ F{x\ 
=0,if ^(-a;)=-i'(a;). 

Y 




yT 



a X 




Theorem III. 



Fio. 66a. 

The last results are evident geometrically from the figurea 

. I /'(a;)iii;=| {F(aj)+J^(a-«)}da;, 

that \F{x) (fa; = 2 1 F(x) dx, if F(a - a:) = F{x\ . 

Jo Jo I 

= 0,if ^(a-aj)=-F(aj). 

The proof is the same as for Th. IL ; divide the interval] 
into (0, \a) and (Ja, a), and in the second integral pi 
x = a^u. 



so 
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As a particular case 

I f(Binx)dx=2\ f{&inx)dx. 

Theorem IV. // F(x) is periodiCy with the period a, that 
is, if F(x+na) is equal to F(x) for every integral value of n 

{^F(x) dx =p f V(a;) dx, 
Jo Jo 

where p is any positive integer. 




A B 

Fig. 67. 



C X 



If 0-4=a=il£=£0= ...then from the nature of the 
graph the areas OAKH, ABLK, BCMLy ... are all equal, so 
that if 00 ^p . OA the area OOMH is p times OAKH. 

Or divide the range pa into p parts each equal to a, then 

F(x)dx=\ F(x)dx+.., + \ F(x)dx 

Jo Jo Jto 



+ ... + ! F(x)dx. 

J(p-l)a ^ ^ 



In the integral having ka, (k+l)a for limits let x=u+ka; 
then dx=:dUf and when x^ka, u = 0, when x={k+l)a 
1^ = a, so that 

f(*+l)o fa fa fa 

I F(x)dx=\ F(u+ka)du=\ F(u)du=\ F(x)dx, 

since F{u+ka)^F{u). Thus each of the p integrals has 
the same value and the result follows. 

Similar reasoning shows that the theorem is also true 
when j9 is a negative integer. 
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As a particular case 

rr2w 
f(miix)dx=p\ f(siax)dx. 

These theorems are of great service in the evaluation o£ 
integrals. 

§ 126. Inflnite LimitB. Infiiiite Integrand. Up to this 
point the limits of the integral have been assumed to be 
finite, and the integrand has been supposed continuous and 
therefore finite for every value of the variable within the 
range of integration. It is, however, possible in certain 
cases to remove these restrictions by the use of limits. 

A. Infinite Limits. An integral with one of its limits 
infinite is defined as follows : 

rF(x)dx= L fV(aj)da;; f F(x)dx= L [^ F(x)dx, 

provided the limits for 6 = oo and for a= — oo are definite 
quantitie& 

Ex.1. r$=L/*$=L(i-n=i. 

Ex. 2. r^- L f^= L log 6. 

In this case the limit of log 6 is not a definite number, and the 
integral is therefore a meaningless symbol. 

Ex. 3. / e-*coAxdx, 

By § 118, ex. 3, the indefinite integral is \e-%-coAx+^m.x\ and 
we nave to find the limit for &= c» of 

\ + \er^{ - cos 6 + sin 6). 

Now COB 6, sin 6 are each never greater than 1, and the limit of e~* 
is zero so that the integral is equal to ^. 

The limit for ^=qo of af*e~^^ where a is positive, is often needed in 
dealing with these integrals. It is easy, by § 49, to see that 

xssgo 

See also Exercises YII. ex. 9. 

B. Infinite Integrand, If F{x) is continuous for all 
values of x between a and h except for x = a when it is 
infinite, then the integral of F{x) between a and h is defined 
thus, a being less than b and € being positive, 



Ex. 1. 
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{^F(x)dx== lP F(x)dx, 

ja e=oJa+« 

rovided the limit is a definite quantity. 
If F(x) is continuous except at h then, e being positive, 

Ch Cb-t 

I F(x)dx== Lj F(x)dx. 

Ex. 2. f'-jr^= L f— ^^^= L8in-i(l-l); 
le limit is obviously sin~^ 1 or 7r/2. 
Ex.3. r5=Lf^5=L(i-lY 

In this case there is no definite limit and the integral therefore does 
ot exist. 

If a <c<b and if F(a:) is continuous except when .r=c, then the 
itegral between a and b is defined thus, e, e' being positive, 

(^F{x)dx= L (""F{x)dx+ L f^ i?'(^)c^, . 

rovided each limit is separately a definite quantity. 

Ex.4. p-^= L(-3V€ + 3)+ L (3-3VO. " 

J-lWJ^ e=0 e'=0 

[ere the first limit is 3, the second is also 3, and the integral is 6. 
Ex.6. P_^ =L(l-l)+L(-l+n. 

In this case there is no definite limit and the integral does not exist. 

A change of variable will often remove the difficulty of 
n infinite integrand or an infinite limit ; thus, in ex. 2, we 
light put x = a sin 6. The change of variable is specially 
seful for the forms given in § 116. 

These exceptional cases of 
^te^als may be illustrated by 

Snsideration of the graph of 
[x). Let F(x)= 1/x^ where n 
^sitive; then the aj-axis is 
asymptote and the area 



\x). Let . 
I positive ; 
i asymptx 
IbDG is (i 



{^dx^ 1 (1 L^ 




Fig. 58, 






o.c. 



u 



V 
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Hence, if 7t>1, the area ABDC tends to the val 
l/(n — l)a*-' aa b tends to x; while if 0<7i<l the aj 
tends to oo since 1/fc""', that is, t*-" tends to oo , If n. = 
the area ABDC is equal to'log(t/a) and therefore ten 
to K> with b. 

On the other hand, consider J'(a;)=l/(a;—a)'' where -n 
positive. If OA =a. AE=e, OB=b, then the area EBl 
IS equal to (n"t«l) 

Hence, if 0<n<l the area ten 

to (b-ay-"/il-n) as e tends 

zero ; while if n > 1 the area ten 

to 00 since e' "", that is, 1/e" " ^ ten 

to infinity as e tends to zero. 

n = 1 the area is log{(6 — a)/e} ai 

therefore tends to x aa e tends i 

zero. 

—rr It is easy to show by the use i 

'^ Th VIL, § 124, that if near a, I\i 

„ is of the form 0(cc)/(a; — a)", vrha 

<l>(x) is continuous, the area EBS 

and the corresponding integral tend to a finite limit if n 

a positive proper fraction, out that w^en ip(a) is not ze 

the limit is infinite if n is equal to or greater than 1. 

It is beyond the scope of this book to enter further in 
these exceptional cases. 

EXBB0I8ES XXVI. 
Evaluate the following integrals : 
1. j~e-"wabxdx(a>0); 2. j'e^!aubx<h:(a>0); I 
r dx . /•■ dx . 



 j: 






V{(^-a)(6-:r)}- 



[Let x=acoB^e+ba. 
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10 f* ^ . 11 ( ^ '^ 

-o r' coa^a: ain X da; -„ n cm^xainxdx 

^^ Jo 1+^2 cos2^ ' "• Jo J(l+e^coa^xy 

14. / tanorcJar; 16. / logxdx; 16. / x^logxdx. 

17. Prove that if m and ti are positive, 

j af^il -.vydx= I af*{l -xfdx, 

18. Prove that if w is positive, 

/•« /•• 

/ €r*af^dx=nj e~'af*'^dx. 

Find the value of the integral if ?^ is a positive integer. 

,-. T* f'xainxdx 

19. If w= / -r— 5-> 

Jo iH-cos^^ 

_ , , . f*w Bin xdx 

rove that «= / -r— 5 w, 

y© l+cos-^a? 

id then find the value of u. 

20. If u= ['t-t^- where < « <1, 

Ifove that «= / ^— — : w, 

id then find the value of u, 

21. Show that \ F{x)dx=\ F{a-\-h-'x)dx. 

22. Prove that if 7» is a positive integer 

/ sin*^> / w!^^^xdx, 
Jo Jo 

[ence, show that ir/2 lies between 

2.2.4.4.6.6.... 2n.27i 



1 . 3 . 3 . 5 . 5 . 7 . . . . (2n - 1 )(2n +1) 

id the fraction obtained by omitting the last factor in numerator 
nd denominator. (This is oiften quoted as Wallis's value of tt.) 



308 AN KLKMENTARY TREATISE ON THE CALCULUS. 

2S. Prove that, n being4i poeitive integer, 
'simr 



f. 



, f'sinudu 

where i*»= f — r-s — * 

Show that f<o, U|, ii....are poeitive, and that if it is equal to 
greater thiui 1, u^ ia lees than l/k. Interpret these results hy oc 
sidering the graph of sin x/x^ ana show that the integral has a fin 
limit for n» 00 . The limit is ir/2 but the proof can not be given he: 



^- ^^« y. 7 (4-3:^+^) ^1 V(4^3F) ^"* >! -ie-'^' 
that is, <}, but > 19/32. 

Put x=l +«* ; then replace tt*+3tt*+2 by 4«2+2 and by 3^2+2. 

27. If a and ^ are poeitive acute angles, prove 

I ^ dx A. Vk 4- r 

Jo ^(1 - sin*a sin'or) /^(l-8in*asin^</>)' 

If a=^=ir/6, show that the integral lies between '523 and '5^ 
More accurate methods give '52943 as an approximate value of tl 
integral. 

28. Prove 

(i) jf €-^dx<l xe-^dx; (ii) I e-'*dx<l+^ 

29. Give a geometrical interpretation of Th. VII., § 124, by cfl 
sidering the volume of the solid Dounded by the coordinate planes, ti 
planes through ar^a and x=b perpendicular to the :r-axis, and ti 
ctflinders y = 9(^) and z = ylr(x). 

30. If V^(^) is poeitive, and if <f>(x) is a positive decreasina functi< 
in the interval (a, b\ show by considering the volume of tne solid 
ex. 29 that 

(i) 1 <l>{x)ylr{x)dx=ft>{a) I ylr{x)dx^ where a<^<6; 
but that if <f^x) is a positive increasing function, 

(ii) / <fi(x)yl/(x)dx=<f>(b) I ylr(x)dx where a<^<b. 

31. If </)(.v) increases (algebraically) as x increases from a to 5, shoi 
that in ex. 30 (i) we may put <f>{b) - <f>{x) in place of <f>{x\ while l 
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{x) decreases (algebraically^ we may in ex. 30 (ii) put <^(a) - <\>{x) in 
lac« of <l>(x). Show tliat, when these substitutions are made, both (i) 
id (ii) become 

/ <\>^)'^{x)dx=<i){a)\ ■ylr{x)dx+<^{h)l '^{x)dx. 

In this case 4i[x) may be either positive or negative. The theorem 
tpressed by the equation is called The Second {TrUe^ral) Theorem of 
mm Value ; it is true even if V^(^) take both positive and negative 
ilues, though the illustration would require more careful elaboration 
) show this. 
Illustrate by an area when '^(^)= 1. 

§ 127. Some Standard Areas and Volumes. In this article 
^8 collect some of the more important results already 
btained or easily proved. 

1. TTie riaht Circular Cyliinder. Let the radius of the base be a and 
le height h. 

volume = ira^h ; curved surface = 27raA. 

2. The right CircvZar Cons. Let the radius of the base be a, the 
sight A, and the slant side l=J{a^+h^. 

volume =j7ra2A ; curved surface =7ra/. 

For a frustum of height h, slant side I, and with radii of ends a, &, 

volume = J7r(a2 ■\-ah + b^)h ; curved surface = 7r(a + by. 

Jjet A be the base, h the height, and X the section parallel to the 
ise at distance a: from the vertex of an^ cone ; then 

X:A=a^:h^, 

nee parallel sections are similar figures. Let V be the volume of the 
ortion having X for base and height a: ; then to the first order of 

fiitesimals o F= X&p, and 2>, F is equal to X. Hence the volume of 
whole cone is 
fh ^ fh 

Jo ^^^A^jo ^'*«^=i^^- 
For a frustum of height A, the areas of its ends being A and B, the 
dnmeis i{A+^(AB)+B}h. 

3. The Sphere. Let the radius be R ; then, by § 85, ex. 2, the 
olume of a spherical cap of height h is 

irh%R-ih), 

ad the curved surface of the cap is 2wRh. By putting A =2/2 we 
et for the volume and the surface of the sphere ^^ and AirB^ 
Bspectively. 

It will be noticed that the surface of the cap is equal to the curved 
Qrface of a cylinder of the same height whose base is equal to a great 
ircle of the sphere. 
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To find the volume of a spherical sector, add to the volume of iM 
cap that of the cone whose vertex is at the centre of the sphere and 
whose height ia R — h. The result is 

irh\R - JA) + M^Rh - h^{R -h)= J2ff /PA = j^SR, j 

where S is the surface of the cap. The result is more easily obtaiaei 
bv supposing the surface of the cap divided into a large numbel 
of small areas ; the sector may then be considered as made up of I 
larse number of cones having the same height R, and the volumi 
of Uie sector will therefore be iSR. 

4. The Ellipse, The area of an ellipse whose axes are 2ay 25 is 

The volume of the spheroid generated by the revolution of th 
ellipse about its major axis 2a is 

[a 52 r« 

This spheroid is called " prolate." When the axis of revolution 1 
the minor axis 2&, the spheroid is called " oblate." The volume of tb 
oblate spheroid is 

2jrv^fl^=2^^Y^V-/M3^=*^«'&. 

The surface of the prolate spheroid is 

where (*y=i + (^y=?lr^Z^. 

Let € be the eccentricitjr of the ellipse ; then d^^=a^-l^, and th 
integral may be written, since b=a^(l-€^, 

47rV(l - €O^V(a^ - €^^ dx, 
and the value is easily found to be 

27ra2|l ~ c2+ V(l - €') ^^}- 

The limit of this expression for 6=0 is 47ra2, which gives the surfe 
of the sphere of radius a. 

For the oblate spheroid the student will readily prove that tl 
surface is 

Jr* dg 4flr /"aVfl-**! 

=w{i+l^^ogl±i}. 
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Since 



we find 



\ log [T^=log(l+«)'+log(l-«) 



e 



^llo«T^=*lo««+l<'8«=2! (§48, Cob.) 



30 that the limit for €=0 of this area is also Awa^ 

5. The Ellipsoid x^/a^+yyb^+zyc^==l. 

The traces of this suHace on the coordinate planes are ellipses ; the 
section MPQ by a plane parallel to 
the plane TOZ is an ellipse. If Yl 

0]l£=x then 



ftnd the area X of the quarter-ellipse 
MPQ\& 

If F is the volume bounded by 
^he coordinate planes, the surface 
BCQP and the section MFQ, then Fkj^ gO. 

to the first order of infinitesimals 
BV=XBx and DxV=iX, Hence the volume of the octant OABG is 




r^'«»'=giv-^)<i^= 



irahc 



6 ' 

80 that the volume of the ellipsoid is 4irabc/3, 

The method of finding the volume illustrated in examples 2 and 5 
is obviously applicable whenever the area of a section perpendicular 
to the X-axis is a known function F(x:) of x ; the volume is simply the 
integral of F(x) between proper limits. (See ex. 3, 8 86.) The 
Modification needed when the axes are not rectangular is plain. 

Cv/rve Tracing. — Before proceeding to the next set of 
Exercises the student should read over carefully the 
hints given in the earlier chapters for tracing curves; 
these, with the additional help furnished by the first and 
second derivatives, should enable him to graph the more 
elementary curves. In general he should proceed in some 
such way as the following : 

(i) Examine the equation for symmetiy. 
(ii) Find where the curve crosses the axes. 

(iii) Find the finite values of a? (or of y) that make y 
(or x) infinite ; these values usually show the asymptotes 
that are parallel to the axes. Asymptotes inclined to the 
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axes may in the simpler cases be found as in § 24 or by the 
method of § 106; but such cases lie outside elementary work 

(iv) Find the values of the one coordinate that make 
those of the other coordinate imaginary. 

(v) Find the gradient (see § 54) ; note the turning points 

(vi) Find the second derivative; it determines the con- 
vexity or concavity of the arc and the points of inflexionj 
It is often laborious, however, to find the second derivative; 
and general considerations will frequently show the coursoj 
of the curve without its use. 

For polar coordinates the procedure is similar. It ia 
often convenient, however, to suppose that the radius vector 
may take negative values; thus the point ( — 1, —1) in the 
third quadrant may be given in polar coordinates as 
{mJ% 5ir/4i) or as ( — ^2, '7r/4). In the second form 
(-a/2, 7r/4), if lXOP is 7r/4 and OP equal to J% 
produce PO beyond to P' so that OP'=PO and P 
IS the point (- V^, W^)- See Exer. XXVIL, ex. 23. 

The general course of the curve should always be found 
before attempting to find an area, or arc, etc. In evaluating 
the integrals substitutions will usually be necessary, and 
the student will find that sometimes a considerable amounii 
of labour will be saved by choosing a good substitution. | 

Even though the curve is given in rectangular coordinates 
a change to polars will sometimes simplify the integrations.! 

EXERCISES XXVU. 

1. The parabola y^—^ax revolves about the a;-axis ; find the volume 
and the surface of the segment cut off from the solid by a plane 
perpendicular to the ^c-axis through the point where x^h, 

2. Find the volume cut off from the paraboloid 

Y . by a plane perpendicular to 

the ^-axis through the point 
where ^=A. 

3. Find the area enclosed 
by the curve (Fig. 61) 

Symmetry about both axes; 
x^-^d^ ; max. ofv=bl2. 
Find also the volume of the solid generated by the revomtion of the 
curve about the ^-azis. 
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4. Find the area enclosed by the curve <^^=a^(x - a){b - x), where 
>a>0. 

II X is less than a or greater than b, y is imaginary except when x—^ 
id then y=0. The curve is therefore a closed curve symmetrical 
)out the ^-axis ; the origin is called an isolated point because its 
ordinates satisfy the equation, while there is no other point nearer 
le origin than (a, 0) which lies on the curve. 

5. Find the area of the curve 

Change to polar coordinates. The 
igin is^n isolated point. 

6. Trace the curve 

by^=^x{x — a)(2a — x) 
here a and h are positive.. 
y is imaginary (i) if x>2a ; (ii) if 

The curve consists of an infinite 
ranch and an oval as in Fig. 62. 

7- Find the area of the loop of the 
irve \Qa?y^=h^a^{a''2x) where a, h 
■e pofiitive. 

8. Trace the curve h/^={x - a){x - b)(x - c) where c>6>a>0, k>0, 
Onsider the forms for which (i) a=6 ; (ii) b=c ; (iii) a=b=c. 

The general form consists of an oval and an innnite branch like 
k. 6, only the oval lies to the left of the infinite branch. When 
^6 the oval shrinks up to an isolated point at (a, 0) ; when a=^b=c 
le curve is the semi-cubical parabola, the point (a, 0) being a cusp, 
he area of the oval in the general case, a, 6, c unequal, cannot be 
tpressed in terms of the elementary integrals. 

9. Trace the curve y^(a-x)=a^(a+x); find (i) the area of the loop, 
i) the area between the curve and the asymptote (Fig. 63). 





Fig. 63. 



Here the gradient is zero when x is (l±Ay5)a/2, but the value 
1+^6) a/2 makes y imaginary. 
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Fio. 64. 



10. The "cisBoid" U the curve given by the equation y*(2a— x) 
find the whole area between the curve and its asymptote (Fig. 64] 

Find also the volume of tne solid genei 
by the revolution of the cissoid about 
asymptote. 

If Plf is perpendicular to the asymptote 
volume is 

Jo Jo 

To integrate let 47= 2a sin^^, then 

y == 2a sin'd/cos dy 
and the limits for 6 are and ir/2, 
11. Find the area between the curve 

and its asymptote ; also the volume of tbe i 
generated by the revolution of the curve a1 
its asymptote. 

12. Find the area of a loop of the curve y^a* + J!^=a^a^ — a^). 

13. The figure bounded by a quadrant of a circle of radius a, 
the tangents at its ends revolves about one of these tangents ; 
the volume of the solid. 

14. An arc of a circle of radius a revolves about its chord ; if 
length of the arc is 2aa show that the volume of the solid is 

2ira^(sin a - J sin^a - a cos a), 

and that the surface of the solid is 

4ira*(8in a - a cos a). 

15. If « is an arc of the curve a?*^^=a^ show that 

Show that the arc can be expressed by means of the element 
functions when n is of either of the forms (2k+l)l2k or 2k/(2k- 
where k is any integer, positive or negative. 

' 16. Find the area between the graph of 4/(«*+e"*)' and the jr-axi 

17. Find the whole area enclosed by the curve 

(^/a)*+(y/6)*=l. 
Put a7=asin'^, then y=6co8'^, and the area is 

4J''ycb:='l2abJsia^ecoa*OdO=i7rah 
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18. The cycloid is the curve given by the equations (§ 146) 

a;=a(0 — sm6); y=a(l— cos^). 

Find (i) the area between the ^-axis and one arch of the curve ; 
ii) the length of the arch from ^=0 to 6 = a; (iii) the volume of the 
Dlid generated by the revolution of the arch about the ^p-axis ; (iv) the 
olume of the solid generated by the revolution of the arch about 
he tangent at the highest point (or vertex) of the arch, namely, 
Fhere d=7r. 



Here 



l^dx— a^ I (I- COS OydO; T^=2asin^ 



19. Find the volume of the tetrahedron formed by the coordinate 
>lanes and the plane 

20. Find the volume of the cono-cuneus determined by the equation 

irhicli is contained between the planes ^=0 and x=a» 

21. Find the perimeter of the curve 

I.I I 

If ^=a8in^^, then y=acos'^ and c&/fl?^=3asin^cos^; the peri- 
meter is ri 

4 / 3a sin cos dO=6a» 

[ 22. The polar equation of a conic, the focus being the pole, is 
r{l-{-ecoaff)=L Find the area bounded by the initial line, the curve 
and the radius vector for which ^=a, where a < tt, (i) for the para- 
bola, (ii) for the ellipse. 

23. Show that the curve r=asin 3^ consists of three loops of equal 
area lying within a circle of radius a, 

and find the area of a loop. 

As increases from to 7r/3, the 
graphic point describes the loop 
UAnCO ; as increases from 7r/3 to 
2x/3, r is negative and the gi^phic 
point describes the loop ODEFO ; as 
a increases from 27r/3 to tt, r is again 
positive and the jgraphic point de- 
scribes the loop OuHKO. A further 
increase of gives no new arc. 

24. Find the area enclosed by all 
the loops of the curve r—am\.n6 (i) 
when n is an odd integer, (ii) when n 
is an even integer. 

25. Find -the area of a loop of the curve r^cos 0=aHm 3^. 

26. Find the area of the loop of the curve r cos ^=a cos W. 




**'. 



V)^ 



t^' 
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§ 128. Closed Carres. Let CP^DP^ be a curve that cad 
not be cut by a straight line in more than two points, and 
let each ordinate be positive; let -4(7, BD be the tangents 
parallel to the y-axis, OA =a, OB=b. 

The area enclosed by the curve is 

{^AfP^dx--{^MP^dx (1) 

where Pj and P^ move along CPiJ) and CP^D respectively 
as X increases from a to 6. 

The integrals (1) may be written 



I'MP.d.+ll 



MP^dx. 



(2) 



Suppose now that the coordinates x and 3/ of a point on 
the curve can be expressed as functions of a variable, t say, 

such that as t increases from ^ to 
^2 the point (oj, y) travels com 
pletely round the curve. As i 
increases from t-^iot let the point 
{x, y) travel from G to D along 
the arc CP^D; as t increases from 
f to ^2 1®^ ^hie point (x, y) travel 
from D to C along the arc DP^G. 

X We might, for example, suppose f 
to be an arc of the curve measured 
fromG; then ^i = (),f = arc CP^i), 

If we make t the variable of Integra- 



(X^ 



M 
Fig. 66. 



B 



^2 = whole perimeter, 
tion, (2) becomes 

J^^tMy^S'^ (^) 

The second integral in (3) is negative, since MP^ is positive 
and dxjdt is negative as t increases from t to t^ When i 
represents an arc of the curve dx/dt is the cosine of the 
angle which the tangent at («, y) makes with the ic-axis, 
the angle being measured as in § 92. We may combine the I 
two integrals of (3) into one and write as the expression for | 
the area of the closed curve 



i 



'2 dx j^ 



.(4) 
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As an example, let CPJ)F<^ be the ellipse 

Put x=h-aco^t, ^ = i^4-/3sin ^ ; as ^ varies from to 2ir, the point 
(d7, y) travels round the curve in the direction CPyDP^ The area is 

' (>fc + )8 sin t) a sin tdt = ap\ sinH dt — Trap. 

Jo 

The restriction that the curve is to be cut in not more 
than two points by a straight line is easily removed. 

Thus, when the point (a?, y) travels in the direction 
shown by the arrows, the area swept out by the ordinate 
of the point is 

ACEM-^NFEM+NFDB-AGGDB, 

which is clearly the area enclosed by the curve. Along the 
arcs EF, DOG, dx/dt and the corre- 
sponding integrals are negative; 
the areas NFEM, AGGDB are 
therefore to be subtracted. 

We might have written (1) in 
the form 



- [mP^ dx - pJIfPi dx, 

Ja Jb 




N M B 
FiQ. 67. 



If as t increases from t^ to t^ the 
point (x, y) travels completely 
round the curve in the direction GP^P^, the area will be 






(4') 



The area, as given by (4) or (4') is a positive number ; if, 
however, we agree to give the area a sign, the integral 

dx 



\y 



dt 



dt 



(5) 



taken round the curve, that is, the range of t being such 
that the point (x, y) travels completely round the curve, 
will always give the algebraical measure of the area. 

In exactly the same way as (4), (4') are established, it 
may be proved that the integral 

x^t .(6) 



I' 
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taken round the curve will give the algebraical measure of 
the area. If , as f increases from ^^ to t^y the point travels in 
the direction CP^DP^, the integral (5) is positive and (6) is 
negative, and 

if the point travel in the direction GP^DP^ it is (6) that is 
negative and (6) thtft is positive. 

The direction of motion of the point {x, y) is of course 
arbitrary ; in mathematical physics it is customary to 
choose the number that measures the area to be positive 
when the area lies to the left of an observer who moves 
round the curve in the direction corresponding to in- 
creasing t If we adopt this convention we find for the 
area J. of a closed curve 

the integral being taken round the curve in the direction in 
which t increases. The integrals in (7) are often abbrevi^ 
ated to 

A = \ady= ''\ydx = U(a:dy-ydxy \ 

9 

There is no difficulty now in removing the restriction 
that the coordinates are to be positive ; the expressions (7) 
always give the algebraical measure of the area. Of course 




Cn/ 



Fig. 68. 

it is understood that the point (x, y) travels round the curve 
in a direction determined once for all ; the sim of A given 
by (7) is positive for the direction CP^DP^; if the direction 
be GP^DP^ the sign will be negative. 
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The theorem includes cases in which the curve cuts 
self; thus, if the point travels round the figure of eight 

the direction of the arrows, the integral (7) is equal to 
g— -dj. For the other figure the integral gives the sum 

the areas of the two loops ; for the inner area is taken 
rice. 

§ 129. Area swept out by a moving Line. Let J.£ be a 
raight line of length I, and let it be displaced to a close 
)Bition A'R, sweeping out an area ABRA'; this area will 
5 taken as positive or negative according as it lies to 
le left or to the right of an observer moving round the 
>undary in the direction ABRA\ 

Draw A'C, EC parallel to AB and to the chord AA' 
jspectively ; let AX' be parallel to a 
xed line and let the angles X'AB^ PlxAv 

l^'^' be a and 8a, To the first order ^y'^^^^ 

E infinitesimals the area ABRA\ Sz ..^'^^^^m 

fcy, is equal to the sum of the paral- ^r^^^^ ^^-^W^ 
ilogram AG and the triangle A' OR, J ^^..-^f^^"^ 

'Hie motion oi AB may be resolved ^t^—i-i ^ 

ito (i) a translation to AV, (ii) a rota- ^ p^^ ^^ ^ 
bn about A' to the position A'R. Let 

be the altitude of the parallelogram, then to the first 
rder of infinitesimals 

dz = lh + ^lHa (1) 

Let P be a fixed point in AB; AP=a=AT^ = A'R, and 
onsider the displacement of P normal to AB, For the 
ranslation the normal displacement is (not PP-^ but) h ; for 
be rotation it is ada. The total normal displacement, da 
ay, of P is therefore 

ds^h-^-ada (2) 

From (2) h^da-^ada) therefore (1) becomes 

da^ld8+(i^V-'aL)da (3) 

If we suppose the variables to be functions of <, as 
n § 128, we have 

. g='l+w'-')| <*> 
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Equation (4) is general, provided the variables are givel 
the proper signa ds and as/dt will be taken positive wha 
the motion of P is to the left of an observer looking aloii| 
AB from -4 to -B; positive rotation (a) is counter clockwisj 
The constant a will be positive when P lies in -45 or i 
AB produced beyond B; negative when it lies in B. 
produced beyond A. 

As t increases from ^ to ^2 *'^® ^^'^^ swept out by AB is 

= fe+(ii'-a0(a2-ai) ; (« 

where 8 is the total normal displacement of P during tli 
motion and a^, a^ are the initial and final values of a. s\ 
not, in general, the same thing as the length of P's path 

Suppose now that B describes a closed curve C and k 
the area of the curve be also denoted by C ] 

(i) When B makes a complete circuit of C let A move 

and fro along an arc J 
returning to its initial pc 
tion when B returns to 
initial position; in (5) a2=< 
and z is simply equal to 
so that 

C=l8 (8 

pjg ^Q where 8 is the total normal difl 

placement of P. For, clearlj 
the integral (5) gives the area ABDOH diminished by th| 
area ABKOH. In this case 8 is independent of a, that 1 
of the position of P on 4 B. 






Fig. 71. 



FiQ. 72. 



(ii) Suppose that while B makes a complete circuit of ^ 
A travels round a closed curve (7. If 'C is outside I 
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[Fig. 71) Oi and og will be equal ; (5) will be Is but the area 
swept out by -45 will be (7— (7, so that 

G-Cr = l8 (7) 

K, however, G completely encloses C (Fig. 72) then Og— aj 
irill be 27r and we shall have 

C-(7 = fe+2'7r(JZ2«aO (8) 

The signs of the numbers G, (7 are supposed to be deter- 
tnined by the convention of § 128 (7). 

§ 130. Planimeters. The investigations in the last two 
Iffticles contain the theory of several instruments that have 
been devised for mechanically evaluating the area of a closed 
curve ; the best known of these is Amsler's Polar-Planimeter. 

Essentially the polar-planimeter consists of two bars OA, 
AB freely jointed at A, the bar OA rotating about a fixed 
point 0. If B is made to describe a closed curve, A will 
move along the circumference of a circle. When A merely 
Decillates along the circumference, not making a complete 
pevolution, the area enclosed by the curve which B describes 
k by (6) of § 129, Is, In this case s is independent of the 
position of P on the bar AB. 

To find 8 a wheel with axis parallel to -4 S is attached to 
AB; the wheel, as B describes its 
curve, partly slides and partly 
The sliding and the rolling motions 
Bure independent, and the sliding 
botion has no effect in the way of "^Z \ 
burning the wheel. The normal / J 
displacement of P is therefore equal J 

to the circumference, 27rr say, of fq 73. 

the wheel multiplied by n, the 

number of turns made by the wheel while B describes its 
Burve ; that is, 8 = 2x^71. A counter is provided that registers 
n; n oi course may be integral or fractional. 

If we suppose the curve G so large that the circle of 
radius OA fies wholly inside it then, by (8) of § 129, 

C-TrOA^==l8+2ir{iP^al), 

that is, G= 2Trlm + 2'7r(ii2 - al) + irOA\ 

a.c. z 



es its 

rolls t^^^Z^^^ 

>tions K^'^'^'^'^ J 

liding ^-r:^^-"^- 
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flince 8 = 277*71. All the nombers except n are constants of 
the instrument. 

For information on Planimeters the student is referred 
to Henrici's " Report on Planimeters," Brit. Ass. Rep. 1894 
The method of proof followed in ^128, 129, is essentially 
that given by Appell in his Elemefrvts cPAnalyse MaOd- 
Tnatique. 

EXERCISES XZVm. 

L Show that in polar coordinates the area of a closed curve is 
given by the integral r .^ 

taken round the curve. Prove the result (i) by use of the polar 
formula for area ; (ii) by transformation of the last integral in (7), 
§ 128, by putting x=rcoa$^y=rBin6. (See Exer. XIL, ex. 15.) 

2. If the coordinates of the vertices of the triangle OAB are^ when 
taken in the order 0, A, B, (0, 0), (xy y\ (or+Sar, v+Sy) respectively, 
prove geometrically that the area of the triangle is 5(^% ~y^)> ^ sign 
and in magnitude. Apply the result to establish the theorem of ex. I. 

3. Find the area common to the two parabolas y^^Aax, a^=4ay. 

4. Find the area between the asymptote y=a, the y-axis and the 
branch of the curve y\a^+aP)^a^a^ that lies in the first quadrant. 

The area is equal to 

Find the area by integrating with respect to y. 

5. The "tore" or the "anchor-ring" is the solid formed by the 
revolution of a circle about a straight line in its plane. Let a oe the 
radius of the circle, the y-axis the axis of revolution, and let the centre 
of the circle be on the ^-axis at a distance c from the origin. The 
coordinates of any point on the circle may be taken as 

1^=0 + a cos <, y=a«i.nL 

If V is the volume and 8 the surface of the tore, then, when 
c^a. prove 

(i) V=ir\ (c + o cos tya coa tdt= 27rWc =AL ; 

Jo 

(ii) S—^irj (c -h a cos t)adt=4^^ac=CLj 

where A is the area and C the perimeter of the circle, and Z is the 

circumference 2vc of the circle described by the centre of the revolving 

'rcle. 
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6. The curve r =3 + 2 cos 6 consists of a single oval ; trace the curve 
and fnd its area. 

7. The curve r=2 + 3coa^ consists of two ovals (Fig. 74); if 
cos a= - § (0 < a < tt), show that the 
area of the large oval is 

A =^a+ 12 sin a+ 1 sin a cos a, 

and of the small oval is 

Show also that the integral of ^ 
from 0—0 to ^=27r gives the sum of 
these two areas. 

Examples 6, 7 show the nature of 
the curve r=a+6 cos 6 for a>h and 
a<h respectively. Fig* 74. 

8. How may the curve given by the equation /6n;r, wy)=0, where 
m and n are constants, be deduced from that given oy /(^, v)=0 ? If 
the second curve is closed, show that the first is also closed and that 
the area of /(mar, ny)—0 is equal to that of /(^, y)=0 divided by mn. 

Let mx=afy ny=^t/^ and therefore a/dy' =mnxdy. Now apply (7), 
§ 128 ; the integral of afdy' round the curve f{x\ y)=0, (which is the 
same thing as the integral of xdy round the curve /(:r, y)=0), will be 
equal to the integral of mnxdy round the curve f{mx^ wy)=0, that is, 
to mn times the area enclosed by that curve (since mn is constant and 
the integral of xdy is the area). 

9. Apply the method of ex. 8 to deduce from Exer. XXVII., ex. 5, 
the area of the curve {m^a^-^-nh/^y^a^a^+l^K 

10. When AB {% 129) describes one complete revolution, show that 
P describes a curve which encloses an area V" given by 

(i) C"={aC+hG')l{a+h)-Trah, 

where FB=b and a, (7, C denote the same quantities as in § 129. 
Show also that if the ends A, B move on a closed oval curve C 

(ii) C-C"^ vab. (Holditch's Theorem.) 

Use equation (8^, § 129. Put l=a+b and we get C- C" ; then put 
l=a and we get (f"-C\ The elimination of s gives (i). To find (ii), 
consider the areas swept out hy AF and BP, 



CHAPTER XV. 

INTEGRAL AS LIMIT OP A SUM. 
DOUBLE INTEGRALS. 

§ 131. Integral as the Limit of a Sam. It is instractive 
and for some applications necessary to consider an integral 
as the limit of a sum. F(x) is, as usual, understood to be 
continuous. 

In the first place, suppose a<b and F(x) a positive 
increasing function; these restrictions will afterwards be 
removed. Between a and b insert (w — 1) values in ascend- 
ing order of magnitude, x^, x^, a?,, ... , ojn-i, and form the 
differences (xj — a), (x2^x{), (x^—x^), ... , (6 — aj«-i); these n 
differences are all of the same sign, in this case positive, 
and their sum is 6 — a. The interval 6— a is thus divided 
into n sub-intervals. 

Now multiply each sub-interval by the value of F{x) at 
the beginning of that sub-interval and add the n producta 
We get the sum 

^(a)(aji - a) + -P(aJi)(a:2 - i»i) + ^(«2)(a'8 - ^2) + • • • 

+ F(Xn-l)(b^Xn-l) (1) 

or, in the ordinary notation of differences Sa, Sx^... 

F(a)Sa+F(x{)Sx^+F(x2)Sx2+...+F(xn-i)Sxn-i (!') 

The sum (1') may be more compactly written 

"^FixySx (2) 



x^a 



The symbol XF(x)Sx means " the sum of all the terms of 
the type F{x)Sx" and is read "sigma F(x)Sx." In inter- 
preting the symbol, the manner in which the interval 6— a 
has been divided has to be gathered from the context ; the 
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end of the interval from which the division begins is 
indicated by "aj = a" the other end by "03 = 6," and each 
difference ^o; has the same sign as 6— a, in this case positive. 

We wish to find the limit of the sum (1) or (2) for n 
increasing indefinitely, each difference Sa, Sx^, ..., at the 
same time diminishing indefinitely. To find the limit con- 
sider the graph of F(x), (Fig. 75). 

Let OA = a, OA^^^x^..., OB^b; then AC = F(a\ 
A^C^ = F(x.)..,, An.iCn-i^F(Xn.il BD = Fib). GE^, 
C1B2, ... , Cn-iEn are parallel to the aj-axis. The sum (1) 
is clearly the area enclosed by the rectangles AE^, A^E^t 
... , An-iEn and differs from the area ABDG by the sum 
of the curvilinear triangles CE-^C^, C^E^G^, ... , Gn-iEJD, 




Fio. 75. 



Draw GE parallel to AB to cut BD at E and produce 
G^ to -F so that EF may be equal to the greatest of the 
sub-intervals AA^, A^A^, ..., and complete the rectangle 
EFOD. Let z denote the area ABDG; then the difference 
between z and the sum (1) is less than the sum of the n 
rectangles GE^.E^G^, G^E^.E^G^, ..., Gn^iEn.EnD, and 
therefore less than the rectangle 

EF(E^G^+E,G^+,., + Er,D) 

or the rectangle EF. ED, that is, EF{F(b)-F(a)}. 
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If n increases indefinitely and if at the same time each 
sub-interval diminishes indefinitely, the limit of EF will be ( 
zero and therefore the limit of (1) will be z. Hence 

x»6 { 

L ^F(x)Sx^z^n,TeAABDa (3)* 

We may, of course, write 

^F(x)Sx = z, approximately. 

It is easy now to remove the restriction that F(x) should 
be positive and increasing or that a should be less than b. ^ 

if a<6 and F(x) positive and decreasing the only change 
is that z is less than the sum (1); if f(x) is sometimes 
increasing and sometimes decreasing we can combine the 
results for the cases of increasing and of decreasing F(x). 

If a>6 and F(x) positive, each of the difierences (x^ — a), 
(x^^x^f ... is negative and the limit gives the area with 
negative sign. 

Lastly, itF{x) is negative the limit is still the area if the 
appropriate sign be chosen as in § 80. 

In regard to the sub-intervals we may if we please 
suppose them all equal, each therefore being (6 — a)/n; the 
only restriction on the sub-intervals is that each must have 
zero for limit when n tends to infinity as limit. 

We have supposed F(x) in the sum (1) to have its value 
at the beginning of each interval ; but the limit will be the 
same if we take the value at the end or at any inter- 
mediate point of each interval, as may be proved by § 87, 
Th. II. For, restricting attention to the case a<b, F{x) 
positive, since the others can be easily deduced from this, if 
a\ x^, ajg' . • • ^^ values of x within or at the end of the inter- 
vals (x^ — a), (a32"^i)> (^3""^2)--- respectively, we may take 
)8i = F(aO(aJi-a), P2=-F{x^)(x^-x,l... 
Vi = F(a)(x^ - a), y^ = F(x^)(x^ -x^\ . . . 
and the conditions of that theorem apply since, F(x) being 
continuous, the limit for ?i = oo of /8i/yi, ^2/72'" ^® unity. 

Having proved that the limit of (1) is the area 0, we can 
now show, as in § 80, that the derivative of that limit with 
respect to 6 is BD, that is F(b), and therefore we can apply 
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all the theorems respecting integrals to the limit of the 
sum (1). The origin of the ordinary notation for integrals 

is also obvious, the I being a form of the initial letter of 

tlie word "sum"; it will be remembered, however, that the 
integral is not a sum but the Ivmit of a eum. (See § 132, 
ex. 2). 

§ 132. Examples. 

Ex. 1. Evaluate / Mjc. 

Jb 

Divide the interval b into n equal parts ; in the notation of § 131, 
OA =0, OA^=b/n, OA2=2b/n, ..., OAn-i=in-l)b/n. 
The sum (1) becomes 

o.^(-7^(?-7^+...+{(?Lzi)_n'.6 

n \nj n \n } n \ n ) n 

6» (W-1M2W-1) J^/,. 3. . 1 \ 

"^ 6 ' "^ %V 2»+2^«J' 

and the limit is clearly VIZ. 

Ex. 2. Show that if in § 131, (2), we put F(x)=f(x\ the limit 
will be /(6) -/(a). 

Bj the definition of a derivative, 

•^^^±^::=^=/'(^)+a ; /(*+&») -/(a;)=/(^)&r+a&P, (a) 

-where a vanishes with &r. Give successively to x and hx in (a) the 
values in § 131 ; a will not usually have the same value for all values 
of x^ and we therefore use suffixes. Hence 

/(•^i) -/(«) =/(«) ^ + ^M ; 
/(^a) -/(•=P2) =/(^2) ^2 + «3&^2 ; 



Add : .-. f{b) -f{a) = l/(^)&p + R, 

where R = aida + a^i-\-,,. + an8xn-i' 

Let a' be the greatest, numerically, of the quantities a„ Og, ... ; 
then, numerically, 

R<a'(8a + 8x^ + ...'^Sx„-i) or a'(b-a). 

Since every a, and therefore a', has zero for limit, R will have zero for 
limit and the result follows. 
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Ex.8. Find the limit forn = 00 of 

We may write this sum I 

1+1 «^i+? «^i+? «'^-^i+« » 



M n 71 9^ 



or 



'='R)''" 



Consider the function F{x)=l/a?; in § 131, let each difference be 
lln^ let a=l,b—2, and the above sum will be the same as (1), § 131, 
ii we suppose the values of F(x) to be those at the end of each intervaL 
Hence the required limit is 



jr'^=[log*J=log2=-693. 



§ 133. Approzuoations. The method of evaluating an 
integral by first finding the function of which the integrand 
is the derivative would fail if we could not find such a 
function. An important case in which that method can not 
be used is that in which the integrand is given only by its 
graph, as often happens in physical applications. Methods 
have therefore been devised for determining approximately 
the value of the integral when only a limited number of 1 
values of the integrand are known ; it is assumed that the 
integrand may be treated as a continuous function, though ] 
if only a limited number of values of the integrand are 
known, the analytical expression for the function can not 
be given. The rules now to be stated can be applied even ! 
when the analytical form of the function is known, though 
in general more powerful methods are available in that 
case, in particular the method of expansion in series. 

Let AB be divided into n equal parts, each part being 
equal to h, and suppose the (n+l) ordinates at A, B and 
the points of division to be known; let these be y^, y^, Vzy - 
The calculation of the integral i 

^F(x)dx (1) 



I 



is then equivalent to finding the area ABDG (Fig. 76). 
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The mcN3t obvious method is to replace the graph by the 
scribed polygon GG^^. . .. The area of the first trapezium 
ih{yi+y^i and this area may be assumed to differ but 
yfcle from that of the corresponding strip of ABDG, 
dding together all the trapeziums, we get, as an approxi- 
ation to the area, and therefore to the integral (1) 

^i = hKVi + 2/2) + IKy^ + 2/3) + • • • + hKVn + yn+i) 
= W2/i+y«+i + 2(y2+2/3+...+2/„)} (2) 

If the graph is, as in the figure, convex upwards through- 
it the value A^is 
defect; if the 
raph is concave 
p-wards, A^ is in 
ccess. 

Through the 
ids of the even 
rdinates y^, ^4 ••• 
t tangents be 
rawn and pro- 
iced to meet the 
Ijacent odd ordin- 
ies; if the number 
\ ordinates is odd, 
n + 1 say, we shall 
dt n trapeziums 
hose sum exceeds 

.BDG in area when the graph is convex upwards through- 
it. The area of the first trapezium is 'Hiy^, of the second 
^7/4,% cmd so on. Hence we get another approximation 

^2=2%2 + y4+-+2/2») (3) 

The value of the integral (1) always lies between A^ and 
2 when there is no point of inflexion on the arc GD, 
ad the difference ±{A^'-A^ gives a measure of the error 
ivolved in either approximation. The formula (2) is 
Bually referred to as the Trapezoidal Rule. 

A formula that is in practice more accurate than (2) or 
8) is got as follows : By § 72 we may write 




Fig. 76. 
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If x^c is small we may assume that F'Xx^) differs 1 
little from F'Xc) ; if F{x) were of the second degree F\ 
would be simply F'\cy The equation 

y:=.F(c)+{^^o)FXc)+K^-cyrXc) 

represents a parabola ; we therefore replace a short len^ 
of the graph of F(x) by this parabola. 

Now consider the double strip AAfi^\ for conveniei 
let Oili=sc, Oil=sc— A, OA^^C'\'}i\ then using (4) as < 
value of Fix) along the arc CG^^^ we find for the area 

\^^F{x)dx = r F(pi + c)cte' = 2AJ^(c) + WF'Xc) 

where, to integrate, we put a5=aj'+c. We can now expr 
(5) in terms of h and y^ y^, t/g, assuming Fipi^ to be gi^ 
by (4). For F{c) = y^ and 

y^ = F(c - A) = F{c) - hFXc) + \hWXc\ 

y,^F(c+h)==F(c)+hFXc)+ih^rXc). 
By addition 

A^/^'Xo) = yi + ys- 2^(«) = 2/1 + 2/s - 22/2, 

and (5) becomes > \Hyi + ^y2+ys) •( 

Suppose now ABDC divided into an even number, 27i, 
strips by an odd number, 2n + l, of equidistant ordinal) 
The formula (6) may be applied in succession to ti 
n double strips ; the sum of the n expressions is, the ten 
being rearranged, 

^S = 4^(yi + 2/2n+l + 2(2/s + y6+...+y2n-l) 

+ 4(2/2 + 2/4 +.--+2/2«)} ( 

Formula (7) is known as Simpson's Rule, which may 
stated thus : Let the area he divided into an even numh 
of strips by equidistant ordvaates ; find (i) the sum of t 
extreme ordinates, (ii) twice the sum of the other a 
ordinxites, (iii) four tim^s the sum of the even ordinaM 
add the three sums thus obtained and multiply this tci 
sum by one-third of the common distance between i 
ordinates. 
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Let ^ = 2/i+y2n+i 

^ = 2^2+^4+ ••• + y2n; ^o = y^+y^+..,+y2n-u 

«n in terms of h, u, v, w, we find 
A^ = ih(u+2v+2w); A^ = 2hv; A^ = ^h(u+4!V+2w\ 

id therefore A^ — ^A^+^A^ (8) 

Suppose the graph convex upwards and the ordinates 
eitive, so that A^ < area ABDd<A^ ; then 

A^^A^^\{A^^A^\ A^'-A^=^{A^—A^, 

lie error in the Simpson Rule is therefore less than 

HA^-A^) or iM2^-2ii;-u) (9) 

Formula (8) shows that in Simpson's Rule greater weight 
given to the inscribed than to the circumscribed polygon. 
These methods of approximation apply of course to a 
^finite integral, whether F{x) be considered as the ordinate 
: a curve or not; for example, F{x) might be a radius 
setor and x the vectorial angle in a curve given by its 
>lar equation. The values of the function for equidifferent 
dues of the argument then take the place of the ordinates 
^, t/g, . . . . A veiy important practical case is that of the 
tensuration of souds ; y^, y^, ... are then the areas of equi- 
iatant sections. (See, for a good statement of Simpson's 
ule for practical mensuration, Lodge's Mensuration for 
wiior Students : London, Longmans.) 

Ex. Calculate T— . 

Let 2w + l = ll; h='l; a=l ; 6=2. An easy calculation gives 

M=l-5; 17=3-4596394; «;= 2-728 1746. 

ili=-693771; J2=-691908; ^3=693 150. 

The exact value of the integral is log 2, that is, "693 147. The value 
• 2(A^ - A^IZ is -001 242, while -4, -log 2 is '000 003. As a rule, the 
tor in Simpson^s formula is consiaerably less than that given by (9). 

EXERCISES XXIX. 

: 1. If in § 133 F{x) is the area of a section of a surface made by a 
lane perpendicular to the ^-axis, and if the ordinates y«, y^, ... be 
splaced by the sections S-^^ S^ ..., the expressions (2X (3), (6), (7) give 
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the Tolume interoeptod between the surface and the corresponi 
pUnes. Thus (6) gives for the volume 

F=iA(S,+4S,+5,X 

where S^ S^ are the areas of the end sections, S^ that of the i 
section, and 2A the distance between the end sections. The valu( 
is exact when F{x) is a quadratic function of x. 

Appij the formula to obtain the results regarding volumes in § '. 
Apply it also to the solid formed by the revolution of a parabola al 
iU 



2. Show that the formula (i) holds for a pritmoid. 

A prismoid is a solid whose lower and upper bounding surfaces 
polygons with the same number of sides and with corresponding si 
paraUel, and whose lateral bounding surfaces are trapeziums. 

S. If <ii is the head diameter, d^ the bung diameter, and h the de 
of a cade, show that when the curve of uie cask is a parabola, 
volume is 



^{rf,.+2rf,«_*(rf,_rf.)'}. 



When the upper and lower halves of the cask are equal frustum 
a paraboloid of revolution, the greatest bases being joined in 
middle of the cask, show that the volume is 

4. If F{x)^A + B{X'-c)+C{x-cf-k-D{x''Cf, show that fom 
(6) of § 133 still holds. 

6. If F{x)=A +-B^+ Ca^^-Da^ and if y^, y^ y^ y^ are the values 
F(x) when x has the values a, a+A, o+2A, a+sX respectively, ah 
that the area between the curve, the ^-axis, and the ordinates y^ jfj 

The formula is sometimes called Simpson's Second RiUe. To pit 
it most simply, put .v=a'\-ht; then F(x) takes the form 

ifi{t)=P-\-Qt+Rt^+Sfiy 

and yiy y^ y^ y^ are the values of 4>(t) for t equal to 0, 1, 2, 3, andl 

area is ra+a* r« 

j F{x)dx = hl <t}{t)dt. 

6. Show that 

/ log Bmxdx= - j xcotxdx, 

and calculate the value of the integral by Simpson's rule. The en 
value of the integral is - ^ log 2. For let the integral be u ; then 

\og8mxdx= I logcoBxdx=^i j (log sin ^+ log cos a;) d^i 
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2w— I log ( J sin 2^) ctr = ^ log i + / logsin2:prf^; 

D / \og%m^dx~\\ log Bin z dz = j log sin zdz=Uy 

m which the result follows. 

K Show that / logtana^cK^^O. (No integration is necessary.) 
L Show that the limit when 71 is go of 

2 ^ 



ir/2. 

I. Show that the limit when 72. is ao of 



»■=«-' n 



1=0 n^+9^ 

r/4. 

1 134. Mean Values. The arithmetic mean of n quantities 

y2> ••• > yn is (2/1+^2+ •••+2/«)M- Let 2/1, 2/2, ... , yn be 
3 values of F(x) for aj equal to a, a+A, ..., 6 — A, the 
»rval 6— a being divided into n parts each equal to h; 
i limit for ti = oo of the arithmetic mean of y^, y^y ... ^yn 
called the mean value of the function F(x) over me range 
-a. 
The mean value may be expressed as an integral ; for 

{yi+y2+'''+yn)ln=(yJi+y^+...+ynh)/{b-a)....{l) 

16 numerator of the fraction on the right is 

F(a)h+F{a+h)h+...+F(b'-h)h, 

d the limit of it for 7i = 00 (and therefore A=0) is 

[^F{x)dx ; 
d the Mean Value is 

6^1>)^- <2) 

Eix. 1. The mean value of the ordinate of a semicircle of radius a is 

tn this case the diameter is divided into n equal parts. If, however, 
h iemv^rcumference is divided into n equal parts, so that the inde- 
iident variable of the function is the arc a0 from one end of the 
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diameter to the point from which the ordinate is drawn, the meu 
value is, since the ordinate is a sin By i 



1 /•' . 
wajo 



Bin add = -a='e3ma. 

TT 



In speaking of mean values, therefore, it is essential that the inde 
pendent variable should be clearly indicated. 

Ex. 2. For the harmonic curve y=asin^, find (i) the mean ordi 
nate, (ii) the square root of the mean of the square of the ordinate fo 
the range from x=0 to a:=ir. 

1 /*' 2 

(i) mean ord. = - / a sin ^ cte = -a = *6366a. 

In case (ii) the function is y^, and the mean value of y^ is 

1 f ' 

-/ a^ain^xcLv=^\ ^ 

and the square root of this mean is al^2 or *7071a. J 

In the theory of alternating currents the important n^ean is not fl 

but (ii) ; the latter is sometimes called the mean-sqiiare value of m 

ordinate. 1 

If the interval 6— a is divided into n sub-interval 
h^, Ag, ... , and if y,, y^, ... are the values of F(x) at a^ 
point of the intervals A^, h^y ... respectively, the limit for| 
infinite (and ecich sub-interval ^, ^2' ••• zero) of 

(VA + 2/ A + • • • + ynhn)/(h - a) 

is still given by (1 
The integral (2) 
be taken as the senej 
ral definition of th^ 
mean value of F(x). 

§ 136. Double 
tegrals. Let EFOl 
(Fig 77) be a pi 
curve, and let /(a,] 
be a single-valiM 
continuous functioi 
of X and y for 
points within or 
® ^ the curve. Let ii 
BFy and GE, DG 
the tangents 
to the axes; we suppose that no straight line cuts the c 
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more than two points ; any curve that does not satisfy 
is condition may be divided into partial areas, each of 
lich satisfies it. 

Let AB be divided into m and GD into n sub-intervals, 
d through the points of division let parallels be drawn to 
e axea The area bounded by EFOH will thus be divided 
to partial areas ; these areas are rectangles, though near 
e boundary EFOH the rectangles will contain points that 
\ outside the curve. 
Let Xr, Xr+&Xr}y& the abscissae of two consecutive points 

division on AB and y„ y^+Syg the ordinates oi two 
nsecutive points of division on CD ; and let fif, 8' be the 
ants (Xr, y,\ {Xr+Sxry ys+Sys). 

Multiply Sxr Sy„ the area of the rectangle 88\ by f(xr, y^), 
le value of /(a;, y) at 8, and form the sum 

^f(<^ry ys) SXrSys A (1) 

«r all points such as 8 within or on the boundary of EFOH. 

OeometricaZlyy z—f{x^ y) represents a surface ; the typical term 
Vrj y^^r^y» of the sum (1) is the volume of a parallelepiped whose 
tae IS the rectangle &rr^«, and height the ;z-coordinate/(a7r) yd of the 
kint in which the normal from S to the rectangle meets the surface ; 
le sum (1) is therefore approximately equal to the volume of the solid 
funded by the surface, the plane XuT and the cylinder formed by a 
might line which moves round the boundary EFGH^ remaining 
Ways perpendicular to the plane XOY. (Compare Figs. 48, 49.) 

We wish to find the limit of (1) for m and n each in- 
leaaing indefinitely, each element Sxr, Sy,, and therefore 
i«h area SXfSys at the same time diminishing indefinitely. 
belD^ that there are two sets of increments we may appro- 
riately represent (1) as a double summation 

t,^f(xr,y.)&CrSy. (2) 

16 one 2 referring to Sys and the other to tor- 
First, keep Xr and SXr constant, that is, find the limit for 

= 00 : 

L ^f(xr,y.)8y.= \ f(xr,y)dy (3) 

nsao J MP 

y the definition of the integral of a function of one vari- 
ble y. The integral (3) will contain aj„ MP, MP' ; MP 
nd MP' are functions of DM or Xr determined by the 
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equation of the curve EFOH, Hence (3) is a function of 
Xr and may be denoted by ^x^), 

Oeometrtcallify <HjCr) is the area of the curve of section of the solid 
defined above, made by a plane through PP' perpendicular to X07\ 
and <fi{Xr) 8xr is, to the first order of mfinitesimals, the volume of the 
slice of the solid of thickness &r^ 

Next find the limit for m= oo . We get 

L ^SXr4){Xr)=\ <Hx)dx (4) 

m=:ao JOA 

Hence, finally, the limit of (1) is expressed by (4) and that 
limit is the volume of the solid already mentioned. 

Since 0(.t) is itself an integral the expression (4) is Sj 
double vntegrcU and this double integral is denoted by the 
symbol 

I daj /(«, y)dy (5) 

JOA JMP \ 

The mode of establishing (4) shows that (5) which i^ 
merely the fuller symbol for (4) means, integrate /(x, y) of 
to Yfrom y = MP to y = MP', treating xasa constant durii^ 
this integration; men integrate the remit as to x frM 
x = OAtox = OB. 

We might also find the limit of (1) by making first m,| 
then n infinite ; the result would be stated in the form 

COD CNQ^ I 

dy /(«» y)dx (6) 

Joe JNQ 1 

I 

In (6) the integration is first carried out as to a;, treating y 
as a constant during this operation ; then the result is inte- 
grated as to y. Clearly the double integrals (5) and (6) are 
equal since they represent the same volume. 

When the area is the rectangle A^B^G^D^ the limits ifP, 
MP^ of y in (5) are constant and equal to 0(7, OD respec 
tively, and the limits NQ, NQ of x in (6) are also cons 
and equal to OA, OB respectively. Hence, writing a, 
a\ V for OA, OB, OC, OD, 

n cv n' n 

]/^]J(^> y)<^y=]^^y]/(^> y)^» 
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that is, when the U/mits are all constants the limits of y and 
the limits of x are the same in whatever order the integra- 
tions are effected. When the limits are not all constants 
the limits of y (or of x) in (5) are not the same as the limits 
f of y (or of x) in the equal integral (6). 

The geometrical representation of the meaning of the double integral 

is very helpful. Other illustrations might of course be given ; for 

example, /(i, y) might be taken as representing the (variable) density 

of a surface distribution of matter over the area EFQHy and th^n the 

i integral would give the total mass. 

> § 136. Notations for Double Integrals. Polar Elements. 
•The forms (5), (6) indicate clearly the order in which the 
integrations are to be carried out. Other notations are, 
^however, in use which, though not so expressive, are often 
convenient. Thus the form 

^^f{x,y)daidy (8) 

with the addition " the integration being extended over the 
^rea EFOH'* (or a similar phrase) is used as an equivalent 
either of (5) or of (6). 

Instead of (5) we also find 

OBCMP' 

f(x, y)dx dy 

OAJMP 

with the convention that the first integration is made with 
irespect to the variable on the right, namely y, between the 

limits named on the symbol I that stands next the integrand, 

()hat is, MP, MP". But there is not complete agreement as 
fco this convention. 

Again, we might suppose the area enclosed by EFOH to 
be divided into partial areas other than rectangles. If S8 
be the type of such an area, and if {x, y) be the coordinates 
ji any point within or on the boundary of S8, the sum 

^f(x,y)8S.... (1') 

9VOuld replace (1). Geometrically (!') would give approxi- 
mately the volume of the solid defined in last article ; the 
limit obtained by supposing the number of the areas SS to 
increase indefinitely, while the si^je of each area §8 at the 



1' 
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f- 



same time diminishes indefinitely, wotdd give the volume of 
the solid and would be denoted by 

\My)dS, (9) 

the integration being extended over the area EFOJB, 

It is easy to see, by Th. II., § 87, that (x, y) may be any 
point within or on the boundary of SS, so far as the lim'U 
(9) of the sum (1') is concerned ; it is of great importance 
to bear this remark in mind, as the principle involved is 
constantly used (see for instance ex. 3, § 137). 

If we take for SB the area bounded by two circular arcs 
of radii r and r+Sr, and two radii making angles and 
6+ SO with the initial line, where r, 6 are polar coordinates, 

S8=i{r+Sryse-^rm=rSrSe + ^(SrfSe, 

so that dS=rdrd0, 

If f(x, y) becomes i^r, 6) when r cos 0, r sin are put for| 
05, y, we should get instead of (9), or the equivalents (6), (6),i 

'F{r,0)rdrd0, (10^ 



i[ 



the integration being extended over the area EFOH. In 
integrating with respect to 0, r is to be kept constant ; the 
^-integration would therefore give, in the geometrical re- 
presentation, the area of a cylindrical section of the solid. 
Before evaluating an integral such as (10), the curve EFOm 
should be drawn, and care has to be taken so that therei 
may be no omission or inclusion of areas other than those' 
belonging to the curve. The same remark applies to most 
integrations. 

The reader will have little difficulty in extending thea^ 
results to triple integrals, 

jj J/(i», 2/, «) daj ^2/ dl0 or \f(x,y,z)dv (11) 

dx dy dz or dv may be taken as an element of volume, 
/(cc, y, z) might, for example, denote the density at {x, y, 
Integration with respect to Zy keeping x, y constant, woi 
give the mass of the column standing on the base dxdj 
then the y-integration, keeping x constant, would give 
mass of a slice of thickness dx perpendicular to the x-i 
nd lastly the oj-integration would give the total mass. 
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Ex. 1. Find the volume of the tetrahedron bounded by the 
coordinate planes and the 
plane 

where a, 6, c are positive. 
The curve EFGH is in 
this case the triangle 
OAB; the equation of 
AB\b 

y=h{\-xla) 

and MP'=h{\-xla\ 

while MP in § 136 is here 
zero. 

SR=f{x,y)=z 

^cil-x/a-ylb). 

Hence using (5), the 
volume is 




Fig. 78. 



Obviously J6c(l -xjaf is the area of the triangle LMP', 

Ex. 2. Find the value of la^dv taken throughout the volume of 
the ellipsoid .^la^+y'^lh^+z^l(^=-\. 

/ x^d/v= j a^dx I I dydz= I x^dx\ wbc f 1 — -^j , 

dnce, in integrating as to ^ and z^ x is constant and / j dydz is the 

Mrea of the section perpendicular to the ^-axis. Integrate now as to 
F ; the result is 4ira^6c/l5. 

The meanyalue of the function ^ throughout the volume of the 
iilipsoid is the above value divided by the volume, that is, a^/b. 

In general, the mean value of a function f{x^ y) over an area EFGH 
"Fig. 77) is the value of the integral (5) or (6) divided by the area ; 
Old a similar definition holds for me mean value throughout a volume. 
J, in the example, a^ is the density at (Xy y, z) of a mass occupying the 
^olume of the ellipsoid, then d^/6 is the mean density of the mass, 
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Ex. 3. If /(a;, y) is the product of a function if>{x) of x alone, and 
of a function V^(y) of y alone, it follows at once from § 135 that the 
integral of the product ^{x\ ylr(y) taken over the rectangle AiBiCJ)i 
(Fig. 77) is equal to the proauct of the integrals 

/ <i>{x)dx and / '^(y)dy. 

Now let 4^{x) = 6-^, y(r{y) = «-*', and 

U= r e-^dx^ r e-^dy (i) 

' It follows that U^f the product of these two integrals, is equal to 

the inte^:^ 

...(ii) 




jfe-^*^dxd^, 



Fig. 79l 



taken over the square 
OABC of side OA = a 
(Fig. 79). 

Draw the arcs ADCy 
EBF from the centre 
with the radii OA=ay 
0B=a^2. The integral 
(ii) is greater than the 
integral of the same func- 
tion over the area OADG 
and less than that over 
the area OEBF. These 
two integrals can be 
found by changing to 
polar coordinates ; dxdv 
£ X ^ replaced by rdrdO and 
g-V+jr*) by e-^ and (ii) be- 
comes, for the area OADC, 



fje-'*rdrde=-j''e-^rdrydO='^(l-e-^') 

since the integral of e'^r is -Je*^. When the area is OEBF^ the 
integral is ^ (!-«"*•'). 

IP lies between these two values ; but when a tends to infinity 
both values tend to 7r/4 ; and therefore also U^ tends to 7r/4, and (7 to 
\^7r. Hence 

/ er^dx=li I er^dx=\^Jv, 

This example is a particular case of an integral of great importance 
(see Ex. XxX. 21), and the transformation is worthy of careful 
ftttentiou, 
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§ 137. Centres of Inertia. It is shown in works on 
mechanics that the coordinates {x, y, z) of the centre of 
inertia of a set of n. particles of masses m^, mg, ... , w,n 
situated at the points (x^, y^, z^), (x^, y^, z^\ ... , (aj„, ^n, ^n) 
are given by the equations 

 _ mia;i+m2gC2+...+mna:n _ S7na; .-v 

MTith similar expressions for y, z. 

For a continuous distribution of matter the volume 
density p at the point {x, y, z) is the limit for Sv = of 
Svi/Sv where <Jr>i is the mass of the volume Sv surrounding 
the point ; hence to the first order of infinitesimals 

Sm = pSv. 

When the mass is supposed concentrated in a surface or 
in a line we have in a similar way Sm^orSSy Sm==\S8 
where <r and X are the surface density and the line density 
at a point and SS and Ss elements of area and of length 
incluaing the point. 

A continuous mass may be supposed to be divided into 
n elements Sm ; if (x, y, z) are the coordinates of any point 
in the element Sm then the coordinates of the centre of 
inertia of the mass are given by 

T 2a^m \xchn .^. 

a? = L -^rs — =Vj — (2) 

„=oo 2<Jm jam "^ ^ 

with similar expressions for y, z. The integrations in (2) 
are to be extended through the total mass. 

For volume, surface, and line distributions equations 
(2) take the forms 

Ixpdv \x<rd8 \x\d8 .q\ 

respectively; the denominator is in each case the total 

mass. 

The terms maaa'Centrey and centroid are sometimes used 
as equivalent to centre of inertia. The centroid of a 
volume, area, or line is the centre of inertia of a mass of 
uniform density occupying the volume, area, or line. 
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Ex. 1. A drcuUr arc of uniform density, BAC (Fig. 80). 

Let be the centre of the circl< 
OA^Oy LC0B=2a. Let0^bise< 
the angle COB, and take OA as tt 
jr-axis. 

By symmetry, y=0. 

Let lXOP^O; 

0M^x—aco&6 
ATcAP^s=ad; 
ds—adO. 

The linear density X is constant 
hence the total mass is 2\aa. 
Also 




jjcKds^^j a 



cos $ad$=2\a^ sin 



and therefore 

X = 2\a* sin a/2\aa = a sin a/o. 

Ex. 2. A plane lamina of uniform density cr, in the form of 
quadrant of an ellipse, OAPB (Fig. 81). 

In a case like this the 
use of a double integral y 
may be avoided ; for we 
may take a narrow strip B 
NPP'N\ of breadth dy, 
parallel to J as the ele- , 
mentofmass. The centre N 
of inertia of the strip is N 
at its middle point, and 
therefore the moment of 
the strip about OB is 
\x.o'xdy or ^x^dy. 

The total mass is 
7ro-a6/4, 
and therefore 

vo'db 




Fio. 81. 



j=i<r/J:r«rfy=i<r^^V-y*)rfy=J<r«*^ 



and therefore x = 4a/37r. 

In the same way, y=^lZir, taking the strip M'MPP* as element. 

When the density is not uniform, the above method usually faila 
Suppose (T—kxy {h constant) ; the total mass M is 

M=-ffkxydxdy=kj\dxj^^ydy = ikj\.OIPdx, 
and since Oir»=/=6*(l -a^/a«X we readily find M^ika^b^, 
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Again, 

Mx^ \\x . hxy dxdAi—k\ x^dx \ ydy=^^ka^ly^^ 

and therefore x=^^. Similarly, y=^h. 

Ex. 3. A circular sector of uniform density. 

Take the notation of ex. 1. We may take as element the small 
sector OPQ. The centre of inertia of OpQ may be taken as the point 
(§a, 6\ and the moment about OF of the element is 

fa cos 6 . (T^^dO = ^a? cos 6 dd* 

The total mass M is a-a^a ; y=0 from symmetry ; and x is given by 



J/^ = Jo-a^ / cos 6dd= f<ra^ sin a, 



... - „ sma 

so that x=m .- ^ 

** a 

When the density is not uniform, double integration will usually be 
required. 

The centre of inertia of OPQ was taken o^i OP ; as has been indi- 
cated several times, it does not matter for the limit whether we take 
the point as (§a, 0) or (§a, &) where ^ is a value between and 6+ BO. 
Simplifications of this kind are of constant occurrence ; a similar one 
was made in ex. 2 when the centre of inertia of NPP'N' was taken at 
the middle point of NP. 

Ex. 4. A uniform right circular cone. 

From symmetry the centre of inertia is in the axis. Take a section 
perpendicular to the axis at a distance x from the vertex ; if A is the 
neight and A the area of the base of the cone, this section is a^Ajh^ 
We may take as element of mass the slice between this section and the 
parallel section at distance x-vBx from the vertex. 

The total mass M is ^phA, and 



Mx^\ X . /) T2^l dx — \ph^A^ 



and x—\h. 

If the density is not uniform, double or triple integrals may be 
required since the element of mass could not be chosen as above. If, 
however, the density is a function of x alone, the method still applies ; 
for example^ ii p^kxj the student may prove 

i/'= ^ / pa^dx = ^kAh^ ; x=^h, 

§ 138. Moments of Inertia. If r^, r«, . . . , r^ are the distances 
from an axis OR of n particles of masses m^, mg, . . . , mn 

the sum m^r^^+m,r,^+ . . . +mnTn^ 

or, in the notation of a sum, Smr^, is defined in works on 
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mechanics as the moment of inertia of the set of particles | 
about the axis OR 

When the masses form a continuous body the summation I 
is replaced by integration, as in the case of centres of inertia. 

If the total mass of the system is M and if k is chosen sOj 
that 1- 

the quantity k is called the radius of gyration of the system! 
about the axis. The moment of inertia is often denoted by L j 

The work of finding moments of inertia is simplified by i 
the following theorems : 

(i) If OXy OYy OZ are three rectangular axes, and if^ 
/jg, JTy, Iz flrp cAe moments of inertia about OX, OY, OZ 
rArpuccively of a plane lamina lying in the plane XOY, then 

(ii) If /j, is the moment of inertia about any axis ORy 
Iff the moment about a parallel axis through the centre of 
inertia and a the distance between these axes, 

Ij,^h+Ma\ 

where M is the total mass of the system. I 

The proofs of these theorems are very simple and may be' 
left to the reader; they may be found in any work on 
mechanics. 

Ex. 1. A thin straight rod of uniform density about an axis- 
through one end perpendicular to the rod. 

Let jc be the distance from the axis of a point on the rod, X the 
linear density, I the length of the rod. For tne element of mass we 
may take X&r ; hence 

where M^H is the mass of the rod. The radius of gyration k is 
therefore Ij^Z. 

The moment about an axis through the mid paint of the rod and 
perpendicular to it is Jf^/lS as may be proved directly or by using 
theorem (ii.). 

Ex. 2. A uniform rectangular lamina about an axis through its 
centre parallel to one side. 

Let a, & be the lengths of the two sides and let the axis be parallel 
to the side a. Divide the lamina into thin strips parallel to the side l 
and let Sm be the mass of a strip, M being the mass of the lamina. 
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By ex. 1 the moment of inertia of &91 about the axis is ^ &?/12 and 
bherefore the moment of inertia of the whole rectangle is 

In the same way the moment about an axis through the centre 
parallel to the side b is Ma^/12 and therefore by Th. (i.) the moment 
ibout an axis through the centre perpendicular to its plane is 

It is easy to deduce the moment of a uniform rectangular 
parallelepiped, whose edges are a, by c, about an axis through its 
centre parallel to an edge. For, let the axis be parallel to the edge c 
ind divide the solid into thin slices of mass 8m by plaUes perpendicular 
io the edge c. The moment of one slice is, by the result just found, 

8m(a2+62)/12, 

^nd therefore the moment of the solid is M(a^-{-b^)/l2y M being the 
mass of the solid. 

Ex. 3. A uniform elliptic lamina about the major axis. 

Divide the lamina into strips of mass 8m by lines parallel to the 
minor axis ; then the moment of the strip is by ex. 1 ow . (2y)7l2 or 
Km .yV^ where y is the ordinate of the strip. 

If p is the density, hm is 2/oy 8x ; hence 

But j^\a^ - a^)^dx = a^j^ COB* OdO^ j|aS 

by the substitution or = a sin ^. The total mass If is irpab. Hence 

The moment about the minor axis is Ma^/4 and about an axis 
bnrough the centre perpendicular to its plane it is If(a^+b^/4, 

For a circle of radius a we get, by putting b equal to a, for the 
tnoment about a diameter Ma^l4 and about an axis through the centre 
^rpendicular to its plane Ma^l% 

The last value may be found most simply by dividing the circle 
into thin concentric strips ; then Theorem (i.) shows that the moment 
ibout a diameter, since all such moments are equal by symmetry, is 
balf that about the axis perpendicular to the lamina. 

Ex. 4. A uniform ellipsoid about the axis OA . 

Divide the ellipsoid into thin slices by planes perpendicular to OA ; 
bhe mass 8m of a slice may be taken as 

irpbc{\ -a^/a^)Sxj 

kad by the last example the moment of 8m about OA is 

i8m(ai2+6i2) 

where 2ai, 26^ are the axes of the section. But 
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Substituting and integrating from - a to a we get ' 

where M= Airfkibcj^ = mass of ellipsoid. 
The moments about the other axes may be found by symmetry. 

§ 139. Polar Element of Volume. The expression for the 
element of volume dF in terms of the spherical polar 
coordinates r, 0, ^ (§ 89a) of a point P is often required in 
physical applications. 

Let a denote the plane through P and the axis 02L 
First, keeping r and constant, let Q become 6+80 
P thus describes an arc, PQ say, in the plane a ani 
arc PQ=irS6. Next, let the plane a turn about OZ as aa 
axis through the small angle S<(>, the coordinates r, d being 
kept constant; P will describe an arc, PR say, equal to 
r sin dS(t> and, if SO is kept constant, the arc PQ will describe 
an area, SS say, equal approximately to arc PQ x arc PBy 
that is, equal to r^sin SO S<p. Finally, keeping 0, 0, SO, S^ 
constant, let r become r+Sr; the area S8 will describe a 
element of volume SV equal improximately to SSxSr, tha 
is, equal to r^ sin Sr SO Sif>. The limit of <JF is the pola 
element of volume, so that 

dV=r^ sin Odr do d<l>. 

The element of the surface of a sphere of radius r is 

dS = 7^ QinO do d<l>. 

If r =f(0) is the polar equation of a curve lying in th! 
plane ZOX, the initial line being OZ, we find by integrati 
dV from ^ = to = 2'7r and then from r=0 to r=/( 
that the polar element of volume of a surface of revoluti 
about the initial line is %Tr7^&inOdO, where r now meajis/(fl 

Let P be the point (aj, y, z) on a surf€M^ and let th 
rectangular parallelepiped standing on the rectangle 8xi\ 
as base cut out of the surface the element of area Sa-y an( 
out of the tangent plane at P the element Sa. If tb 
normal to the tangent plane at P make with OZ the angi 
y we have 

S(r cos y = (Jx Syy S(t' = Sx Sy sec y. 
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If we assume that the limit of Sar'/Scr is unity we find 

da' = dxdy8ecy. 

The direction cosines of the normal can be found (§ 91) 

when the equation of the surface is known and thus da- 

pan be expressed in terms of x, y, dz/dx, dz/dy. 

I 
Dejmitions, The terms Line Integral^ Surface Integral occur so 

bften that it may be worth while to define them, though we cannot 

Bud room for a consideration of their special properties and 

relations. 

, Let F denote a quantity such as a velocity or a force having 

direction as well as magnitude, and at the point P on a curve AP^ let 

ihe angle between the direction of F and the tangent at P be €. If 

\ is the arc measured from a fixed point on the curve up to P, the 

btegral r 

i jFcoaeds (1) 

kaken from the value of 8 at a point A up to the value of s at another 
point B is called the line integral of F along the curve AB. 

For example, in § 95, the work W is the line integral of the force F 
ilong the curve AP, 

If X, F, Z are the components of F parallel to the axes, the integral 
fl) may also (§ 95 (3)), be written 

Again, let 8aS be an element of surface, P a point on ^S, and c the 
pngle between the normal to the surface at P and the direction of F, 
phe integral r 

JFcoa^dS (3) 

iaken over any portion of the surface is called the surface integral of 

F over that portion.. 

' Thus if ^ is the electric intensity at P, then Fcos € is the normal 

tmponent N of the intensity, and the integral (3) is the surface 
tegral of normal electric intensity over that portion of the surface. 

I 

> EXERCISES XXX. 

1, Find the mean value of y^ over the range from to tt when 
I (i) y=<34sin^+a28in2^+...+ansin7u?. 

I (ii) y=6iCos^+62COs2^4-...+6nCos7&a?. 

) 2. If ^=ai8ma:+biC09a^+a<^m2a!+b2COs2a; 

Mid z=Aisinx+BiCosa^+A2sin2a:+B2COB2a^, 

Ind the mean value of the product yz over the range from to 27r. 
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3. A particle falls freely from rest ; show that the mean velocitf 
with respect to the time is half the final but that the mean velocity 
with respect to the distance is two-thirds of the final velocity. 

4. A particle of mass m describes a simple harmonic motion ol 
amplitudle a and period T ; show that the mean kinetic energy is hai 
the maximum kinetic energy. 

5. Show that in a homogeneous liquid under gravity the mean 
pressure-intensity over a plane area immersed in the liquid is equal to 
the pressure-intensity at the centroid of the area. 

6. If the density at a distance r from the centre of the earth il 
ffiven by p=:{pQ sin krj/kr where ^ is a constant, show that the mean 
density is I 

3/t)o(sin kR - kR cos kR)/i^IP 

where R is the earth's radius. (Lamb's CalctUus.) 

Take as element of volume, &v, the shell between two spheri< 
surfaces of radii r and r-\-Br; then 8v=4^7rr^&r and Bm^p&v. 
total mass is found by integrating pdv from r=0 to r=R. 

7. Find the centroid in the following cases : 
(i) The area between the arc of a parabola, the axis, and tl 

ordinate at the point (A, ]k). 

(ii) The segment cut off from a parabola by the straight line joinii 
the vertex ana the point (A, k). 



riii) The gegment B AC (Fig. 80). 
(i 



(iv) The spherical sector formed by the revolution of the circi 
sector OAB (Fig. 80) about OA, 
(v) The cardioid r=a(l -Hcos $). 

8. If the density of a hemisphere vary as the distance from tl 
bounding plane, show that the distance from that plane of the cent 
of inertia is 8R/16 where R is the radius. 

9. Prove the Theorems of Pappus, namely, 
(i) If an arc of a plane curve revolve about an axis in its plan^ 

whicn does not intersect it, the surface generated is equal to th 
length of the arc multiplied by the length of the path of the centroi 
of flie arc. 

(ii) If a plane area revolve about an axis in its plane which doi 

not intersect it the volume generated is equal to the area multipliel 

by the length of the path of the centroid of the area. 1 

Taking the :r-axis as the axis of revolution, the theorems follow i| 

once from the equations , 

yjds^jydsi yjdS=jydS=\j{y^^-'y^^dx I 

by multiplying by Stt. Vi, y^ are the ordinates of the points in whi< 
a line perpendicular to the ^-axis cuts the curve. 

Deduce from (ii) the formula for the polar element of volume of 
surface of revolution (§ 139.) 



I 
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10. Find the moments of inertia in the following cases, the density 
bein^ uniform : 

(i) A circular lamina of mass M and radius a about a tangent. 
(iiS A sphere of mass M and radius a about a tangent line. 

iiii) A triangular lamina of mass M and heisht h about its base, 
iv) A right cone of mass M^ height A, and radius of base a, (a) about 
its axis, ()8) about an axis through its vertex parallel to the base. 

11. A rectangle ABCD revolves about an axis in its plane parallel 
to A By and not intersecting the rectangle ; if a, 6 are the distances 
of ABy CD from the axis, show that the radius of gyration of the 
|K>lid generated is given by 

12. The moment of inertia of the anchor-ring (Exer. XXVIII., 
ex. 5) about its axis is M{<^-\-^% the density of the solid being 
supposed uniform. 

, 13. If r*=^+y2+0*, show that the mean value of r* throughout the 
Wume of the ellipsoid a^la^+y^ll^-\-zV<^^ I is (a^+feHc^VS. 

14. The volume of the wedge intercepted between the cylinder 

and the planes 0=^ tan a, 2;=^ tan fi 

Is 7r(tan fi — tan a)a^ 

15. If n > 0, the integral 

has a definite value ; the integral is a function of n, usually called 
Ibe Oarrnna-fwaction^ and denoted by V{n). Show, by integrating 
1^ parts, that 

*^ r(«)=(n-l)r(n-lX (i) 

and that when n is an integer, r(w)=(w- 1)!, r(l)=l. 

It n \b not an integer, let p be the integer next below n so that 
[« —p) is a proper fraction, then (i) shows that 

r(«)=(w-l)(«-2)...(%-^)r(7^-^) (ii) 

16. Prove 
(i)r(i)=V^; 

(ii) r(m+i)=?^ . ?^ . ... Kx/^) ... {m integral). 

Equation (i) follows from § 136, ex. 3, by putting x=^^z for 

Then (ii) follows from ex. 15 (ii). 

17. Prove I e'**^"^flfcF=-^ (a positive). 
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18. By the given substitutions, prove other formulae for r(n) : 

jr^f^; r(n)=2fV''r*-'rfr. (i) 

€--«; T(n)^ j^ (logiy^'dt (ii; 

19. When m and n are both positive, the integral 

has a definite value ; it is a function of m and n usually called the 
Beta-functioH^ and denoted by B(m, n). Show that 

B(in, n)=B(n, m). 
80. By the given substitutions, prove other formulae for B(9n, n) : 

x-cos«^; BOw, n)=2/ cos»~-i^sin^-^^rf^ (i) 

*=^ ; B(«. «)=f ^. (ii) 

21. Using form (i) of ex. 18, write j 

T{m)^2j er^x^^^dx, r(»0=2j e-^i/^^dy; 
and then show, as in § 136, ex. 3, that 

r(w) X r(n)=4 r«-'*r»<"*+")->rfr f cos^-^ 6 sin^*-^ 6 dO ; 

Jo Jo 

and therefore, by exs. 18 (i) and 20 (i\ 

r(m)r(n)=r(m+n)B(f», n). 

Thus the Beta-function can be expressed in terms of the Gamma- 
function. 

22. Let 2m - 1 =/>, 2n - 1 =5^ ; then, from exs. 20 (i) and 21, 

r p/) • c/)^/j BK n) \ 2 y V 2 ; 

J 2 3r/ j? + g+2 \ 

where, since wi > 0, « > 0, we have \(p +1) and ^q + 1) > 0, or p and q 
each greater than - 1. 

* The student may test that this result includes the rule given in § 119. 
Tables of logr(n) for 1^«^2 have been calculated (no wider 
range for n is necessary by ex. 15, (ii)), and many integrals can be 
expressed in terms of Gamma-functions. 
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23. Find the potential F at a point Q of a mass M distributed 
liformly (density o-) over the surface of a sphere of radius a. 
Take 0, the centre of the sphere, as origin and 0§ as 2;-axis ; let dS 
\ the surface element at P, and denote P§ by R and 0§ by c. Then 

"^^^ dS=a^ sin Oded<l>; Ii^=a^+c^-2accoae. 



 



PQ ' 

le limits for </> are and 27r, for 6 they are and tt ; in integrating 

to ^ the other variable 6^ and therefore in this case also PQ or U 

rhich is a function of 6 and not of <^) is to be kept constant. Hence 

.'0 rt Jo Jo R 

No'w change the variable from $ to R\ we have RdR=acam$d6. 
rhen 6=0,It=±(a-c); R is a positive number, so that if Q is out- 
de the sphere i2=c — a, and if § is inside R=a — c. When ^=7r, 
= a + c in both cases. Hence 

F=27ro-a2[^]=:i2Z5L' (§ outside) (i) 

=47r<ra (§ inside) (ii) 

Thus F= J//c when Q is outside, but F= if/a = constant when Q is 
iside the sphere. 

24. Same problem as in Ex. 23 for a solid sphere (density 
B= conBtant). 

Take as element of mass the shell bounded by radii r and r+c^, 
ad use the results of Ex. 23, putting pdr for o-, and r for a. 

If Q is outside, the result (i) gives 

^irpr^d/r AirP a^ ,...v 

—~i — =-V- V 0") 



-r 



If Q is inside, F consists of two parts, Fj, Fj. F^ is the potential 
.ue to the sphere of radius c, and by the result just found 

V^ is that due to the shell of radii c and a ; by the result (ii) of 

F2= / 4Trprdr=2Tp(a^-<^). 

lence F= Fi+ F2=2ir/)(a2- Jc^) (iv) 

When c=a the values given by (iii) and (iv) coincide. 
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CURVATURE ENVELOPES. 

§ 140. Onrrataxe. Let P and Q be two points on a plan 
curve, </> and <I>+S^ the angles which the tangents at P ani 
Q make with the a?-axis, 8 the arc measured from some fixei 
point on the curve up to P and Ss the arc PQ. S<f> will U 
the angle between the tangents at P and Q (Fig. 82, p. 354] 

Definitions, (i) The BXkgleS<f> is called the toted curvcUu^ 
of the arc PQ ; (ii) the quotient 8<f>/S8 is called ^ averag^ 
curvature of the arc PQ; (iii) the limit of Sif>/S8 when i 
approaches P as its limiting position, that is, d^fds, is calle 
the curvature of the curve at P. 

For a circle of radius R, 88=^RS</> and therefore 

Si/>_ 1 ^^_ 1 (] 

Ss ~]B' d^^R ^^ 

that is, the average curvature of any arc of a circle is equa 
to the curvature at any point of that circle. Li othei 
words, a circle is a curve of constant curvature and i 
curvature is equal to the reciprocal of its radiua 

Curvature is thus a magnitude of dimension — 1 in lengt; 

The curvature may be expressed in terms of the first 
second derivatives of the ordinate at the point. For, sim 

J. . dy , dx I 

tan^=-i^> C08^=-T-> 

we get, by differentiating the first equation with respect to i 

d . tan <f> d</>_ d /dy\dx 
d<f> 3« dxK^/ds' 



i 
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lat is, sec^0 -^ = -^-i-sec ; 

id therefore, ;7^ = T2'^®^V (2) 

!ence, since sec^0= 1 + {dyjdxcf we find 

Formula (a) may be considered fundamental. 

Cor. When the gradient dyjdx is so small that for all values of x 
Lthin the range considered its square may be neglected, the curvature 
approximately dh/jdxK This approximate value is often used in 
bcbanics ; for example, in the theory of the bending of beams. 

Ex. 1. The parabola y^=^ax, 

dy_'^\ dhf _ -2a dy_ -4a^ ^ 
dx y ^ dx^ y^ dx ^ ' 

ds~ ^ ,'\ y^) (y^+4a^)lf' 
If the normal at f^(Xy y) meet the axis at Gy 

.PCfiLf^Aa? and 5=-;^- 

m 

The meaning of the negative sign will be referred to in § 141. 

Ex. 2.. The ellipse, x^/a^+yf^/b^^l. 

dy^_^, \^_ b^ b^xf b^x\-¥ 
^dx a^' da^ ahf a^y^\ ahfj^a^y^^ 

^ b^a^+a^=^a^b^ by the equation of the ellipse. Hence 

i «fe (6*^2+ a V)*' 

^f ^ is the perpendicular from the centre on the tangent at (a?, y), 

^ a262 d<f> ©3 

pss and ~r= — qIo* 

If PG is the normal at F (x, y\ 

rix- ^, and ^- ^j^^. 

lA. similar result holds for the hyperbola. Thus the curvature of a 
bic section varies inversely as the cube of the normaL 

G.C. z 
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§ 141. Circle, Badiiu, and Centre of GnrvatiiTe. Let & 
normals at P and Q (Fig. 82) intersect at C] when Q tend 
to P as its limiting position, C will tend to a point G a 
the normal at P as its limiting position such uiat PC i 
equal to dsld^ 

For iLP(7O = i0, and 

PC _ chord PQ^ chord PQ & S^ 
waPQCr'^ miPCQ a,TcPQ ' Sif>' ainS<p 




Fio. 82. 

The limit of PQC is 90° and the limits of the thn 
fractions last written are 1, d8/d</>, 1 respectively; h 
the limit of P(7 is da/dip, as was to be proved. 

The circle with centre G and radius PC has therefore 
same tangent and the same curvature as the curve 
at P. This circle is called the circle of cwrvature^ 
radius PC or da/d^ the radius of curvature, and its cem 
C the centre of curvature at jt. If any line through 
meet the circle again at R, PM is called a chord < 
curvature. 

If (x, y) are the coordinates of P, (^, ly) those of C and 
the radius of curvature PC or d8/d</> it is easy to prove 

^=aj-psin^, j; = 2/+pcos0 ( 
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Te will generally use p for the radius of curvature ; the 
irvature will then be denoted by 1/p. 

If cpy/dx^ is zero at P then 1/p is zero by (a) and p or 
G is infinite. Thus at a point of inflexion on a curve 
is infinite. 

We take Fig. 82 as the standard diagram. If we adhere 
> the convention that </> is always acute (§ 21) then dx/ds 
id sec will be always positive and the root in (a) will 
ive the positive sign, p and 1/p will therefore be positive 
r negative according as cPy/dx^ is positive or negative, 
lat is according as the curve is concave upwards or convex 
pwards near P. Of course other conventions may be 
ied but a little care, especially if a figure is drawn, will 
mally settle the question of sign. In many cases it is the 
imerical value alone that is important. 

The limiting position C of the point C is sometimes called the point 
intersection of two consecutive normals. Of course there is no one 
^rmal that is the consecutive of another, but the phraseology is 
ief er than that used in the statement at the beginning of this article 
id is therefore sometimes useful. 

It should be noticed that when the arc PQ is an infinitesimal of the 
•st order the difference between PC" and QC is of a higher order 
ace the limit of (§C" - FC')/88 is zero ; for 

QC - PC = QCXl - cos B<l>) - P§ cos QPC\ 

§ 142. Ottier Formnlae for the Gurvatnre. Formula (a) is 
>t very convenient unless the equation of a curve is in the 
arm y =f(x) or unless, as in the examples worked in § 140, 
le values of the derivatives can be easily calculated. We 
ill therefore give one or two other formulae ; the question 
: the sign of p usually needs special consideration. 

(i) Eqvxition of form x=^f{t\ y^F(t), The variable t 
bed not, of course, represent time but we will for brevity 
le the fluxional notation. 

Substitute in (a) the values of Dy, JD^ in terms of 

^y y» y> as given in § 98 ; we find 

-^(xy^yx)/(x^+y^)^ (b) 

P 

Since D^y^{xy''yx)/d^, we can determine the sign of p 
ten necessary in accordance with the convention of § 141. 
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(ii) Polar Equations. -In (a) substitute the values of 
2)y, L^y in terms of D^, D^r and we get 

Formula (c) is cumbroua It is often simpler to find 
what is called the p, r equation^ that is the relation between 
the perpendicular OZ from the origin on the tangent at 
P (Fig. 82) and the radias OP (see ex. 2), and then to apply 
a formula we will now deduce. , 

In Fig. 82 we have, OZ=p, OP^r, ' 

oa^=op^+pcn-20P . per CO& opc 

=r'+P(P-2p.PCr 

since p = OP cos OPC^=r sin \^ where \fr is, as usual, 
angle between the tangent and the radius vector. 

If OQ^r+Sr and if p + ^j9 = perpendicular from 
tangent at Q we find in the same way 

0C^ = (r+Sry+QC^-2(p+Sp)QCr. 

Equating the two values of 0(7^ we get 

2rSr+(Srf+(QCr^P(r)(Q(r+PCr''2p)-2Q(rSp^0, 

But {QCr-PCT) and {Srf are of order higher than t 
first, and therefore 

^=i'«^=^- ^i 

Formula (d) may also be proved thus : since |> = ?• sin J 
and (l> = 6+\lr we have (see § 88) 

cJp . , , , d"^ do . dxfr dd> 

and therefore da/d^p = rdr/dp. 

An inspection of figures will show that when the cunj 
is concave towards the origin (as in an ellipse with im 
centre as origin) p and r increase or decrease together, an 
therefore dr/dp and p are positive; when the curve i 
convex to the origin p is negative. I 



I 
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We can now deduce (c) from (d) ; for (§ 88) 

tan \lr = rdd/dr 

. , 1_ 1 _1 , /I dr\^ 

^^ j>2"r2sin2^"r2"^Vr2 dOJ ^^^ 

llmd by differentiating with respect to r we can find dp/dr. 
We will work out a slightly different formula that is of use 
|d dynamics; namely, putting r = l/u we will find p in 
lerms of u and 6, 
1 -j^ dr_^drdw^ 1 du 

\ ^^^ de'd^de^^u^dd'- 

|knd therefore (i) becomes 

^ ^=^'+(S)- <"> 

Hence, differentiating with respect to u, 

(Puds 
de^du 



-1^=^"+^© 



=2^+23^ <"^) 

But dp^dp -]._ l=l#=_tts^ 

, du dr ' u^ ' p r dr du' 

ind now by substitution in (iii), using (ii), we get 

' - =(«-s)-{'+as)'}' « 

The root being taken positive, p will be positive or 
iegative according as the arc is concave or convex to the 
rigin. 

t(iii) Intrvrmc Equation. Let 8 denote the arc of a 
purve measured from a fixed point on it up to the point P, 
^d <f> the angle which the tangent at P makes with a fixed 
kngent ; the equation which expresses the relation between 
and 4> is called the vatrinsic equation of the curve. This 
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equation does not depend on any lines of reference outside 
the curve, such as the ordinary rectangular axes ; hence the 
name. 

When the intrinsic equation is given p is found at once 
by differentiation. In elementary work, however, th( 
intrinsic equation is of comparatively small importance 
it has usually to be deduced by integration from the 
ordinary equation, one of the coordinate axes being taken 
as the fixed tangent. The angle (j> must not in this case be 
restricted to acute angles. 

Ex. 1. x^+y^=^a^. 

Let x=^aQo^^ty y=a«ivi?ty and use formula {B). 

i = — 3a co8*< sin ^ ; i? = 3a cos ^(2 sin*^ — cos^^) ; 

y=3a8in*<co8^; y =3asm^(2cos^< — sin^^) ; 

iS^+ J^=9a28in*^cos2^ ; xy - yz = - da^siu^f cos*^ ; 

/3= - 3a sin < cos <= - Z{axyy. 

In this case Z>«^y=l/3asin^cos*^ and p, if determined by the con- 
vention of § 141, will be +3asin<cos^. 

Ex. 2. r**=a"»cosw^. 

Form the /?, r equation and use formula (d). 

tanVr=-^= — cotwi^=tanf ?n^+ o ). 

We will take ylr=m6+7r/2 ; then 

p=r sin ^ = r cos m$= r^+^/a"*, 

and therefore p = -j— = 



dp (m+l)r"*-^' 

By giving different values to m we get several well-known equati( 
See Exercises XXXI. 10. 

Ex. 3. Find the centre of curvature and the locus of the centre 
curvature of an ellipse. 

It is easy to show, with the notation of § 140, ex. 2, that 
sin (f> — —pxla^ cos <f> =pylh\ p = — a^b^/p^, 

^=:r— psin</>=^(l-62/p^; V—yi^^^lP^)- 
Let 6 be the eccentric angle of P{x, y) and these values become 
a^=(a2 -62)cos3^ ; h7i= -(a2-62)8in3^. 
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To find the locus of the centre of curvature eliminate $ ; thus 

(a^)*+(6,,)*=(a2-62)* 
or, taking now x and y as current coordinates, 

(a^)*+(6y)*=(a2-62)i 

I The curve is shown in Fig. 83, § 143. 

Ex. 4. Show that the normal acceleration at a point P on a curve 
is v^/p where v is the tangential velocity and 1/p the curvature at P. 

At Q (Fig. 82) let the tangential velocity be v + 8v ; the components 
in tte direction PC of tne velocity at F and at Q are and 
(v + &v) sin 5<^ respectively. Hence the normal acceleration at P is 

(i; + ^)sin6<^ _ d^_ d<f>d8__ 1 

st=o ^^ ^^ ds dt ' p ' 

[as was to be proved. 

EXERCISES ZXXI. 

1, The equation of any conic may be put in the form ^^=2Ax+Bx^y 
where the ^-axis is the focal axis and 2A is the latus rectum. If the 
normal at F meet the ^'-axis in G and if a is the angle between FG 
and the focal distance SF prove that 

p= -FG^/A^==-FGIcoa^a, 

Note that the projection of FG on SF is equal to the semi-latus 
jectum. 

2. From the value of p in terms of a (ex. 1) prove the following 
oonstruction for the centre of curvature K of any conic : Draw GS 
perpendicular to FG to meet SF at ff, then draw IfK perpendicular 
to j&P to meet FG a,t K ; K will be the centre of curvature. 

3» For the rectangular hyperbola 3oy—(? show that 

p = (^+y2)^/2c2. 

4. (7 is the centre of an ellipse, CB is a semi-diameter parallel 
to the tangent at F and is the eccentric angle of F ; show that, 
Bumerically, 

p = (a3sin2 e + 62cos2 ^f\ah = CI^\ah, 

\ It may be shown that the eccentric angle of B is ^+^7r or — hr, 
CFy CB are called conjugate semi-diameters since, as may be readily 
proved, each diameter bisects all chords parallel to the other. 

5. If r is the central radius of a point F on an ellipse, and p the 
perpendicular from the centre on the tangent at P, prove 

a^ + 62 - r^ = a^b^/p^ ; p = a^b^/p^. 

For a hyperbola prove, with similar notation, 

r^'-a^+b^=-a^b^/p^ ; p= ^aWjf, 
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6. For the curve ahf^x^ show that p=(a*+9a?*)76a*^ and for the 
curve ay* =0:', p = or* (4a + 9xy/6a, 

7. At the origin on the curve 

where u^ is of the nth deeree and homogeneous in a; and y, show that 
Z>y=0, Z>^=26/a, p^a/S). 

8. At the origin on the curve 

y = 207+3.^2- 2a?y+y*, 
the radius of curvature is 5^/5/6. 

9. Prove that the radius of curvature of the catenary 

is 2/^/a, and that of the catenary of uniform strength 

y=clog8ec(x/c) 
is c sec(a7/c). 

I 

10. Verify the general results given in ex. 2 § 142 for the particular 
cases : 

(i) Lemniscate ?'*=a*C08 20 ; r^=a^p ; p=a^/Zr. 

(ii) Equilateral hyperbola r^cos 2^=a* ; pr=a^; p=f^/aK 

(iii) Parabola r(l +cos ^) = 2a ; ar=p^ ; p = 2r^l<r, 

(iv) Cardioid r=a(l +cos 0) ; i^—2ap^ ; p=4ap/Zr. 

For the parabola m= -1/2 ; for the cardioid m=l/2, and 2a takes 
the place of a. 

11. Show that the chord of curvature through the origin is 
2pdr/dp ; for the curve r"*=a"*cosm^, this chord is 2r/(m + l). 

12. Show that for the equiangular spiral r=ae**^*^** the radius of 
curvature is r cosec a ; show also Uiat the radius of curvature subtends 
a right angle at the origin. 

13. If ylr is the angle between the focal radius of a conic and the 
tangent at P and a the angle between the focal radius and the normal, 
show by formula (E) that 

p = l/sin^ = ^/cos'^o, 

the equation of the conic being ^w=l +ccos 6. 
Show also that if r and / are the focal distances 

and that (nQ ^ r/ 

ab a cos a 



J 
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14. If accents denote differentiation as to the arc «, show by 
differentiating the equations cos<^=a/, Bm<l>=y' that, (^, rf) being the 
centre of curvature, 

and ^=:r+pV, ^=y+p^". 

15. Show from formula (e) that the condition for a point of 
inflexion is 

16. The circle (x-af-\-{y- 13)^— B^ and the curve y=f{x) intersect 
at the point P(a, 6). If at P the values of Dy and E^y are the same 
for the circle and the curve show that the circle is the circle of 
curvature at P. 

The circle and the curve have the same tangent at P because P lies 
on both circle and curve, and the gradient of the circle at P is equal 
to that of the curve at P. A^ain, differentiate the equation of the 
circle twice and after differentiation put a, h (or /(a)), /'(«),/"(«), for 
a?, y, Dy^ D^y respectively ; we get 

(a-a)2+(6-/3)«=iP (i); (a-a)+(6-)8)/(a)=0 (ii); 

l+{/(a)P+(6-j8)/'(a)=0 (iii) 

From (ii) and (iii) we find. 

6-/8= -[l+{/(a)}»]-f/'(«); a-a=/(a)[l+{/(a)}^4-/'(«), 
and therefore by substituting these values in (i) 

fi=[l + {/(«) P]^-/'(a) (iv) 

But R as given by (iv) is the radius of curvature at P and (a, j8) is 
the centre of curvature at P. 

Dbsfinition. Two curves y=F(x), y=f{^) which intersect at the 
point P (a, b) are said to have contact of the n^ order with each other 

at P if F'{a)=f(a\ F"{a)^f{a\ >W(a)=/N(a) but i^<-+')(a) not 

equal to /<»+"(«). 

The circle of curvature has thus in general contact of the second 
order with the curve. 

From Taylor's Theorem (§ 152) it will be seen that when the curves 
have contact of the v^ order at (a, h) the difference F{x)-f{x) 
between corresponding ordinates near (a, 6) is an infinitesimal of 
order /i+l when a?— a is principal infinitesimal ; for 

where R is zero when x=a. 

§ 143. Evolute. Involute. Parallel Curves. 
Definition. The locus of the centre of curvature of a 
given curve is called tke evolute of that curve. 
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The coordinates (f , 17) of the centre of curvature G corre 
sponding to the point P (x, y) are given by 

f=aj— psin^, i7=y+pcos0 (1 

The four quantities x, y, <f>, p can all be expressed in ternu 
of one quantity, for example re or « or ^ ; the elimination o 
that quantity between the equations (1) will give a relatioi 
between ( and 17 which will be the equation of the evolute. 
The evolute of the ellipse is (§ 142, ex. 3) given by 

and is shown in Fig. 83. 




Fig. 88. 



Ey Ey F^ F are the centres of curvature corresponding to 
the vertices A,A\B,E\ and 

EA = A'£r = by a, FB = EF = a^b. 

It is obvious how the radius of curvature may be utilised 

for graphing the curve. 

Tne following are important properties of the evolute : 
(i) The normal at P to the given curve is the tangent at 

G to the evolute. (ii) The length of an arc of the evolute 
lual to the difference between the radii of curvature of 
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the given curve at the points corresponding to the ends of 
the arc. 

(i) In equations (1) take s, an arc of the given curve, as 
independent variable ; then 

di dx dd> , dp ' ,dp /o\ 

since dx/da = cos 0, 1/p = d<f>/d8. 

Similarly -^ = C08<i>^ (3) 



Therefore 



dn , dp 
^=cos^^ 

drj^drj/d^_^ 

d^^dsl ds'' ^' 



Now tte centre of curvature C (^, rf) lies on the normal 
at P, and the gradient of the evolute at C is drjjd^, that is, 
— cot 0, which is the gradient of the normal to the given 
curve at P. Hence the normal PC coincides with the 
tangent to the evolute. 

(ii) Let dcr be the differential of an arc of the evolute ; 
by (2) and (3) 

ci!^= — sin^rfp, dtj^cosipdpy 

so that d(r= ± J(di^+dt^)= ±dp (4) 

The sign will be posi- 
tive or negative accord- 
ing as or increases or 
decreases as p increases. 
For the positive sign we 
have 

(7- = p4. const (5) 

In Fig. 84 let a- be 
measured from C^, and 
let Pi(7i, PgOg, P3O3 be 
Pv />2> Ps ; *^®» (^) gives 

arc 0-^2= P2'^^^^^^' 

=P2-/>i; 
arc GjOg = pg - pi, 

which proves the required result. 

If a thread were wrapped round the curve G^O^ and one 
end fixed at Og, the length of the thread being equal to pg, 




Fig. 84. 
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it is clear that when the thread is unwound, and kept 
stretched in the process, the free end will describe the 
curve P^P^P^, It is from this property that the evolute 
is named. 

The curve PiP^ is said to be a-n. involute of C^G^ Ob- 
viously any point on the thread will describe an involute, 
so that a given curve has an infinite number of involutes 
while it has but one evolute. '^ 

The two involutes PiP^y Pi'Ps ^^ called parallel curves, 
since the distance between them measured along their 
common normals is constant. 

§ 144. Envelopes. The equation 

y = ax-^a/a (1) 

where a, a are constants, represents a straight line. If we 
give a different constant value to a, say a^, the equation 
will become 

y = a^x+a/a^ (2) 

and will represent a different straight line. The coordinates 
of the point of intersection of (1) and (2) are 

x = a/aay y = ala+a/a^ (3) 

Suppose now that a^ is taken closer and closer to a; the 
line (2) will therefore come closer and closer to the line (1), 
but the values (3) show that the point of intersection tends 
to a definite position when a^ tends to a as its limit. The 
coordinates oi the limiting position of the point of inter- 
section are 

x = a/a^, y = 2a/a (4) 

If we eliminate a between the two equations (4) we get 

y^ = 4tax (5) 

so that, whatever value a may have, the limiting point lies 
on the parabola (5). It may be readily verified that 
whatever value a may have the line (1) is a tangent to the 
parabola. 

In general the equation f{x, y) = of a curve contains 
constants that determine the shape, size, and position of 
the curve. By assigning a series of different values to the 
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constants we get a series of different curves. We will 
consider the case in which, as in the example just given, 
the series is determined by assigning different vaJues to one 
constant, and we will speak oi the series as a family of 
curves. The constant is then often called the parameter of 
the family ; thus, in (1) a is the parameter of a family of 
straight lines. 

Two curves of the family will, in general, intersect ; if a 
and a+Sa are the values of the parameter for two curves 
C. and O2 of the family, the point or points of intersection 
of Gj and C^ will tend to definite limiting positions as Sa 
tends to zero, and the locus of these limiting positions is 
called the envelope of the family of curves. 

Thus the parabola (5) is the envelope of the family (1) ; the evolute 
of a curve is the envelope of the family of straight lines composed of 
the normals of the curve (§§ 141, 143). 

§ 145. Equation of Envelope. Let the equation 

f(x,y,a) = (1) 

represent a family of curves, the parameter a of the family 
being indicated in the functional symbol ; a is constant for 
any one curve of the system. Let the equation 

f(x,y,a+Sa)=0 (2) 

represent another curve of the system. The coordinates of 
the points of intersection of (1) and (2) will satisfy 

f(x, y, a + Sa)-f{x, y, a) = 0, 
and therefore also 

{f(x, y, a + Sa)-f(x, y, a)}/5a = (3) 

The limit of (3) for ^a = is 

^/(«J,2/,a)/^a = 0...... (4) 

and therefore the coordinates of the points on the envelope 
•satisfy equations (1), (4). The equation of the envelope is 
therefore got by eliminating a between these two equations. 
In forming (4) x and y are treated as constants, as is evident 
from the proof. 
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Thus, if /(x, y, a)= -y+oJ?+a/a, 

Eliminate a between the equations 

-y+ax+a/*=0, x-a/a^=0 
and we get y'=4ax. The envelope is thus a parabola, as in § 144. 

We saw in § 144 that the parabola (5) has each member 
of the family (1) as a tangent. We will now prove the 

Theorem. In general, the envelope of a family of curves 
touches each member of the family. 

The gradient at a point (a?, y) on (1) is given by 

where, in differentiating, a must be kept constant. 

On the other hand, to get the equation of the envelope, 
we have to eliminate a between (1) and (4) ; we may there- 
fore take (1) for the equation of the envelope provided we 
regard a as a function of x and y determine by (4). 
The gradient at a point (a:, y) on the envelope will therefore 
be found by taking the total derivative of (1); this total 
derivative is given oy 

dx^dy dx^dadx ^ ^^ '^ 

Suppose now that the coordinates of the point (x, y) ' 
satisfy both (1) and (4) ; that point is therefore on the curve 
(1) and also on the envelope; and, by (4), equation (6) 
reduces to equation (5). Hence at the point (x, y) the | 
gradient dy/dx is the same for the curve (1) and for the 
envelope, which proves the theorem. 

It is assumed that 'dffdxy 'dffdy are not both zero ; if they are, the 
value of dyjdx given by (6) or ^6) is not determinate and the theorem 
may not be true. The discussion of such cases, however, is beyond 
our limits. 

Analytically, the problem of finding the envelope of the 
family (1) is equivalent to that of finding the turning values 
of the function /(a?, y, a) of the variable a, when x and y 
are regarded as constants. 
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The student should draw a few lines of the family 

y = ax+a/a for both positive and negative values of a, and 

he will get a clear idea of a curve as the envelope of its 

tangents ; the lines are easUy drawn since the intercepts on 

I the axes are —a/a^ and a/a respectively. 

Ex. 1. The evolute of the parabola ^^=4ax considered as the 
envelope of its normals. 

The normal at (A, k) is given by 

or Sahf+4a(w-2a)k-k^=0, (i) 

since h=i^l4a by the equation of the parabola. Take k as the para- 
meter of the family of straight lines (i), and find the envelope. 
Differentiate (i) as to 1; ; we get 

4a(^-2a)-3P=0 (ii) 

Eliminate k between (i) and (ii) and we get 

2703^= 4(07 -2a)s, 

which is therefore the equation of the evolute. 

Ex. 2. Find the envelope of the circles which pass through the 
origin and have their centres on the hyperbola 

"Let (a, P) be the centre of any circle of the family ; the equation of 
a circle is therefore 

a?2+y2-2(u?-2j%=0, (i) 

there being no constant term, since the circle goes through the origin. 
Since the centre lies on the hyperbola, we have, 

a?-p^=<^. (ii) 

We might suppose (ii) solved for ^3 in terms of a and the value 
inserted in (i) ; this shows that there is really but one parameter. It 
is simpler, however, to differentiate with respect to a, considering )8 as 
a function of a determined by (ii), and then to eliminate a, p and 

Differentiating (i) and (ii) with respect to a we get 

-+yf=o. «-^f=o = (-) 

From (iii) a/a;= - )8/y, 

and therefore by (ii) ajx = - )S/y = c/j{aj^ - y^). 

Substitute in (i) for a and )8 and reduce ; we then get 

(^+y2)2=4c2(^-y2)^ 

which is the equation of a lemniscate. 

It will be evident that the procedure is the same as that of finding 
maxima and minima. 
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§ 146. Oytloidft. As the cycloid is of some importance in 
dynamics, we will very briefly investigate its chief 
properties. 

Definition. The cycloid is the curve traced out by a 
point in the circumference of a circle (the generating circle) 
which rolls without slipping along a fixed straight line 
(the boM). 

Let OD (Fig. 85) be the base, P the tracing point on the 
generatinc^ circle LPI, and the angle between the radius 
SP and the radius 81, I being the point of contact with 
the base. 




Suppose P to be at when the circle begins to roll ; draw 
PM perpendicular to 02), and let OM=x, MP = y, Then 
if a is the radius, we have 

0/= arc P/=a0, 

a?=0/-/SfP8ind=a(d-sind) | 



(1) 



y = IS+8P COS L8P=^a(l-co8d) 

ISL being the diameter through /. Equations (1) are those 
of the cycloid. 



I 
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When 0=^ir,x = ira—OB and P is at A, the greatest 
distance it can be from the base. A is called a vertex. 

When = 2-^, aj = 2xa = 0i), and P is at D. The arch 
OAD is symmetrical about BA, and BA is called an oajis. 

If the circle were to continue rolling, P would trace out 
^ a series of arches congruent to OAD ; when the cycloid is 
spoken of, it is usual to confine it to the one arch, and A^ 
BA are then the vertex, the axis. 

Properties, The following are easily established : 
(i) tan = Dxy = cot ^d = tan (^tt — ^0) = tan P/i, 
and therefore = Jtt — Jd — ^ P/Z, 
so that PL is the tangent and PI the normal at P. 
I (ii) 8=arcOP=4a(l — cos Jd); arc 0-4= 4a. 

(iii) p = PC=4asinJ0 = 2P/, numerically. 

If the tangent AT and the normal J^ are taken as axes, and FN 
drawn perpendicular to AT, Y^e put 6^=LL8P=Tr-0 ; then 

af=AN=a(&+Bm &) ; y^NP=a{\ - cos ^) (1') 

(ia) i^r=.LPLN^\e^LPIL. 

(ii a) « = arc -4P= 4a sin ^^ ; «* = 8a . NP— %ay. 

The coordinates of (7, the centre of curvature, are 
^= Jf + 4a sin |0 cos ^0 = a (0 + sin 0), 
17= —7(7 sin Jd= --a(l— COS0). 

Hence, by equations (!'), the evolute of the cycloid OAD 
consists of the halves OGB^, BfB of an equal cycloid. In 
(!') the positive direction of y is downwardSy but when 
is origin the positive direction is upwards, so that ^ is 
negative. 

S' is a cusp on the evolute ; 0, D are cusps on the original 
cycloid and vertices of the evolute. 

Epicycloids and Hypccycloids. The curve traced out by a point on 
the circumference of a circle which rolls without slipping on the 
circamference of a fixed circle is called an epici/cloid or a hypocycloid 
according as the rolling circle is outside or inside the fixed circle. 
"When the rolling circle surrounds the fixed one the epicycloid is 
sometimes called a pericydoid. 

G,c. 2 A 
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Let Figure 86 represent the generation of an epicycloid, P being 
the tracing point and C the starting point. Let a and h be the radii 
of the fixed and of the rolling circles, B and & the angles CAI and 
IBP ; AM^x, MP=y, Then 

arc PI=a.TC CI, so that, b6^=a0. 
x=(a+b)coa0'-bcos(e+6^ 

=(a + 6)co8^-6cos[(a+6)^/q 
y=(a+6)8in^-6sin [(0+6)^/6] (2) 




Fio. 86. 

When the circles are on the same side of the tangent at /, that is, 
for the hypocycloids (b<a) and the pericycloids (5>a), it is only 
necessary to change the sign of 6. Hence, the equations of the hypo- 
cycloid are of the form 

x=^(a - b) cos ^+ 6 cos [(a- 6) O/b] 

y=(a-6)sin^-6sin[(a-6>^/6] (3) 

When the ratio of 6 to a is a commensurable number the tiucing 
point P will return to C after the circle B has rolled once or oftener 
round the fixed circle ; when the ratio of & to a is incommensurable 
P will not return to C, 

Trochoids. If the tracing point P is not on the circumference hat 
on a radius or on a radius produced, the curve it describes is a 
trochoid or an epitrochoid or a hypotrochoid. 

If the distance of P from the centre of the circle is to the radius inj 
the ratio of X to 1, the eauations of the trochoid are got from equatioi 
(1) by multiplying sin 6 and cos 6 by A, while the equations of tb 
epitrochoid ana the hypotrochoid are got from equations (2) and (3], 
respectively by multij)lying the ooeficient b of the second term by A,| 
as the student will easily prove. 



/ 
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EXERCISES XXXII. 

1. Show that for the parabola y^=^ax^ 

P= -2aco8ec3<^, ^=2a + 3acot2</), ^ = - 2a cot^</), 
and then find the equation of the evolute. 

2. Show that for the hyperbola a^ja^-y^li^^l, 
and that the equation of the evolute is 

8. Show that for the rectangular hyperbola xy — <?^ 
and that the equation of the evolute is 

4. Show that for the curve oir+y^=o? (see § 142, ex. 1), 

^ = a cos^ t+Za cos t sin^^, ^ = a sin^ ^ + 3a sin ^ cos^ ^, 
and that the equation of the evolute is 

(x+yf +{x-yf ^^'^a^ , 

5. Prove that the envelope of the family of straight lines 

^/a+^/^ = l, 

(i) when a/3=a\ is the hyperbola, ^xy—c? ; 
(ii) when a4-j8==a, is the parabola ^x-{'Jy=,Ja ; 

9 9 a 

(iii) when a?-^l3^=a\ is the curve ^^+y^=a^. 

State the geometrical meaning of the conditions to which the para- 
meters a, p are subject. 

6. Prove that the envelope of the family of ellipses 

^a/2+yV)82=l 
(i) when a/3=a2 is the two hyperbolas ^y= ±a^. 

9 9 9 

(ii) when a+jS=a is the curve x^+y^—a^. 

State the geometrical meaning of the conditions to which the 
parameters a, fi are subject. 

7. The envelope of the circles described on the double ordinates of 
a parabola as diameters is an equal parabola. 

8. If P, Q, R are functions of the coordinates of a point, and a 
a variable parameter, show that the envelope of 

is Q^-PR=0, 
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and that the envelope of 

Pco8 a + C sin a =/2 

9. Show that whatever be the value of m, the straight line 

y = mx •¥y/{{a+ bm^lab} 

touches the conic cue* +hy*=l. 

10. A straight line moves so that (i) the product, (ii) the sum, of the 
squares of the perpendiculars drawn to it from two fixed points 
(^t 0), ( — r, 0) is constant ; show that in each case the envelope is 
a central conic. 

11. Show that the envelope of the circles described on the central 
radii of an ellipse as diameters is 

12. The envelope of the ellipses (^-a)2/a«+(y-/J)2/68=l when the 
parameters a, fi are connected by the equation 

a2/a2+)82/62=i 

is the ellipse j:*/a*+yV^*=4. State the problem in geometrical' 
language. 

13. Show that the envelope of the family of straight lines 

arseca — 6yooseca=a* — 6* ' 

is the curve (^)§ +(fey)l =(oa - 62)1 

14. If in Fig. 82 OZ=py show that the equations of the tangent 
and normal at P are 

:i7 8in<^-ycos^=p (i); :FC0S<^+y8in<^=-^(ii), 

and show, from (ii), that ZP=dpld^ 
Consider the curve as the envelope of its tangents. 

16. With the same notation as in ex. 14, show that the coordinates 
(^, ^) of the centre of curvatui'e are given by 

f cos<^+i;sin<^=-^, -^8in<^+iycos</)=-i-^, 

16. With the same notation as in the last two examples, show tba 
the projection of 0(7, where C is the centre of curvature, on PC^ is 

— f sin^-f-^cos</), 

and that t2 

f>=/>-^sin </»+»; cos </>=p+^^. 
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17. Show that the radius of curvature of the evolute of a curve is 
pdpjds^ where p is the radius of curvature at the corresponding point 
on the given curve. 

Use § 143, (ii) ; d<l> is the same for curve and evolute. 

18. If A is the area between a curve, its evolute and two radii of 
curvature, show that 

dx 2^ dx 2V^\dx) i ' da^' 

19. ABC is an arc of a circle whose centre is and radius a ; CP is 
the tangent at C and AP a part of an involute of the circle. Taking 
OA as the or-axis and putting <f> for the angle AOC, show that the 
coordinates (a?, y) of P are 

ar=acos<^4-a<^sin<^, y=asin</)-a</>cos<^, 

and that the intrinsic equation of the involute is 

All the involutes of a circle are identically equal, so that we may 
speak of the involute of a circle. 

20. Show that the /?, r equation of the involute of a circle is 

21. The total length of the evolute of an ellipse is 

4(a8-63)/a6. 

22. The intrinsic equation of the cycloid, when the vertex A is 
the origin of s and tne tangent A T the fixed tangent (Fig. 85) is 
«=4asin<^. 

23. Show that for the epicycloid (Fig. 86) PL is the tangent and 
PI the normal at P. 

For, tan .^=^= Tf -°^<^+^ =tan(g+in 

^ dx sin(^+^)-sm^ ^ ^ " 

and PL makes with the ^-axis the angle 6-\-\&, Similar results hold 
for the hypocycloid. 

24. If * is the arc CP of an epicycloid. Fig. 86, show that 

and that the length of CPD is 8b(a+b)/a. 

25. The intrinsic equation of an epicycloid is 

and the radius of curvature is 

4b(a+b) . / adi \ 

Similar results hold for the hypocycloid, the sign of h being changed. 
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If 6 a: a/4, show that the hypocycloid has four cusps, and that 
ito equationa are j^^aco^e, y=aBin^e. 

Eliminating $, we get jF*+y*=a*. 

87. Show that if b=a/i the hypocycloid becomes a diameter of the 
fixed circle. 

28. Show that if 6=a the epicycloid becomes the cardioid 

r=2a(l-co8^, 
the origin being at the point C ; that is, 

rco8^=jr-a, rsin^=y. 

29. In ex. 26 put 

that ia, measure the arc from the middle point V of GPD (the vertex), 

8 — Bin — , t^x* 

a a+2& 

Show that the equation B—l^mn^ will represent an epicycloid if 
n is less than unity, a hypocycloid if n is greater than unity. 

30. If «, (T are corresponding arcs of a curve and its evolute 

o"=±-rr+ const. 

Show from the result of ex. 29 that the evolute of an epicycloid is 
an epicycloid, and that of a hypocycloid is a hypocycloid. 

31. Parallel rays fall on the circumference of a circle and are 
reflected, the angle of reflection being equal to that of incidence. 
If a is the radius of the circle, (a cos 0^ a sin 6) the point of incidence, 
the centre of the circle the origin of coordinates, and the jr-azis 
parallel to the direction of the incident ray, show that the equation 
of the reflected ray is 

y cos W — x sin 2^+a sin ^=0, 

and that the envelope of the reflected ray is an epicycloid 

a: =1(3 cos ^- cos 3 A y=|f Ssin ^-sin3^Y 

32. If V is the velocity of a particle describing a central orbit under 
an outward radial force F^ then with the usual notation v^=h^/jp^. Pix)ve 



^=|(i'")= -*'»'©+«)• 



This equation is the diflFerential equation of the orbit. If F=^ ± fm\ 
show that the orbit is a conic, the centre of force being at a focus. 
(See §§ 169, 170). 



CHAPTER XVIL 

INFINITE SERIES. 

§ 147. Infinite Series. For a thorough treatment of 
infinite series the student is referred to Chrystal's Algebra, 
vol. XL ; an exceedingly good elementary account will be 
found in Osgood's Introauction to Infinite Series (Cam- 
bridge, XJ.S.A. ; Harvard University). We will limit our 
discussion to those parts of the theory that are needed in 
the applications we make. 

Definition of an Infinite Series. Let u^, u^,u^y ... , 
be a set of quantities unlimited in number, u^ being a 
single-valued function of the integer n, and let a^ denote 
the sum of the first n terms, 

»n = '^^l + ^«'2 + •••+'M'n (1) 

When n increases indefinitely the sum (1) becomes an 
Infinite Series. 

If as 71 increases indefinitely the sum Sn tends to a definite 
finite limit 8, the mfinite series is said to be convergent, and 
to converge to the value 8, or to have the value 8, or to have 
the sum 8. 

Ex. 1. Let «n=l + 2+j+...+2s=i- 

Here «W=2-l/2*^*; L«„=2=«. 

If as 71 increases indefinitely s^ does not tend to a definite 
finite limit, the series is said to be non-convergent. In this 
case either Sn increases (numerically) beyond all bound, and 
then the series is said to be divergent or to diverge, or else Sn 
does not tend to a definite finite limit; and then the series 
is said to oscillate.* 

* Some writers use (UvergeM as equivalent to wm-oonvtrgetU, 
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Ex. 8. Let «,»l+2+3+...+n. 

Here $n increaseB beyond all bound, and therefore the infinite series 
is divergent. 

Ex. 3. Let ««=l-l + l-l + ...+(-l)»-^l. 

Here «, is or 1 according as n is even or odd, and though Sn does 
not become infinite, it does not tend to a definite finite limit. The 
series therefore oscillates. 

It is obvious that if ttj, t^, ... are all of the same sign, 
the series cannot oscillate. 

Notation, We will represent an infinite series by the 
notation o^ 

tti+tt2+...; or 2^5 or 2^- 

1 

The following theorems are readily proved : 

Theorem I. If\ii+\i^+.,. converges to the value Sythe 

series CU1+CU2+... 

where c is any finite quantity, converges to the value cs. 
The proof is so simple that it may be left to the reader. 

Theorem II. 7/ u^ + Uj + . . . converges to the value s, and 
V1+V2+... to tfie value t, the series 

(Ul + Vi) + (U2 + V2)+... 

converges to the value (s+t). 

Let Sn = U^ + U^+*'.+Un, tn-Vi + V^+...+Vn, 
then (Uj^ + Vi) + (u^ + V2)+...+(Un + Vn) = Sn + tn 

for every value of n, and the result follows at once. 

The first theorem shows that the product of c and Du is 
S (cu\ and the second shows that the sv/m of Zu and Xv is 
2 (u+v\ and sum may obviously be considered as including 
difference. 

In forming Sn it is to be understood that the terms are 
added on in the order in which they stand in the series, 
and it follows at once that when the series is convergent 
the law of association holds good ; that is, we may group 
the terms as we please (so long as we do not change their 
order), and the valu,e of the series will not be affected. It 
does not follow, however, that if we form a new series by 
writing the terms in a different order, the new series will 
converge to the same value as the old (see § 160). 
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The phrase " numerical value " or " absolute value " occurs so often 
that we will use the notation (now generally adopted) 

\a\ 

to represent the numerical value of a. Thus, 

2| = 2; |-2|=2; |-10+6|=4. 



The following statements are easily proved : 

' (i) |a+6+c+...|^|a|H-|6| + |c|+..., 

the equality holding only when a, 6, c ... have all the same sign, 
(ii) If c is positive, the inequality 

\a-h\<c 

I is equivalent to either of the inequalities 

h—c<a<h-\-c\ a — c<b<a+c. 

§ 148. Existence of a Limit. A function may be defined 
by an infinite series provided the series is convergent. 
Thus, the infinite geometrical progression 

converges to the value a/(l — a;) so long as x is numerically 
less than 1, and we may say that if — l<a3<l the function 
a/(l— aj) is represented by the series, or that the series 
defines the function. But if x is greater than 1 the series 
is divergent and does not represent a/(l— a;) at all. Con- 
vergent series alone are of use in practice and, subject to 
certain restrictions, can be manipulated like expressions 
containing only a finite number of terms ; non-convergent 
series can only be used under very special conditions. 

It is not often, however, when a series is given, that we 
can, as in the case of the geometrical progression, actually 
assign the number which is the limit oi 8n. It is necessary, 
therefore, to have a criterion for the existence of the limit, 
and we will now state three general theorems that will be 
of great service in leading to simple tests for the convergency 
of a series. The variable Sn is assumed to be a single- valued 
function of n, and -n. is to increase indefinitely; since all 
fclie limits are taken for 71=00 we may omit the subscript 
"^ = 00." 



Theorem I. If &^ is a function of n that (i) always 
increases as n i/acreases, but (ii) always remains less than 
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a definite quantity a, then as n increases indefinitely s^ wiU 
tena to a definite limit that is less than or equal to a. 

Theorem II. If s^ is a function of n that (i) always 
decreases as n increaseSy hut (ii) always remains greai&t 
ihan a definite quantity b, then as n increases indefinitely 
Sj^ will tend to a definite liwM that is grealer than or equal 
to b. 

Theorem III. The necessary and sufficient condition 
that Sq should, as n increases indefinitely, tend to a definite 
limit is thai the limit for n infinite o/(Sn+p— s,^) should be 
zero for every value of the integer p ; or, in other words, 
given an arbitrarily smxdl positive quantity e it must be 
possible to choose n, say n=m, stich that when n^m the 
differen/ie (Sn+p— s^) shaU be nv/msrically less than e, what- 
ever value the integer p m^iy have. 

We do not propose to prove these theorems ; the first and second 
have been given as exercises (Exer. YII., 14, 15), and the geometrical 
illustration there given affords some justification for assuming them. 
As to the third theorem it is easy to see that the condition stated is 
necessary. For, if Sn has a definite limit s, then since 

*rt+i> ~ *n = (*n+p ~ *) + (' ~ *«)) 

we have 

To illustrate the sufficiency of the condition, take on the ^-axis the 
points A I, A^ J 3, ..., which have 8i, 8^^ 8^, ... as abscissae. In this 
case An+i may be either to the right or to the left of Any since sw does 
not necessarily either always increase or always decrease as n increases. 
But, by hypothesis, if n^m, 

\s„+p-8n\<€; that is, 8„^-'€<8m+p<Sm + €, 

If P and Q are the points whose abscissae are 8m — ^ and ««»+£, then 
the length of the segment PQ is 2€, and every one of the points Am 
for which n is greater than m lies within this segment. By assigning 
to € smaller and smaller values we get shorter and shorter segmenti 
P'Qf, P"^\ ..., each lying within the one that precedes it. The endri 
P, P', P", ... move to the ri^ht, Q, q, Q", ... to the left ; by Theorem Lj 
P, P', P", ... tend to a definite limit, and by Theorem II. Q, Qf, Q', .., 
also tend to a definite limit, and since c may be as small as we pleai 
these two limits coincide, say at S. The points An therefore tend 
S, and 8, the abscissa of S, is the limit of ««• 

Examples 16, 17 of Set VIL illustrate Theorem 1. To illusti 
Theorem III. take 

'n=i-Hi-i+..-+(-i)"-'i- 
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Here ,.,,-,„= ± (_^__^+...i_l_), 

71+1 n+^^'^'^^i+p 71+1 \n+2 n+ZJ '" 

< 1/(^+1), 

since each bracket is positive ; if p is an even number the last bracket 
will contain but one term, l/(n+p). 

^ ' n+l n+2 n+p \n+l 7^+2/ W + 3 n+4j 

and the expression on the right is positive ; therefore | «„+p - s„ \ lies 
between and l/(7i+l). 

Hence the limit of Sn+p - «» is zero, and Sn tends to a definite limit ; 
Uie limit will be found later to be log 2 (p. 395), so that 

log2 = l-J+J-i+.... 

It is clear that the Theorems I., II., III. hold even when 
i the variable 8n is a continuous function, f{x) say. If x tends 
^ to a finite limit x^ we may put x^ ± 1/n for x ; when n tends 

to infinity x tends to x^. If x tends to -oo we may put 

— m for X. 

§ 149. Tests of Convergence. The difference 8— Sn between 
the sum s„ of the first n terms and the value 8 of the series 
2i6 is called the remainder after n terms ; if we denote this 
remainder by rn we have 

Clearly rn is itself an infinite series Un^i+Un+2+ .•• and 

the limit of rn is zero. If the series is such that \rn\ is 

small when n is small the series is said to be rapidly or 

highly convergent, because the calculation of a few terms 

wiU yield a good approximation to the value s. For 

; purposes of calculation rapidity of convergence is valuable ; 

i Dut a series may yet be convergent though it require the 

calculation of a million terms to get a fair approximation. 

Fundamental Test. Let p^n denote Sn+p—Sn, that is, 

then prn is called a partial remainder after n terms. By 
' § 148, Th. III., the necessary and sujSScient condition that 
the series 2u should be convergent is that the limit of pr„ 
should be zero for every value of p. 
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If jDsl then pr,»=u,i+i, and therefore a necessary condi- 
tion of convergence is that Un+i or, what amounts to the 
same thing, that Un should converge to zero; but as we 
shall see (ex. 1) this condition is not sujfflcient 

This test is not easy of application ; we therefore deduce 
one or two special tests that can be more readily used. 

Oompariflon Test. Let u^+ii2+... be a series of positive 
terms ; if each term is less than or equal to the correspond- 
ing term of a series of positive terms a^+a2+ ... that is 
convergent, the series ttj-l-itg-l-... is also convergent, but if 
each term is greater than or equal to the corresponding 
term of a series of positive terms bi+b^+... that is 
divergent, the series u^+u^+.,, is also divergent. 

» n 

Let 8n = ^nr, ^n = S^n t = Ltny 

then Sn^tn] tn<t, 

since all the terms of a^+a2+"' are positive. Hence 8^ 
which increases as n increases, is always less than t ; there- 
fore (§ 148, Th. I.) «n tends to a limit 8 that is less than or 
equal to t 

The proof for the case of divergence niay be left to the 
reader. 

Note. We may note here that in testing a series we are 
at liberty, when it is convenient, to disregard any finite 
number of terms ; the rejection of such terms would affect 
the valiie but not the existence of the limit. Thus we 
need only suppose the terms of t^-f-Ug-h ... to be vZtimaidy 
positive. 

Ex. 1. The series 1+J+J+ ... is called the harmonic series ; show 
that it is divergent even though L«*„=0. 

Beginning with the third term take in succession 2 terms, then 
4 or 2*, then 8 or 2^, and so on. Now 

1.111 1 1.1.1. 1^4 1 

3 + 4>4+4^"2' 6 + 6-^7+8>8 ^" 2' 

and so on. Thus, the sum of 2"* terms is greater tlian 

f 1 + 2) + 2 + 2+ ...torn terms; 

that is, greater than l+m/2. We can therefore take n so large that 
8n shall exceed any assigned number ; that is, the series is divergent j 
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Ex. 2. The series 111 

is convergent if a>l, divergent if a<l. 
(i) a>l. Group as in ex. 1, beginning with the second term. 

2a-|-3a<2a + 2a Or ^^.^ , 



1. JL.l.l 4 f 1 V 



4 
and so on. Hence the series is less than 

3 

+ 



l+2*^''"\2*^/ "'"\2^^/ 
which is a g.p. with common ratio less than 1 and therefore convergent. 
The given series is therefore also convergent. 

(ii) a^l. The case a=l is that of ex. 1. When a<l the terms 
are greater than the corresponding terms of the harmonic series ; the 
series is therefore in this case divergent. 

The Test Batio. Let U1 + U2+... be a series of positive 
terms, and let the limit tor n = oo of Un+i/^n be p; the 
series will be convergent if /)<1, but divergent ii p>l. 
The test fails to discriminate if |0 = 1. 

(i) p<l. By the definition of a limit we can take n so 
large, say n = m, that when n^m the ratio Un+i/un shall 
difier from p by as little as we please and therefore shall be 
less than a proper fraction r. If m be so chosen we have 

Um+i < UmV ; U^+2 < 'f^m+ir < UmT^ ; Um+3 < 'W'w^ 

and so on. Hence, after the term Umy each term of the 
series is less than the corresponding term of the g.p. 

Since r is less than 1 the g.p. and therefore also the given 
series is convergent. 

(ii) p>l. In the same way the series may be proved 
divergent when p>l. 

Cor. The remainder Vm of the given series is less than 

u^r + UmT^ + . . . , that is, Umr/(l — r). 

Ex. 3. l+^+-g+-o + ... (a? positive). 

Un n n — l n ^ 

Hence the series is convergent if a7<l, divergent if ^>1 ; if ^=1 
the series is the harmonic series and therefore divergent. 
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Ex. 4. 1+^+0-,+^+... (^positive). 

The series (the exponential series, § 49) is therefore convergent for 
every finite (positive) value of x. It will be seen iromediately that 
we may suppose :r to be either positive or negative. 

§ 160. Absolute Conyergence. Power Series. 

Theorem I. If a series which contains both positive and 
negative terms is convergent when all the negative terms 
have their signs changed, it is convergent as it stands. 

For the effect of restoring the negative signs is to 
diminish both | s^ \ and \prn |. 

Definition 1. A series is said to be absolutely or uncon- 
ditionaUy convergent when the series formed from it by 
making all its terms positive is convergent; that is, 
tti+U2+... is absolutely convergent when |Ui| + |t62l + ... is 
convergent. Any other convergent series is said to be 
conditionally convergent (sometimes semi-convergent). 

The converse of Theoren* I. is not true ; the series 
U1+U2+... maybe convergent, and the series |Ui| + |u2l + ... 
divergent (see ex. 1). 

Cor. a series is absolutely convergent if the limit of 
Un+i/un is numericaZly equal to a proper fraction. 

Absolutely convergent series are of special importance ; no rearrange- 
ment of the terms affects the sum. Jt is possible, however, so to 
rearrange the terms of a conditionally convergent series that the 
series thus arising shall be convergent, but shall converge to a different 
value or even shall be divergent. Hence the words " conditional " and 
" unconditional." (See ChrystaPs Algebra, vol. 2, chap. 26, § 13). 

Theorem II. If u^, Uo, Ug, ... are aU positive, and eobdi 
less than {or equal to) that which precedes it ; if, furtiier, 
the limit of Un is zero, the series 

is convergent 

This series is called the Alternating Series, 

We may write the sum of an even number of terms in the 

two forms 
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= Ui-(U2-Ug)-(u^-U5)-...-'U2n. 

The first form shows that 82n is positive and increases 
with 71, while the second form shows that s^n is less than 
Uy because each difference is positive. Hence a^n converges 
to a limit, 8 say. 

Again, »2n+i = 82n+'i%i+i, and therefore, since Lti^n+i is 
zero, 82n+i and Sin have the same limit ; the series is there- 
fore convergent. 

Cor. \rn\ is less than Un+i. 

Ex. 1. 1-J+J-J+... 

The series satisfies all the conditions, and is therefore convergent, as 
was shown previously (§ 148); but the series 1+J+J+J+... is 
divergent. 

Theorem III. If the series Ui+Ug-I-... is absohUely 
convergent, and if each of the quantities v^, Vg, ... is 
nu/merically less tha/a a finite quantity c, the series 
VL{v^+\x^^+... is absolutely convergent 

For, the terms of |^i'Vil + |tt2t'2l + *" ^^^ ^®^ th&n the 
corresponding terms of 

|i^i|c+|u2|(;+... or c{|t6i| + |u2| + ...}. 

Hence |t«'i'yil + |'Mr2'y2l + -" ^ convergent, and therefore 
U{v^+u^v^+,., is atflolutely convergent. 

P - sino? sin24; sin3jF sin 4a; 

The series 1 "22"^32~42"^••• 

i8 absolutely convergent, and no sine is greater than 1 ; thus the 
leries is absolutely convergent for every value of x. 

Definition 2. A series of ascending integral powers of 
a variable, x say, of the form 

aQ+a-^x-\-a^+.,,+anX^+.,., (p) 

Inhere the coefficients are constants, is called a Power Series 
in X. 

It is with Power Series we chiefly have to deal; the 
following theorems are important. 
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Theorem IV. If the limit of an+i/an is nurnericaUy 
eqvxd to 1/R, the Po%ver Series (p) converges absolvMy 
when X is numericaZly less than R, hut diverges when x is 
numerically greaier than R ; it may or may not converge 
when X is equal to R 

For, disregarding the first term a^, we have numerically , 

Un an ' Vn ^n ii' 

and the result follows from Theorem L, Cor. 
The following is a more general theorem : 

Theorem V. If when x = R none of the terms of the 
series (p) exceeds numerically a finite quantity c, the series] 
(p) unll be absolutely convergent so long as x is numerically 
less than R. 

For, if we write (p) in the form 

ao + a^R (x/R) + a^R^xjRf + . . . 

we see that the terms of (p) are numerically not greater 
than the corresponding terms of the geometrical progression 

c + c(x/R) + cixjRf + . . . , I 

and therefore the series is absolutely convergent so long as i 
xjR is numerically less than unity. 

The series (p) may or may not converge when x = R\ if 
it does converge each term must, when a; = i2, be finite, and 
therefore it will converge absolutely when x is less than R 
numerically. 

Interval of Convergence. When a series whose terms 
are functions of x is convergent when a<aj<fe, we may say 
the series converges within the interval (a, 6). When the 
series converges for a<x<by and diverges fora?<ct and 
aj > 6, we may speak of (a, b) as the interval of convergence.^ 

Ex.3. The series ^--77 + 77 — -r+«- 

2S o 4 

converges (conditionally) when x=\', therefore absolutely whea 
— 1 < ^ < 1. It diverges when ^= — 1 and when | a? | > 1. 

/ij2 /pS n/A 

Ex.4. The series ^~g2+o2~72+*" 

converges absolutely when - 1 ^^^ 1, diverges when |^| > 1. 
For both series (-1, 1) is the interval of convergence. 
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§ 161. Uniform Convergence. When the terms of a series 
are functions of a variable x and the series converges within 
a certain interval it will be possible, for a given value of x 
within the interval, to choose n so that the remainder Vn 
will be less than a given quantity. For diflFerent values 
of 05, however, diiferent values of n will usually be required 
to make the remainder less than the given quantity. 
Hence the 

Definition. A series, whose terms are functions of a 
variable jr, is said to converge uniformly within an interval 
if it is possible to choose n, say 7i = m, so that for every 
value of n equal to or greater than m and for every value 
of X within the intervcU the remainder r^ shall be less than 
any given positive quantity €. 

We will indicate the variable by the notation ujjx), 8n(x), 
rn(o^)> s(x). 

Theorem I. If the series Ui(x)+U2(x)+ ... is uniformly 
convergent when a^x^b, and if each term is a continuous 
function of x for the same range, the sv/m s(x) is also a 
continuous function for that range. 

Let X and x^ be -two values of the variable within the 
range; we have to show that, given e, it is possible to take 
a?! so near to x that the difference \8(x^) — s(x)\ shall be less 
than e. With the usual notation we have 

K^i) - K^) = ««(a5i) - sjx) + rn(x^) - rn(x), 
and therefore 

I 8(X^) - S{X) I < I 8n(x^) - Sn(x) ( + 1 rn(Xj) \ + \ r^^x) |. 

First, since the series is uniformly convergent, we can 
choose m so that if n^m both lrn(Xi)\ and \rn(x)\ shall be 
less than e/S. Suppose m so chosen. 

Next, Sfjx) is the sum of a finite number of con- 
tinuous functions and therefore we can take 0?^ so near x 
that I «m(^i) — ^m(^)l shall be less than e/3. 

Combining the two results, we can take ic^ so near x 
that \s{x^)—s(x)\ shall be less than three times e/3, that 
is less than e. 

G.C. 2 B 
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The theorem is thus established when x is withva tb 
interval; the slight modifications required when x=a on 
may be left to the reader. 

Theorem n. A Power Series eL^+SLygi+a^x^+ ... repre- 
eevUs a continuavs function within its interval of con- 
vergence ( — R, R); the function may, however , hecom 
diecontinuotia at a/n end of the interval. 

We will show that if — i2<a^a:S6<i2 the series id 
uniformly convergent ; the result then follows f roni 
Theorem I. 

Take p less than R but greater than 1 6 1 or | a | ; then b] 
§ 160, Theorem V., the series is absolutely convergent whe3 
x^fi. Also if a^x^b 



and therefore | rn(x) \ < \ a»p** | + 1 a»+ip'*+* | + . . • 

But, the series a^+a^+a^fi^ ... being absolutely ooi^ 
vergent, we can choose m so that when n^m the remaindel 
|an/>*^|+|(iii+ip*^'^^i+ ... shall be less than e, and therefor^ 
for this m we shall have |rn(a;)| less than €. But this k 
the condition for uniform convergency. ^ 

The proof requires x to be within the interval We refer t^ 
Chrystars Algebra^ voL 2, chap. 26, § 20, for the proof of the theore 
{AM» Theorem) that if the aeries is convergent when .v=R (or — i 
the function represented by the series is continuous up to and indvdi 
the value R (or - /2) ; in other words, the value of the function wh 
x=R\a the same as that of the series when x=R, 

The method by which the uniform convergency of tb« 
power series was established is easily extended to prove 

Theorem III. If the terms of a aeries are continuoim 
functions of x when a^x^b, arid if they are nuTnericaJli 
less than the corresponding terms of an absolutely coi!^ 
vergent series, whose terms do not contain x, the series wiA 

be uniformly convergent for the same range, 

i 

The student must not mix up uniform and absolute convergence i 
a series may be uniformly and yet not absolutely convergent, Uiougli 
such series are rather beyond our limits. 

The theorems contained in Examples 9, 10, 11 of the followii]|{ 
Exercises should be specially noted. 
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EXEBCISES ZXXni. 

L Show that the following series are convergent : 

(i) 1+2-2+3-3+4-*+...; (ii)^+A'*+a;»+^i«+...(0<^<l); 
(iii) l/(a+ir+l/(a+2)«+l/(a + 3)*+...(a>0, a>l). 
2. Show that the following series are divergent : 

(i)i+i+H..-; (ii) l+i+H-; (iii) 2l/(a+w); 
! (iv) 2(»+l)/(n2+l); (v) 2(an+6)/(c»H<^[a+0]. 

f^v« (i) 22+42+62+ -—i^; (") f2+3l+52+-=f^- 

rhe value of c is ir^l^ (Exercises XXXIV., 22). 
4. Show that the series {the Binomial Series) 

9 absolutelv convergent for every value of m when |ir|<l, but 
Qvergent when | ^ | > 1. 



For !5s±l=2LziL±l^=f2i±l_lL. l 



Wn+l 



U^ 



= UP 



5. Show that if f{n) is a rational integral function of n, the series 
lf{n)af^ is absolutely convergent when | a? | < 1, but divergent when 

Iiet/(n)=a«'"+67i*'-^ + ,.., the degree of /(?i) being r ; then 

t«„+i a(yt+ !)*• + ... _ , t*„+i 

I = — ^ r-; XI Li =^. 

Tin a»*^+... W« 

6. If the series Do, 26 are absolutely convergent, show that the series 

(i) ao+aicosa7+a2 cos 2^7+03 cos 3^+..., 

(ii) hi sin 07+ 62 sin 2ar + 63 sin 3a?+ . . . 

ore absolutely convergent for every value of x^ and represent continuous 
hmctiona It follows that if (i) for (ii)] represents a discontinuous 
ionction, 2a (or 25) cannot be ahsolviely convergent. 

I 7. Show that if a? 0, the series 

e-*cos {x - tti) + e-^'cos (2a? - og) + e-'*cos (30? - ag) + . . . 

^presents a continuous function. 

8. Show that if 07^0, and if 2a is absolutely convergent, the series 

ai«-*cos (^ - oj) + a^'^coA (2ar - oj) + agC-^cos (3^ - ag) + . . . 

^presents a continuous function. 
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9. If the power aeries a^+aiX+a^+ »,. is zero for every value (j 
X in the interval {-Ry R)y snow that every coefficient is zero. 

When 4r«0, the series reduces to the term Oq ; therefore Oq^O. We* 
now have 

0~a,jr+a^+,..=jr(ai+ajr+...)=jp/i(a7) say. 

Hence, either jp^O or 'fi(x)=0. Suppose jr«4-0 ; therefore f%(x)'=0. 1 
But/|(jr) is a continuous function, ana therefore the limit offi{x)ioT 
fsO IS equal to the value of fi(x) for :r=0. Hence 0^=0. Similarlj 
Of^O, a^—0, and so on. 



10. Theorom of Identical Eqnality. If the two power series, 

ao+ai<v+o()^+..., bQ+biX+b^T^ ■{•,,. are equal for every value of ^ 
in the interval (-Rj R), show that ao=6o, ai=b^, ... . 

For we have 0=(ao-6o)+(ai-6i)jF+(a2-62)^+..., 
and the results follow from ex. 9. 

11. Multiplication of Series. Suppose the two series 

<=»«o+<*i^+<V*+"M t=bQ+biX+b^'{-,.. 
to contain only positive terms, and to be convergent when x-^R ;' let 

+ {aJbn-\ + a^bn-n + . . . + an-i6o)^"* 

where the terms of Wn are formed by multiplying «„ and ^„, no term of 
degree higher than n - 1 being placed in w^- Show that the limit of 
w^ is »ty the product of the two Riven series. 
A little consideration shows that 

'ii^ii < «^ < *n+l^n+l ; 'n+l^»+l = ^^ + 0"an- 

The inequalities show that w^ or, what amounts to the same thing, 
that Wn converges to 8t, 

Next, let 8 and t contain both positive and negative terms, and let 
them be absolutely convergent when \x\'^R. Let <r'^ be the value of 
o'in when all the terms are made positive ; then by the first part, 
which holds when all the terms are made positive, the limit of o^a, is 
zero. But 0*9^ is not greater than o^a„, and therefore the limit of (Tu 
is zero. Hence the limit of w^n is 8t, The rule may fail if the series 
are only conditionally convergent. 

12. Determine Oq, 04, Oj, ... so that 

j-j^^^^=a,+a,x+a^+ .... 

Assuming convergency, multiply up by l+2^cos tf+:r*, and equate 
coefficients. We have 

cos d+a7=<zo+(ai + 2aocos^)^+(a2+2aicos^+ao).r2+ 

Hence cos^=ao; l = ai + 2aocos^; Os=a2+2aiC08^+ao; 
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Bolving these equations we find 

00=008^, ai=-cos2^, a2=cos3^, ..., an=(-l)**cos(n+l)^, 

and the series becomes 

cos ^- iSF cos 2^+^ cos 3^-d;^ cos 4^+ ... . 

The series is convergent when | a; |<1, and therefore the assumption 
that there was a convergent power series is justified. 

13» Deduce from ex. 12, or prove independently, that when |a7{<l, 

:r— 5 3— -o=l- 2^ COS ^+2^ COS 2d- 2^ COS 3^+.... 

l+2a?cosd+ar 

14. Show that if is neither zero nor a multiple of 29r, the series 

cosd+icos2d+Jcos3d+... 
is convergent. 

Multipy 8n by 2 sin ^d, express the product of cosine and sine as a 
difiTerence of sines, and rearrange ; we thus find 

2<nBm^d=-smj^d+^8my+^smy + ... + . __^v sm— ^— d 



. 1 . 2w+l^ 



and therefore 



2«nsinid= -sinid+- sin-^^^ — d 



n 2 

^/l . 3d^ 1 . 2w-l^'J 

(2 2 {ii-\)n 2 J 

But the expression in the bracket has a definite limit for n=oo, 

since the infinite series 5+^-5+5— 7+ ••• is convergent. Hence, 

28n, sin ^6 has a definite limit, and therefore also Sn unless sin ^0 is zero. 

15. Show, with similar restrictions to those in ex. 14, that the series 
whose n^ terms are 



-sinwft (- IY~^- COB nO, (- lY'^- sin nO 



are convergent. 



CHAPTER XVIII. 



TAYLOR'S THEOREM. 



§ 162.' Taylor'a ThMnm. In § 72 we obtained the equation 

/(■r) =/(a) + (a; - a)/(a) + Ha; - am^ci). 
and although aU we know of a^ is that it lies between a 
and X, yet when «— a is small, the function f(x) will be 
approximately represented by the quadratic function 

whose coefficients depend only on the values of f(x), f\x\ 
f\x) when x^a. We will now discuss the general theorem 
of which this is a particular case ; we win first obtain a 
closed expression involving an undetermined number like x^ 
and then, instead of a quadratic function, we shall get a 
Power Series. We will slightly modify the method used in 
§ 72 so as to require only one application of BoUe's Theorem. 
Let f{x) and its first n derivatives be continuous from 
x^a to x^h, and consider the quantity Q defined by the 
equation 

/(6)-{/(a)+(6-a)/(a) 

+Kfe-«y/»+-+ ^(~^f)"i> -^>(a)} 

={h-arQ. '. (1) 

By BoUe's Theorem we can find another expression for 
Q which, when substituted in (1), gives the general theorem 
sought. 

Let F{x) be a function of x defined by the equation 

F(x) =f{b) -fix) - (6 - x)f'(x) -\{h- xffix) . . . 

-^j0iyrf''-'K<»)-(b-o^rQ (2) 
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By equation (1) F(a) = 0; also F(b)—0 identically. 
Further F(x) and F^x) are continuous from 03 = a to a? =6, 
since f(x) and its first n derivatives are so, by hypothesis. 
Hence F\x) is zero for a value of x, say x^, between a and 
b. But if we differentiate (2) and reduce, we find 

F'(o')=-^^^f''Kx)+n(b-xY-^Q, (3) 

and therefore, since (6— aJi) is not zero, 

Q=i^/(«)(a;,) =!/(»){« +0(6 -a)} (4) 

where O<0<1, because any number between a and b may 
be represented by a+0(6— a). 

Substitute in (1) the value of Q given by (4), and trans- 
pose the terms /(a), {b — a)fXa).., to the other side of the 
equation ; we then get 

m=f(a)Hh-a)f\a)+^(b^affXa)+-. 

+J^^r''-''(<')+^^^ -(5) 

We may now write x instead of 6, the only reason for 
using the symbol 6 instead of x in (1) being to prevent 
confusion when applying the Mean Value Theorem; thus, 
finally, 

f(x)=^f(a)+(x^a)f(a) + i{x^affXa)+... 

+ ^t^-r)"/ ^^ (^> 

The theorem expressed by equation (6) is called Taylofs 
Theorem. The pamcular case of it for which a = 0, namely, 



x^ 



/(a!)=/(0)+«0)+|-/"(0)+... 

is called Maclaurin's Theorem. 

The conditions under which Taylor's Theorem has been 
proved are that f(x) and its first n derivatives are con- 
tin/uoua (and therefore ^mte) over the range from a;=a to 
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the particular value of x for which f(x) is taken. In regard 
to the number d, all that can be said is that it is a positive 
proper fraction ; it will usually be different for different ' 
values of n and of x. 

Bemainder in Taylor's Theorem. In equation (6) denote the 
sum of the first n terms by Sn{x) and the last term by 
J2n(x), so that 

f(x)^Sn{x) + Rn(x); iJ„(a;)=(-^^/(n){a+0(x-a)}....(8) . 

If we suppose n to increase indefinitely the sum on the 
right of (6) becomes an infinite series, and if the limit of 
Unix) is zero the series is convergent. Since f(x) and its 
first n derivatives are by hypothesis continuous, every 
derivative must remain continuous in order that it may be 
possible to suppose n to become infinite. We therefore - 
have the | 

Theorem. If f (x) and ail its derivatives are continuous \ 
for the range considered and if the limit of Rn(x) is zero, 
the infinite series 

f(a)+(x-a)f(a)+<^^r(a)+ (9) ' 

derived from (6) by making n infinite, is convergent and 
represents the function f (x), thai is, converges to the value 
f(x).» 

The series (9) is called Taylor's Series for f(x) ; when it 
is necessary to draw a distinction between (6) and (9) the 
former may be called Taylor's Formula. Of course all that 
ha« b^n iid about TayL's series applies to the particular 
case of it, Maclaurin s series 

f{0)+xf{0)+^f'(0)+ (10) 

The value of Un(^) given by (8) is called Lagrange's 
form of the remainder va Taylor's series. Another useful 
form of the remainder is obtained by writing (fe — a)Q 

* Cases may be constructed in which the series (9) is convergent and 
yet does not converge to the value f{x) ; such cases, however, may be i 
safely assumed not to occur in ordinary work. 
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instead of (6 — a)**Q in equation (1). The last term of 
equation (3) becomes simply Q and (b — a)Q becomes 

5^ (^ _ 1) ! f ^^^^ ^^ (41 1)1 /^""Hc^+Oib-a)} 

Hence * 

Jg„(a;)= ^'""g'£^~f>""/ (»){a+9(a;-a)} (11) 

This form is called Gauchy*8 form of the remainder. 
If we put (6 — a)PQ instead of (b — aYQ in (1) we get 

^(«') = ^"'~ffj)7y"> {^+^(«'-«)}» (12) 

called the Schlomilch- Roche form of the remainder; p = n 
gives Lagrange's form and p = l gives Cauchy's. 
In (6) put X for a and x+h for b ; we get 

/(aj + h) =f(x)+hnx) +^f'(x)+...+ ^f(-\x + eh), . . .(1 3) 

a value oif{x+h) that is often useful. 

We will now apply these theorems to the expansion of 
functions, and will usually employ Maclaurin's Theorem; 
the two forms of remainder to be used are 

the first being Lagrange's and the second Cauchy's. 

§ 153. Examples. 
1. sinz. 

/(^)=8in X ; /'(a?)=coB ^ ; f'(a;)— - sin ^ ; f"(x)= - cos a? ; 

/*^)(^)=sin^; /«)(;r)=sin(^+^). 

Sence 

/(0)=0; /(0) = 1; /'(0)=0; /"(0)=-l; f'^m=0; 

Since sin {nwl2) is or ± 1 according as n is even or odd, the coefficients 
of the even powers of x will be zero, and only odd powers of x will 
occur, the terms being alternately positive and negative. Thus 

sin^=^-3j + g^-^+...+^sin(^^a;+-2-j. 
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Ag»in, /?.(*)= Jj8in(fe+Y). 



Vn»— n 



and therefore is not frreater numerically than af*/7i !, which has zero for 
limit. We thus get the series 

which is absolutely convergent for every finite value of x. 
8. oosz. 
In the same way cosj7«l-2^+j^-g|+... , 

the series being absolutely convergent for every finite value of x. 
/(x)=tf»; /'•'(•^)=««; /(0)=1; /-»(0)=1 for every «. 

the series being absolutely convergent for every finite value of x. 

/(a?)=(l+x)"'; /f">(:r)=w(wi-l)...(w-»+l)(H-:r) 
/(0)=1; /"•>(0)=«i(m-l)...(f?i-n+l). 
/I")(ftp) = m{m - 1) . . . («i - w + 1)(1 + ^^r)"*-". 
Hence 

0. \« 1 . . wi(«i — 1) 4 , , tn(m— l)...(w-7t + 2) - , . „ , y. 
+:r)"*=l+»u?4--Y72"-^^ + — + — ^ A-l)\ ^^"^ + ^(4 

If m is a positive integer the series stops with the (m+1)*^ term, 
since f'*^(x)=0 when «>m ; if m is not a positive integer we have to 
consider i2»(^). We take Cauchy's form, 

The infinite series 

1 .  ^(^~1) ^ . 

converges absolutely if |.r|<l and diverges if |^|>1 (Exer. xxxiiL, 
4) ; we therefore need only consider values of x such that |iF| = 1. 

(a) 1^1 <1. Rn(^) ™ay be written as the product of the three 
factors, 

The first factor is finite for every n since (1 + 6xy*~^ lies between 1 
and (1+0?)"*"^ The second factor cannot exceed unity. The third 
factor has zero for limit, since it is the w* term of the convergent 
series 

I + (»i-l)^+^^ =^^2 ^^+.... 
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Hence the limit of Rn(^) is zero, and the infinite series converges to 
(1 +0?)"' for every value of m so long as - 1<^<1. 

(b) :r?=±l. These cases are of less importance, and the investiga- 
tion of En{^) is tedious. We will therefore merely state the results, 
referring for proof to Chrystal's Alg., vol. 2, chap. 26, § 6. 

07=+! ; series absolutely convergent if m>0, but conditionally if 
0>in> - 1 ; oscillating if »i= - 1 ; divergent if m< - 1. 

.r= - 1 ; series absolutely convergent if m>0 ; divergent if m<0. 

If a=^b the binomial (a+by may be written «**(! + 6/a)"* or 
6"'(1 -^a/b)^ and then x put for b/a or for a/b according as 6 is less or 
greater than a numerically. 

6. loff(l+z). 

It is not possible to expand log^ by Maclaurin's Theorem since 
lo^ jc is infinite when x=0. We may expand log a; in powers of (x - a), 
if a is positive, using Taylor's Theorem, but it is simpler to take 
log(l+.r). 

/(a;)=iog(i+^0; /W=(T^; f''K^)- ^''%l%:^^' 

— /(0)=0; /(0)=1; /<")(0)=(~l)»-i(,i-l)! 

log(l+^)=iF- Y+y-X"*" ••• +^(^)- 

The infinite series diverges if |£|>1 and if x=-l ; we therefore 
consider the remainder for - 1 <^^1. 
For a; positive, Lagrange's form 



^w=(-i)-'^(r^)" 



shows that the limit is zero, since {x/{l + $a;)Y* is never greater thau 
unity and the limit of 1 /n is zero. 
For a: negative, Oauchy's form 

shows that when | ar | < 1 the limit is zero ; for the limit of of* is zero 
and the other factors are finite for every value of n. 

Hence log(l+^)=^-y+y-^+ ... 

where — Kjf^I ; the series is conditionally convergent when ^'sl. 
We may note that, putting or = 1, we get 

log2=l-l+|-l+.... 

0. Calculation of Lofirarithms. 

The series just found is too slowly convergent for purposes of 
calculation ; a more rapidly convergent series is got as follows. 
We have ^ ^ ^ 

log(l+^)=x-f+|-^+..., (1) 
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and by writing -^ in place of x \ 

]og(l-x)=-x-^-^-^- (2) 

By subtraction we find, since log(l +jr) - log(l - ^) = log{(l 4-ir)/(l - a?)}, 

Mr:^;=n'^"*-3"^6"^-+2i^i"*-7 ^^^ 

Suppose X positive and let 

(1 +x)l(l -x)=(y + l)/y ; so that ^=l/(2y+l)<l. 
Equation (3) becomes 

log(y+l)-logj,+2{2^,+l(j^)Vi(2^y+...},...(4). 

from which log(y+l) is found when logy is known. It may be 
noticed that (4) is not a power series in y. 

With very little labour the logarithms of the prime numbers 
2, 3, 5, 7,..., may be found; thus 

y-l; log2=2{l+^+^+...}; 

y=2; log3=log2+2{i+3^+gi35+...}. 

Then log 4 « 2 log 2 ; log 6 is obtained by putting 4 for y \ 
log 6 » log 2+ log 3; and so on. Series (4) converges rapidly even 
wneny=2. 

For particular numbers special artifices may be used. Tlius, if 
yB«49 equation (4) would give log 7 when log 2 and log 5 are known, 
the series being very rapidly convergent 

The student is referred to Chrystal's Algebra^ vol. 2, chap. 28, § U, 
for further information and references. 

7. Hnyflrlioiui' Rnle for the Lengrth of a Circular Arc 

If a is the chord of the whole arc and h the chord of half the arc, 
then the length (Q of the arc is, approximately, (86 - a)/3. 

Let the arc subtend at the centre of the circle an angle of radians, 
and let the radius of the circle be r ; then l=r$ and 

a=2rsinJ^=2r{i^-i(J^)3+^(J^)5-...} (i) 

6=2rsini^=2r{i6?-KW+Tj^(i^)«-...} (ii) 

Multiply (ii) by 8 and then subtract (i) ; we thus eliminate ^. 
Therefore , ^^^ x 

86-«=2r{f<?-j^+...} 

= 3;{l-^/7680+...}. 

Hence, neglecting the fourth and higher powers of ^, we find 
l=(&b-a)/3. It may be shown that for an angle of 30** the relative 
error is less than 1 in 100,000, for an angle of 45' less than 1 in 20,000, 
and for an angle of 60* less than 1 in 6000. , 
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« 

154, Calculation of the n^ Derivative. The practical 
difficulty in finding a power series by Maclaurin's Theorem 
lies in tne calculation of f^^\x) ; indeed, there are few cases 
besides those already treated in which the n*** derivative 
can be expressed in a manageable form. The discussion of 
the remainder, Rrix\ is impossible unless we know f^'^\x) ; 
in special cases, however, we can find /^'*^(0), and the 
infinite series, if it converges, will (in general) represent 
y(a5) within its range of convergence. 

In this connection Leibniz's Theorem (§ 68) will be found 
very serviceable. 

As an example consider /(ic) = sin (a sin" ^aj). It would 
be difficult to calculate f^'^\x) directly ; we will, therefore, 
first calculate f\x) and f\x)y and will then form a differ- 
ential equation to which Leibniz's Theorem may be applied 
and which will lead to the value of /^"^(O). 

f{x) = sin {a 8in~^.r) ; 

f{x)=^acGB{a«m~^x)liJ{\-aP) (i) 

f'{x) = - a%in (a sin~*a?)/(l - ^) + a cos (a sin"*;^) . ^/(l - a^y 

= -aVW/(l-^^)+^/W/(l-^) (ii) 

and therefore 

(\--a^)f{x)-xf{x)^-a^f{x)=^0 (iii) 

By making x zero in f{x\ f{x\ f'{x\ we find 

/(0)=0;/(0)=a;r(0)=0. 

The function on the left of (iii) is always zero and therefore its 
n*^ derivative is always zero. The function, being a sum of pro- 
ducts, may be differentiated n times by applying Leibniz's Theorem 
to each of its terms and then adding the results. For the first term 
let f'{x)—Uy (l-^)=i7. Every derivative of v above the second is 
zero; the n* derivative of /'(^) is /«+«)(^), the (n-1)* is f^-^^\x\ 
and so on. Thus, 

D-{{\-aP)f\x)}^{\-'X')f-^'^Kx)-¥nC^{-'^)r-^\^^ 

=(1 -ar')/'»+2)(^) - 272ar/'"+i>(^) - (n« - w)/»)(d7). 
In the same way 

D^{xf{x) } = xf^'+^^x) + n/<-)(ar). 
Also, 

D-{ay{x)}=^a^f-K^), 
Adding we find, after a slight reduction, 

(1 - r»)/(''+«)(a:) - (2n + 1)^/<«+^)(^) - (n^ - a^f^\x) = (iv) 

and therefore when x=0 

/n+2)(o)=(na-aV"KO) (▼) 
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From (y) we find in Buocesnon all the derivatives above the second 
for J? a 0, since we know the first two. 

/<^0)=(2»-aV(0)=0; 

/W(0)=(4>-a»)/^0)=0, 
and so on ; thus every eoen, derivative is zero. Again, 

/»>(0)=(l»-aV(0)=(l«-a«)a ; 

/V»)(0) =(3« - a«)/f>(0)= (3» - a»)(l* - aV 

and so on, the general value being 

/»»-'>(0)=a(l»-a*)(3»-a«) ... {(2n-3)«-a»}. 
Hence, 

,in(a,in-'.)-ar+^<llzg5^.H <Hl'-'^(a'-«') ^^.....(,i) 

The series (vi) will terminate if a is an odd integer; in all other 
cases it will not terminate. The ratio of the term in a?^^^ to the term 
before it is 

(2n-iy-a« 

2n(2n+l) ' 

and since the limit of this ratio is o^ the series (vi) is absolutelj 
convergent so long as - 1 <ar<l. 

For many purposes only a few terms of the development 
of a function are required, and the calculation of a small 
number of derivatives may always be eflfected with more 
or less labour. Thus, the first three or four derivatives of 
log(I+sina;) are easily calculated and the first three terms 
of the expansion obtained, x — a^/2+(x^/6. 

It is usually simpler, however, in cases like this to proceed as 
follows : suppose 

Substitute for ,v in the series 60+^1^+^2^^+ ... its value iu terms of x 
and rearrange in powers of a: ; the series obtained will be convergent 
for sufficientlv small values of x. 
For example, 

y=8inj7=^--g-+... ; log(l+y)=y-|-+^+ ..., 

and therefore 

log(l+8ma7)=^^--g-+...j~2^^--g-+...j +3\^^~-6 +--y -••• 

The proof of the method cannot be gone into here. 
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§ 165. Differentiation and Integration of Series. The pro- 
perties of a function are often most simply investigated by 
using an infinite series which represents the function; we 
must, therefore, see under what conditions a series may be 
differentiated or integrated term by term. The rules for 
differentiating and integrating a sum have been proved 
with the express limitation that the number of terms is 
finite ; their extension to infinite series requires justification. 

We begin with the theorem in integration ; e denotes as 
usual a ^ven arbitrarily small positive quantity. 

Theorem I. If the series Ui(x)+U2(x)+ ...is uniformly 
convergent from x = a to x = b and converges to f(x), then 

the aeries f * , x , f * . x 7 

I u^{x)dx+\ U2{x)ax+ ..., 

where a^c<x^b is also convergent and converges to the 
value far 

Let f(x) = Sn(x) + rn(x) and let 

fx Cx 

<rn(x) =\8n(x) dx ; pn{x) =\rn{x) dx ; 

fx Cx Cx 

then <rn(x) = I t«'i(aj) dx + 1 u^x) dar + . . . + I Un{x) dx, 

and J f{x)dx=crn(x)+pn(x). 

Now, since the series is uniformly convergent, we can 
choose m so that, if Ti^m, the remainder rn(x) will, for 
every value of x from x = a to flj=6, be less than e; there- 
foFer^m being so chosen, if n^m the quantity pn{x) is 
numerically less than 

, I edx, that is, e(aj — c). 

Hence> if n^ni, the difference 

\f(x)dX'-a'n(x), 

is numerically less than eix^c); that is, the limit for 
tt = 00 of the difference is zero, and therefore 

Cx Cx Cx 

I f(x)dx= L <rn(fl?)=l u^(x)dx+\ nj^x)dx+ .... 
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Theorem n. Ifih^ aeries vl^(x) + U2(x) + , . . is convergent 
and converges to f(x) when a^x^b, then the derivcUive 
of f(x) 18 obtained by differentiating the series term by 
term, thai is ^.( ,) ^ ^.(^) _^_ ^^.(^) ^ 

frrovided the series Ui'(x)+i4'(x)+ ...is nniformly convergent 
from x«a to x=b. 

Let F(x) = u^\x) + u^Xx) + . . . ; 

then by Theorem I., since u^Xx)+U2ix)+ ... is uniformly 
convergent, 

I i'(x)dx=l UiX^)^+l v^2{^)dx+ ..., 

= {u^(x) - Ui(c)} + {u^{x) - u^{c)} + . . . , 

= f(x) — constant. 
Therefore 

^j>(x)da:=/(a;); that is, F{x)=f(xy 

By § 161 Theorem IL we see that a power series ma; 
be integrated term by term if x is %uithin the interval o\ 
convergence. 

We will now show that the series obtained by diffen 
entiating the power series is uniformly convergent when a 
is within the interval of convergence, and that the derivativi 
of the series is therefore got by differentiating it term b 
term. For, in the notation of § 151, the series 2a„/>'» 
absolutely convergent, and therefore !«»/)* I is finite, 1 
than c say, for every n. 

The series obtained by differentiation is 

aj + 2a2a;+ 803052+ ... +nar^^-'^+ 

Numerical values alone being considered, we have 

7Mi«iK'*-*=ruinp"" (-) <n-\-] , 

and therefore the terms of the series of derivatives an 
numerically less than the corresponding terms of the serial 



H'+<3+<D'+-} 
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'But this series is absolutely convergent since the test ratio 
is xjp and xjp is numerically less than unity. Hence, the 
series of derivatives is uniformly convergent when x is 
within the interval of convergence of the power series 
lanO^. (§ 151, Th. II.) 

Ex. log(l+^)=^-Ja;2+J^-... (-K^^l). 

^ By differentiation we find 

l/(l+a7)=l-^+^-... 
This equation is true if - 1<^ < 1, but not if ^= 1. 

§ 156. Examples. We will give two examples of the 
development of a function as a power series by the integra- 
tion of a known series. 

! If -1<^<1, we have 

y-i^=l-^+:ir*-;i^+...+(-l)"r^+..., (1) 

^nd therefore, integrating from to ^, 

a^ a^ x^ x^"^^ 
tan-'^=^-3+5-y+...+(-l)»^^^ + (A) 

r / 

The expansion (a) is proved for |a?|<l. The series (1) oscillates 
when x=^±\y but (a) is convergent for ^= ± 1 ; we may therefore 
Abel's theorem (p. 386), and deduce that (a) remains true even 
57= ±1. 
^=1 we find, since tan~^l=7r/4, 

1=^-3 + 5-7 + <^»> 

The series (Aj) is called Qregor^fs (sometimes Leihni£s) series for tt ; 
it is too slowly convergent, however, to be suitable for calculation. 
A better series is got by using MaehirCs formula, namely 

It will be a good exercise to calculate tt from this formula by using 
phe expansion (a); the series for tan-\l/5) and tan"^ (1/239) converge 
papidly and give tt to 5 or 6 decimals with little labour. 

2. sin-^x. 

I If — 1<^< 1, we get by the binomial expansion 

^(l-^)"^^""*^^ =l + 2^ + 2t4^'^274t6'*^"*"-' 
(Ad therefore, integrating from to ^, 

. _i __ . la?8 , 1.3:c<^. 1.3.5 ^7 . 
sm ^-^+2 3"*"2.4 5"*'2.4.6 7"^"" 
o.c. 2c 
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The following example shows how we may obtain an 
approximate value of an integral by means of a series : 

8, Tlie time of a complete oecillation of a simple pendulum of 
lenffth /. oecillating through an angle a on each aiae oi the vertical 
it iK^illg) where 



^-rVO-^Bin*^y *«Binia; 



to find a series for K. 

Expand (1 -it^ein'^)'^ by the binomial theorem, and then integrate 
t«rm Dj term. We have 

-7^y-^^35^- 1 +l*«8in»^+l^A*8in«^+ ... . 
The integrals of sin'^ Bin*<^ ... are given on page 285 ; therefore « 

'-i{'-Ci)'''-(H)"'"-G^r'-"}- 

When a is so small that it', iH, ... may be neglected, Jr=n-/2 and th 
period is 2w,J{l/g). 

' - — 5 (r a positive integer) 

If I a I < 1 we have by ex. 13 Exer. XXXIIL 

-z — 5 — |— =— -j{l+2aco8^+2a^cofl2:r+2a?eoB3a?-f ...}. 



Also / cos9U7COBr^(i[r=0 if n+r 






Therefore, when the series is multiplied by cosr^ and integrated 
every term will vanish except that arising from 2a''cosr^cosr:r; iv^ 
thus get 

f* cosr-gcfcc _ ir<f J 

A l-2acoB:F+a'~l-a' '^ 

If I a I > 1 we have 



l-2aco8a?+a2 a' , ^1 1* 

l-2-cosa?H — s 
a or 

and we may expand in powers of 1/a ; or, we may write 1/a for , 
in (i) ' and then multiply by I/a*. We find for the intei 
ira-7(a«-l). 
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EXERCISES XXXIV. 

1. Prove that the following expansions hold for every finite 
value of X : 

(i) sin (x+ a)=sin a+ J? cos a - -^ sin a - ^ cos a+ ... , 

A O I 

(ii) e*cosar=l+^-^T~-TT-- •+2^cos-j j+..., 

^ oI4! A n\ 

(ill) e*sin^=^+^+-;r-7 — =-r -...+2^sin-j : + ..., 

3 ! 5 ! 4 71 ! 

(iv) e*«»*cos(iirsin a)= 1 +a:cos a+^cos 2a+^ cos3a+ .... 

Show that />*'«*«*"cos(a?sina)=c*«**cos(a?sina+wa). 

2. From 1 (ii), (iii) derive the expansions of cosh ^ cos :r, 
rsinh a; sin x, cosh x sin x, sinh a? cos x. 

' 3. Prove that if |^|<1, 

\og{l+x + x^)=x-k-^ — 3 '*' 4 '*'•••• 

I 4. Show that, as far as the terms stated, 

,., ^ ,x^ bx^ , 61^ 

(i)sec^=l + -+— +,^; 

<") ^^^=^+3+15 + 316' 

(•••\ J _ X X^ *mj 

m)^cot^=l-3-^-gj3. 

' These e^ndons may be obtained by division, replacing COS. and 
sin ^ by the equivalent series. Can cot x be developed by Maclauriu's 
Theorem % 

5. If ^ is so small that squares and higher powers may be neglected, 
show that 

W(4+x)+ ij{\ +.)}^U(1 +4r)+ V(l -^)}=| -S- 

6. If /(a?)=a?/(e*-l), show that the limits of f{x) and oi f{x) for 
«=0 are 1 and -^ respectively. Show also by differentiating n times 
the equation 

«'/(^)-/(^)-^=o 

that e*{/«>(:r)+nCLf«-«(^)+...+nC'i/W+/W}=/"X^X 

and therefore that if n>l, 

\ »C,/<»-«(0)+,Ci/'»-«)(0)+ ... +«Ci/(0)+/(0)=0, 

Ithe limits of the functions for ;r=0 being taken as the values for 



1 
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7. If ^_|"*^~i^+2 ! 4~i 6l 
show that B^^l/6y i9,=l/30, B^^lj^.... 

The numbers ^|, B^ ... are called BemouUCs numbers (see ChrystaPB 
Alg., vol. 8» chap. 28, § 6). 

8. Show that 

9. If /(4f)=(8in->x)/V(l -«*)i show that 

(1 -3^f(x)-xf(x)=l, 
and that if |xj<l, 

Bin-*.r ^,2 ,2.4 , 2.4.6 , 
-^^^^^-x+gA +376'*^'*'3.6.7^"**-- 

10. Show from ex. 9 that 

(i) ^=8in^co8^(l+|8m«^+|^sin*^4-...]. 

(n) tan iz^^^l+^ —^+—\^^ +...|. 

Pat.r=sin^, tan ^=2. 

11. Deduce from ex. 9 by integration that, if |x|<l, 

12. Show that ooB(a8in~^^) satisfies equation (iii), § 154, and prove 
the expansion (|ar|<lX 

13. Prove from the series for sin (a sin~^Ar) and cos (a sin""^:r) that 
(1) sm mO^m am 9 ^-^^ — ^sin'^ H — ^ ^ ^sm^^ - . .. . 

(ii) co8w^=l-^r78in*^H —-; -^sin*^-.... 

Series for cos mO/coa 6 and sin m$/coa 6 may be obtained by difiTdBJ 
entiating sin (a sin~^j7) and cos(a sin'^^r). 

14. Showthatif |jr|<l, 

(i) log{^.+^(l+^)}=^-i^+|^^-l^^'+...; 
(ii)Mlog(l+^)}* 



I 
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16. Prove that if | ^ | < 1, 

To prove convergency, note that both in (i) and in (ii) the series 
formea of the odd terms and the series formed of the even terms are 
ieparcUdy convergent or divergent according as | a? | is less than or 
greater than unity. 

16. Show that, with the usual notation, the perimeter of an eUipse is 
4a/ J(l-e^8m^)d<l> 



= M^-V2J T-fe) -3-127476) 5—7 



17. Prove (i) the perimeter of an ellipse of small eccentricitv e 
exceeds that of a circle of the same area in the ratio l+3eV64 
approximately ; (ii) the surface of an ellipsoid of revolution (either 
prolate or oblate) of small eccentricity e exceeds that of a sphere of 
equal volume by the fraction 2^/25 of itself. 

18. Show by integrating (cos^+a?)/(l+2^costf+^) first with 
respect to 4;, and next with respect to 6 see Exer. XXXIII., 12), 
that if |^|<1, 

(i) Jlog(l+2a7Cos^+^)=^cos^-^cos2^+yCos3^-... ; 

(ii) tan-^( ,f""^^ ) =0; sin ^ - ^ sin 2^+ ^ sin 3^ - . . . 
^ M+^cos^/ 2 3 

19. Deduce from ex. 18, by taking the limit for :p=1, that 
if -7r<0<7r, 

(i) cos^--|cos2^+Jcos3^-... = log(2cosi^). 
(ii) sin^-isin2e+isin3^-...=ia 

Show that the series (ii) does not represent the function ^/2, except 
when -x < ^ < TT, and that the valiie of the series when tf =7r is zero, 
but that the limit of the series for ^=7r is 7r/2. Show also that neither 
series can be differentiated term by term, although both are convergent 
(Exer. XXXIIL, 15). 

20. Deduce from 19 by putting ^=7r-^ that if 0<a7<27r, 

(i) cos^+icos2a7+Jcosar+...= -log(2sini.t?X 

(ii) sin^+isiu2^+isinar+... = 2-2- 
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81. Bj integratmgaO(ii) show that if 0^^^2ir, 

«• irx /coex coe2r oo«3ar \ ^ 

where (7«p+p+^+... 

The aeriee is uniformly convergent for every value of x^ and we may 
therefore give to x the values and Sir after integration. The series, 
however, is periodic, and does not represent the function a^lA — Trxji" 
outside the interval (0, Sir). 

28. Deduce from SI that 

^ ' P"S»'*"3»"4*'*"- • Is* 

To set (i) put x^T in SI ; (iiX (iii) readily follow. (Exercises 
XXXIIL, 3.) 

83. Show that 

(iii) j[*tan^log(cot^)rf^(l,-l+l-l+...)=g. 
To get (iii) put tan 6>=^ ; note that L ^ log jr=0 (Exercises VIL, 10) 

84. Prove 

/.v COS J? cos 2j? , cos ZX 008 ^ ^ — ?^__^ 

^^' ~ii |5~'^ ^i 4«~" IS 4' 

r..v cos^ TOsSa: cos5^ ir* iro? 

In (i) -ir^^^ir ; in (ii) O^^^ir. 

85. Show that for every finite value of x 

(ii) - / cos(a:cos^)sin**tfrfd 

(8r)l f i ^ , ^ \ 

~(r! 20«\ 2(2r+2)^2.4(2r+2)(2r+4) ••/• 
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26. If y denote the series (or integral) in 25 (i) show that 

2n. If u denote the series (or integral) in 25 (ii) and if y=afu show 
that 

y is called a Be89d Function of order r, and is (but for a numerical 
factor) usually denoted by Jr{^) ; the function in 26 is Jq{x), (See 
Gray and Mathews, B€89el Functions). 

28. Show that if ^ is a positive integer 

sin ^(1 + 2 cos 2^+2 cos 4^+ ... + 2 cos 2wa7)=sin(2n+l):r, 

and then prove 

p sin(2n+l).g T,_7r 
JO sin^' ""2' 

29. Prove the following results, a being positive and r a positive 
integer : 

(i) nog(l-2acos^+a2)d;a7=Oif a<l 

= 27rloga if a>\ ; 

.Il<,g(n.l)i<.>l, 

(iii) / cos rx log (1 - 2a cos :f + a*) c^ = - ira^jr if a < 1 

= -ira'^jr if a>l ; 
/. V C ^\nx%mrxdx tt - , .^ ^- 
70 1 — 2a cos 0? + a* z 

30. Prove 

^Wo ^ 3!3^5!5 •" 

ri 111 

(ii) j^^c^-l-22+33-4i+- 

To obtain (ii), put x^ in the form c"**«* and expand. 



CHAPTER XIX. 

TAYLOR'S THEOREM FOR FUNCTIONS OF TWO OR 
MORE VARIABLES. APPLICATIONS. 

§ 167. Taylor's Theorem for Functioiui of two or more 
Vaxiables. We will consider very briefly the expansions 
corresponding to Taylor's Theorem when there are more 
variables than one. The expressions for the remainder are 
very complicated and will not be written down although 
the form they would take can easily be gathered from the 
proof ; any adequate discussion of the remainder, however, 
would take us too far into the theory of algebraic forma 
It is, of course, assumed that the functions and their 
derivatives up to and including those that would appear 
in the remainder are all continuous. 

We will take first the expansion of f{x+h, y-\-h) m 
powers of h and k\ this expansion corresponds to (13) of 
§152. 

/(aj+fe, y+h) is the value of f(x+hty y+lct)\7lien t=l ; 
the latter function, considered as a function of t, can be 
expanded bv Maclaurin's Theorem. For brevity denote 
f(x+hty y+kt) by F{t) and let accents indicate derivatives 
with respect to t ; then 

F(t) = F(0) + tr{0)+^^/'\0)+ ... +R^(t) (1) 

We will now show how to express the ^-derivatives of 
F(t) in terms of the partial derivatives with respect to x 
and y of F{t), 

Let x+ht=^a; y+M=l3, .(2) 

then F (0 = ^ ^+^^ dt'-^Za-^^^p <») 
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T5 , ZF dFda dF . , .^v da ^ 

and, similarly, ^=aS- 

Thus (3) becomes 

^<')='f+'=f -w 

The student will perhaps see the meaning of (4) more clearly by 
taking a particular case, say F(t)=(x+Mf(r/+kty*, The example will 
also illuBtrate the fact that F\t) is a function of x+ht and ^+ktj and 
that ^'(0 "^*y therefore be found in the way we now state. 

Next F'Xt) is the ^-derivative of FXt) and will be obtained 
by replacing F(t) in (4) by -^'(0 5 thus 

Similarly, 

The law of formation of the derivatives is now clear ; we 
will show immediately how the value of F^^\t) can be 
written down in a more compact form. We first consider 
the values of FXO), r{0\ r'\0), 

F(0)=f(x.y) and the values of F\0\ r\0), r'\0) are got 
by simply replacing the function F(t) in (4), (5), (6) by 
f(x, y). To get the Lagrangian form of the remainder, we 
must in J?^«>(0 replace thy et\\i n^^, then in (6) F(t) 
would be replaced by f(x+h6t, y+kOt). Thus (1) becomes 



=^S:;s+2^5:;3;:::+^5;rg- (5) 
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To get /(a; + A, y+k) put 1 for t in (7) ; therefore, 
f(x+h, y+k)=f(x, y)+h^+k^ 

Equation (8) gives the required expansion ; the expansion 
(7) is however a form that is useful. 

The values of FXt), F'\t), in (5), (6) may be written more 
compactly in the ayrnbolical forTna 

M+*4)> {^KP- ^«) 

if these are interpreted as follows: — Let the binomial be I 

expanded as if h^ and A;^ were single quantities ; after) 

expansion place F as the last factor of each term and then 
replace a term like 

In this notation the (m+1)*** term of (7) would be 






The form (8) may be easily adapted to the expansion of 
fix + h, y + k) in powers of x and y\ we have merely to 
interchange x with h and y with h Using the sufc 
notation, we get 

f{x+K y+k)^f{K k)+xfK+yfk 

'\-i-i^jKK+'^xyfKic+yJkic)+ (10) 



2! 

To form /a, fkh . . . we may differentiate f{x, y) with resp 



^)ec( 
to X and y, and then replace a? by A and y by k. 
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In (10) we may of course suppose, if we please, A = 0, 
k = 0', we should thus get the expansion of /(a?, y) cor- 
responding to Maclaurin's Theorem. 

When there are three or more variables the expansions 
are similar. Thus for three variables 

fix+h, y+k, z+l)=f(x, y, z)+h^+k^+l^ 

where the symbolical expression is to be interpreted in the 
same way as before. 

§ 168. Examples. 

!• To find the equation of the tangent plane at the point P(A, kj l) 
on the surface /(a?, v, z)=0. 

The equations of the straight line through P, with the direction 
ooBines X, /x, v, are 

(x-A)/X=(y-i)/M=(«-0/i'=r, (i) 

■where r is the distance from (A, k, I) to (a?, t/j z). Let (a?, ^, z) be the 
point Q on the surface ; then 

:r=A+Ar, y=^+/xr, z==l+vr ; /(^, y, z)=0. 

In fi^ij/y ^) put for ^, y, z the values just written, and expand by 
Taylor's T^ieorem ; therefore 

0=/(A, k, l)+r(\f^+fiMvfi)+Ar'+ (ii) 

But /(A, Ir, Q=0, since the point P is on the surface ; therefore one 
value of r given by (ii) is zero. The other roots of (ii) are the distances 
from P to the several points in which the line (i) meets the surface. 
liet Ti—PQ ; then (ii) becomes, since r^ is not zero, 

0=\fk+tifk+vfi+Ari + (iii) 

As r, tends to zero the line (i) tends towards the position of a 
tangent line ; but (iii) shows that as r^ tends to zero, so obes 

Hence the line (i) will be a tangent line if X, /a, v satisfy the 
equation V»+mA+v/.=0. (iv) 

If we eliminate A, /i, v from equations (i) and Tiv), we shall obtain 
an equation which is true for the coordinates of any point on any 
tangent line through P. The result of the elimination is 

(^-A)/» + (y-*)/»+(0-Z)/,=O, 

the same equation, except for the notation, as was found in § 91. 
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2. Enlef s Theorems of Homogeneous Functions. 

Definition. A function u of two or more variables is said to be 
homogeneous and of degree n if, when the variables ^, v, ... are 
replaced by A-r, Xy, ... respectively, the function u becomes A**?* what- 
ever the quantitv X may be. 

Let u—f{x^ ylj^ * homogeneous function of degree n in two 
variables x^ y. Then 

(cUx+yu^=^nUf (i) 

xhixx-¥2xyuxg+yhi^=n{n-\)u, (ii) 

Replace x and y by (1 + t)x and (1 +t)y, that is, by ^+^^ and y +^<; 
then u becomes (1 + 0"^) ^^^ ^y 

f{x-^xt, y+yt)=-{\ + tfu. 

Expand the function on the left by Taylor's Theorem and that on 
the right by the Binomial Theorem ; therefore 

=u+ntu^ — ^-^ — hhi-\-,.,. 
Equating coefficients of the same powers of t, we get equations j 

It is easy to see that \ 

and that the theorems may be extended to homogeneous functions of 
three or more variables. For example, 

xUx-VyV'y-^rzUt'==nu ..(iiO 

Ex. Let w=tan~^(y/^); then u is of zero-degree. 

_ ^ "~y_ "V _ ^ 

§ 159. MaiTrimap and MiniTna> of a function of two or more { 
Variables. 

Definition, /(a, 6) is said to be a wxiijomrnx/m value of 
/(aj, y) if /(a+^, 6+ A;) is less than /(a, 6) for all values of 
h and i, positive or negative, that lie between zero and i 
certain finite values however small ; /(a, h) is said to be a , 
minimum value of /(aj, y) iif(a+h, b+k) is greater than 
/(a, 6) for all such values of h and k. j 

Similar definitions hold for functions of more than two ' 
variables. 
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We will assume the continuity of the functions and their 
derivatives for all values of the independent variables 
considered. 

A necessary condition that /(a, h) should be a maximum 
or a minimum (a turning value) is that both fx and fy 
ehoubld he zero when x=a, y=b. For /(a, 6) cannot be a 
turning value of /(cc, y) unless it is a turning value of the 
function f(Xy h) of x alone when x = a and also a turning 
value of the function /(a, y) of y alone when y = b; there- 
fore /aj(a;, 6) vanishes when x = a and/y(a, y) when y = b. 

To investigate sufficient conditions expand /(a + A, b+k); 
"we get 

f(a+h, 6+A)-/(a, b)=^{h^faa+2hkfa,+k%,)+R..,(l) 

ijvhere the terms hfa, kfb are omitted since /a = 0,/6 = when 
/(a, b) is a turning value. 

If /(a, 6) is a turning value the expression on the right 
of (1) must retain the same sign for all small values of h 
and k, the negative sign for a maximum value and the 
positive sign for a minimum value. Now R contains h and k 
in the third degree, if we suppose R to be the remainder in 
Taylor's Theorem; it seems natural therefore to assume 
that, for sufficiently small values of h and k, the sign will 
be that of the quadratic expression in h and h Yet this 
assumption is not sound as the following example, given 
by Peano, will show. 

I^t /(^, ^)=8^2_g^2+^. then a=0, 6=0, /(a, 6) = 0, and 
equation (1) becomes 

f(h, ifc)=8A2+(-6AP+ifc*). (2) 

Here we have R exactly, R=-6ki^+k^, , The terms of second 
degree reduce to 8h% and are therefore positive so long as A is not 
zero. Yet /(A, k) is not of the same sign for all small values of h and k. 
For let k=y/\Xh\ and we find 

Hence /(A, k) is positive or negative according as A does not or does 
lie between 2 and 4. In other words, /(O, 0) is not a minimum value 
of /(^, y), even though the terms of second degree are positive except 
when A=0. 

The difficulty just noticed would require a fuller con- 
sideration of the remainder in Taylor's Theorem than we 
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have room to give. We therefore simply state that /(a, b) 
will be a turning value if 

faaflfb>(fabf> 

and the value will be a maximum if f^a (or /u) is negative, 
a minimum if /aa (or /») is positive. 

It may be seen that a necessary condition that f(a, b, c) 
should be a turning value of f(x, y, z) is that fx, fyyfz, should 
all vanish when x=a, y^b, z=c. 

In many cases it is known that a turning value of a 
function must exist ; it is usual to assume without further 
proof that the values of the variables that make the first 
derivatives vanish are those that give the turning value. 

§ 160. Examples. The most important cases are those in 
which the function whose turning values are required is 
given as a function of two or three or more variables, the 
variables being connected by one or more equations of 
condition. The best method of proceeding in such cases is 
usually the following. Let the function be u and let there 
be, say, four variables with two equations of condition, 

u=f{x,y,z,w)(l); 

^(x, y, «, w;) = (2) ; ^(aj, y, 2?, w) = (3). 

Suppose for the moment that z and w are found from (2) 
and (3) in terms of x, y, and that these values are sub- 
stituted in (1) which thus becomes a function of two 
independent variables a;, y\ let DxiVy DyU denote the first 
derivatives on the supposition that the substitutions have 
been made. For a turning value D^u and Dm must both 
be zero. Now 

i).u=A+/,g+/.g, .(4) 

and 3«/3a?, 'bwj^^x are found by differentiating (2), (3) ; thus 

^»+^^|+^»S=o - (5) ; ^»+)^^S+V'-g'=o. ...(6) 

Instead of solving (5), (6) for 'dzj'dx and 'dwj'dx, multiply 
'^ by X, (6) by fi and add to (4) ; therefore 
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DxU -fx + \(/>x + fJi^x 

+ {fz + Mz + f^^z)^ + iU + Mv> + f^^^)^ (7) 

In exactly the same way we find 

It will be noticed that the coefficients of ^0/^aJ and dw/dx 
in (7) are respectively equal to those of dz/dy and dw/dy in 
(8); therefore choose the multipliers X, jm (and this is in 
general possible) so that these coefficients are zero, and the 
values of D^Uy DyU will reduce to the first three terms of 
(7), (8) respectively. 

For the turning values of u the derivatives jD«u, DyW are 
zero; therefore for the turning values we have the four 
equations, 

/« + X0a; + MV^« = O, fy+\(py+^iry=0, \ .Q. 

and these four equations together with equations (2), (3) 
are just sufficient to determine X, /x and the values of a?, y, 
z, w that give the turning values of u. 

The equations (9) are symmetrical in a;, y, 0, w^ and this 
method, called the method of undeterminea mvltifplierSy is 
specially simple when the functions /, 0, i/r are homo- 
geneous. We have taken four variables and two equations 
of condition, but it is clear that the reasoning is quite 
general. We may state the rule for writing down the 
equations (9) thus : 

Form df+Xd^+ jULdxIr 

and equate to zero the coefficients of dx, dy, dz, dw. 

Of course df means fafil^+fydy+fgidz+fvfdw and d<p, drfr 
have like meanings. 

Ex. 1. u=x^+y^+z^(l); </>=aa7+6y+c2-ifc=0 (2) 

Clearly u has a minimum value ; for, by (2), a;, y, z cannot be 
simultaneously zero and u is always positive. Now 

du-\'\d<l>=(2a;+Xa)dv-^{2i/+kh)dt/+(2z+Xc)dz, 
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and therefore, equating to zero the coefficients of <ir, dy^ dz^ we find 
for the values of x, y, t that make % a minimum 

xja = - A/2 =y/6 = z/c 

By (2) each of these fractions is eaual to k/(a^-^b^+c^ and then by 
■uhetitution for jr, y, « in (1) we see tnat the minimum value of i^ is 

The student may also solve the example by replacing z in (1) by its 
value (k-ax- by)/e deduced from (2) ; he must be on his guard a^inst 
oonfoundinff the value of Ug in this method with the value of Ug in the 
first method. 

Ex. 2. Find the turning values of u when 

w=aV+fcV'+c«^» (1) 

and jr«+y»+««=l; (2) 

lx+my+m=0 (3) 

In this case u is really a function of only one variable, but the 
method of undetermined multipliers is equally applicable. 

To get rid of the factor 2 we take X, 2fi as the multipliers ; then 
we retuiily find 

a**+Xr+/i/=0, 6«y+Xy+/Am=0, c*2+X2+/x«=0. (4) 

Multiply the first of equations (4^ by x, the second by y, the third 
by Zj ana add ; then 'taking note of (2\ (3), we find 

a«jF2+6y +c*2*+X=0, that is, A= -««, 

where u is note a turning vcUtiey since the values of x^ y, z that satisfy 
(4) are those that determine the turning values. 
Put - 1* for X in (4), and we get 

a?=» fdl(u - a*X y = fiin/(u - 6*), z= fin/(u - c*). 

If we now put these values of Xj y, z in (3) the factor fi divides out 
and we get a quadratic equation for u, 

;2/(tt-a«) + »iV(w-62)+«V(tt-c2)=0 (5) 

One root of (6) will be the maximum value of Uy and the other the 
minimum. 

EXERCISES XXXV. 

1. Verify Euler's theorem on Homogeneous Functions (taking first 
derivatives only) in the following cases. ' 

(i) aa^+2bxtf+cy^; (ii) ax^+bi/^-{-C2^; (iii) >Jx-{-^fy-\-Jz 
(iv) {x+y)l{a^+y^) ; (v) {x-^y^-z)l{a^+y^'\-z^y, 
(vi) tan-^(r/«) where r=V(^+yH^); (vii) 1/r. i 

2i If tt is homogeneous of degree n, prove i 

(i) ^rMa«+yi*ay=(n-l)tt, ; (ii) xu^^+yu^^in-V^u^ ' 

3. Show that if a is positive ^xy-a^—^ is a maximum wheni 
x=^ayy=^af but neither a maximum nor a minimum when .^=0,^=0. | 
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4. The function ^^^(6-:^-^) is a maximum when 07=58, y^% but 
3 neither a maximum nor a minimum when .v=0, y=0. 

5. Show that if a, h, c are positive, and if 

he sum ^+y+2 is a minimum, when 

xl»Ja ^yjijh = zj^c =>Ja+ Jb -f ^/c. 

Show also that ii p, q, r are positive, the product afy^2^ is a 
oinimum, when 

pa:/ a = qy/b = rzjc =p + 5^ + r. 

6. K w=^+y*, and if aa^-h^ha:t/ + by^ = l, find the maximum and 
;he minimum value of w, and interpret the result geometrically. 

7. If ^«=;r2+y^-;^^andif 

ind the maximum and the minimum value of u, and interpret the 
result geometrically. 

O* It 2A = ^2 + ^2 T • • • T ^n ) 

md if a^o?! +a2^2H- ... +a„^„=/?, 

ihow that the minimum value of u is k^/(ai^+a2^-^...'i-ar?), 

9. If ^, y, z are the perpendiculars from any point P on the sides 
PI, 6, c of a triangle of area A, show that the minimum value of 
1^+y^+z^ is 

4A2/(a2+6Hc2). 

10. Show that the minimum value of 

{a^x+bii/ + Ciy+{a^'^b22/-\-c^^ + ,„ + (a^+bny + c„y 
b given by the values of .r and y which satisfy the equations 

(2ai^+(Zaybi)t/+(I,aiCi) = ; 
(2ai6i>r + (26i% + (^b^Ci) = 0. 

11. Show that the centroid of n given points is the point, the sum 
of the squares of whose distances from the n points is a minimum. 

12. Apply the method of undetermined multipliers to find the 
Kvolute of an ellipse considered as the envelope of the normak. 

The normal is a^x/a — b^/P ^a^ — b^ 

there a^/a^+IS^/b^^l. 



1 



Hence -$ + ^S=0» ^ + ^?=^' 

d therefore A = K«^ - ^% a^ = a*xl(a^ - b^), etc. 
13. Show that the envelope of 

:ra**H-y/8~=a**+* where a*+)S"=6" 
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§ 161. Indeterminate Forms. A function f{x), that is in 
general well defined for a certain range of values of its 
argument, may for a particular value, a say, of its argument 
take a form (such as 0/0) that has no meaning. It is 
possible, however, that j(x) may have a definite limit A 
when X converges to a. Although f{x) is really undefined, 
has no value that can be calculated by the ordinary rules 
of algebra, when aj = a, yet it has become the established 
practice to call /(a) in such a case an indeierminate form, 
and to define A as the value off(x) when x^a. The value 
thus assigned by the definition is usually called the true 
value oif(x) when x = a. 

If it be clearly understood that this "true value" is 
assigned by definition and is therefore arbitrary, there is a 
certain advantage from the procedure, namely, f{x) becomes 
continuous up to and including the value a, it being sup- 
posed that /(a;) is in general continuous. 

The typical indeterminate forms are 

0/0; x/«; oo-oo; Oxao; (fi; oo^; 1*. 

We have already had some important cases of such 
forms ; the derivative oif{x) is a case of 0/0. 

X 00 is seen in x log x when aj = ; the true value is zero. 

xH~* or x^jd^ when a;= + x gives X x or x /oo and the 
limit is zero. (See Exercises VII, 8, 9.) It is easy to see 

that the result holds whether n is integral or fractional. 

1 

1* is the case of (1+aj)* when x = 0\ in this case the 
limit or true value is e (§ 48 Cor.). 

In many cases the limits are found most simply by 
algebraical transformations and the use of series. We will 
take one or two. examples before indicating the general 
theorems. 

a^ -.\^(x~-Vr 

Ex. 1. ^^ L. when ^=1 ; form ^r- 

(^-l)*-^-f-l ^ 

Divide numerator and denominator by (^^ — 1) ; we see at once that 
the limit is -3/2. The "true value" of the fraction when x=\ is 
therefore —3/2. 

Ex. 2. {»\xr^x—x)la^ when ^=0 ; form 0/0. 

Expand ^m-^x{—x-\-a^l^+ ...); x cancels in numerator, and after 
iividmg numerator and denominator by .r^ we get 1/6 as the limit. 



INDETERMINATE FORMS. 419 

Ex. 3. seca?/sec3^ when ^=7r/2 ; form oo/oo. 

Let iF=j7r — w ; then 

T sec^ T -sinSt* _ 

Ll --= Ll ; =-3. 

:t;=^irsec3^* u=o smu 
Ex. 4. -^-cot^^ when ^-—0 ; form oo - x . 

1 J.9 /i . ^ \/ ^ \/8in:r-,fl7COs^\ 

—5 - C0t^a7= ( 1 H — : cos ^ I ( -: 1 1 5 )• 

or \ sin X J Vsin x)\ or / 

The limit of the first factor is 2 and of the second factor 1 ; also 

go that the limit of the third factor is 1/3. 
Hence the limit or true value is 2/3. 

Ex. 5. x^ when x—0 ; form 0^. 

Liett«=jr'; then logi*=^log^. The limit of a?log:r or logw is 0, 
as we have just seen, so that the limit of w or ^ is 1. 

Ex. 6. (1/^)*^* when ^=0 ; form oo <>. 

The logarithm of the function is 

- tan X log X— {x log x) 

and has therefore for limit ; the limit of the function is therefore 1. 

§ 162. Method of the Galculus. We will now prove the 
general theorem for the evaluation of indeterminate forms, 
the continuity of the functions near the critical values 
being assumed. 

Theorem. If <p(8i) and yjrifi) are either both zero or both 
mfinite, and if <f>Xx)/\l/(x) converges to a limit when x 
converges to a, then 0(x)/^x) converges to the same limit. 

It will save repetition to observe at once that ii'<f>{x)l\}/{x) 
is indeterminate when 05 = a, the theorem shows that if 

iV\x)l\l/Xx) converges to a limit then <f>{x)l<l/{x) and there- 
ore also <l)(x)/\f/{x) converges to the same limit ; and so on. 
We need the following extension of the Mean Value 
Theorem of § 72 ; if 0(aj), ^\x), \fr(x), \l/(x) are continuous 
for the range a'^x'Sh ana if \l/{x) is not zero so long as 
a < aj < 6, then 

4^b)-<fia) _<t>\x^) /J) 

yJAb)^iK^irylr\x,)' 

where a<x^<b {Generalised Theorem of Mean Value). 
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The proof is obtained at once by considering F{x) where 

because F(a)^0, F(b)=0, and tl\erefore ^'(^)=0 and we 
can divide by ^X^i)> ^^ V^'(^i) ^^ ^^t zero since ajj lies 
between a and b, 

I. Porm 0/0. Let ^a) = 0, ^a) = 0, and in (1) put xforb: 

therefore ^=fel (a<x^<xl 

ylf{x) ylf{x^) ^ 

and L ^^= L :*^= L ^^- 



Xma 



If a a 00 the substitution 0:^=1/0 reduces the problem to 
the evaluation of the limit for 0=0, and therefore the 
theorem holds in this case also. 

IL Form 00/00. Firsts let ip(x\ yMx) be infinite when a; 
is infinite. Let be a large but mute value of x; then, 
by (1), putting x for b and c for a 

We may also write 

rl4x) - V<c) - Vr(a!) "^ 1 - V<c)/V<a;)' 
and therefore by equating values 

<tix) ^ <i;{x^) \^yjf{c)lylf{x) 

Now, let c be taken so large that </>Xx.)/\f/{Xj) differs from 
its limit A by less than e^ and let c be then kept fixed; 
0(c), \l4c) will, though large, be finite. Then let x be taken 
so large (and thi^ choice is possible since ^(a;), yfrix) tend to 
infinity) that the second fraction on the right shall diflTer 
from 1 by less than cg. The fraction </){x)/\lf(x) is now the 
product of two factors, the first of which difiers from A by 
less than e^ and the second of which differs from 1 by 
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less than 62 where e^, €2 may be as small as we please. 
Hence the limit of <p{x)/-^x) is A ; that is 

L #^= L ^^' 

Seccmd, let ^(a), yfr{a) be infinite, a being finite. The 
substitution x = a+\lz reduces the problem to the evalua- 
tion gf the limit for 2; = 00 , and therefore the theorem holds 
in this case also. 

The above proof is that given in the Calculus of Gennochi- 
Peano (German Translation, Leipzig : Teubner). 

in. Other Forms. If ^a) = 0, ^a)= 00 , we may write 

<l>(x) X \J^{x) = <f)(x)'i- { 1/VKaj)}, 

and the case reduces to case I. 

The forms 0^, x®, 1*, are reduced by taking logarithms 
as illustrated in § 161, ex. 5, 6. 

The form x — 00 may be treated as in § 161, ex. 4; or 
expansion in series may be used. 

Of course the method of differentiation may be combined 
with that of expansion in series. 

Ex. 1. If n is positive, (logo?)/^ converges to zero when ^ becomes 
infinite ; for 

1 

Ex. 2. Find the limit for ^=0, y=0 of the function of tv>o inde- 
peTident variables (.2?~y)/(^+^). 

We take this example to illustrate the arbitrariness of the definition 

of a ^* true value," and also to show the great difference between limits 

for a function of one variable and limits for a function of two variables. 

«The above function may be made to tend to any value wha/tever ; for 

lety^Xx and we get 

x—y _ J x-Xx l — X 

By proper choice of X we can make (1 - A.)/(l + A.) equal to any 
number whatever. 
Geometrically^ the 0*axis lies on the surface 

z{x^-y)^x-y, 

and as x and y tend to zero the point {xy y, z) may be made to approach 
any point on the ;?-axi8. 
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:4 «:-!;'», 



Find the limits (the "true values") of the functions in examples 1-15 
for the given values of the argument. 

1. {jr-(» + l)j?"** + nJP"*'}/(l-J:)*whena?=L 

2. {a-v/(a«-j^}/^when^=0. 

i. V{(^+ai)(-^+«2)-('^+^)J~'^ when JF=®. 
Put x=il/z and expand by the binomial theorem. 

5. (l + l/x)**and(l + l/j:^'when.r=QO. 

6. ^^ and , ~f/o ^^^v vhen.t?=l. 
1-07 1-^(2.^-^) 

- tanj?-j7 J tauTLT— ntanor , ^ 

7. -. — and — -. : when ^=0. 

^ — sm.r nsinx—Binnx 

8. ( 9 -"^ ) t*^ ^ *^d 07 tan x-^aecx when ^= o* 

9. log(l+flwr)/log(l4-6.t7) and (e"-c-"*)/log(l+6a7) when x=0. 

10. - - 7^2 log (1 +0?) when x=0. 

11. (a' - }f)l{(f - g*) when x=0. 

-^ logtanoo? , log tan 007 - log tan bx , _^ 
Xm. i . 1 — ano. 1 . 1 • I w^nen x — u. 

log tan ox log sm 007 — log sm ox 

13. (°i^+«2'+-+«/y^henx=0. 

-- sinha?-8ina7 , cosh or- cos 07 , ^ 

14. j» and 5 when 07=0. 

or 07* 

16. (cos ao7)~"«^** and (cos axY*"^^ when 07=0. 

16. If the equation of a curve is 

^2+^3+^4"*" •••=^ • 

where u^ u^y u^j ..., are homogeneous of degrees 2, 3, 4, ..., in the 
coordinates, show that when the factors of t^ are real, the equation 
t^=0 gives the tangents at the origin. 

Put 07=rcos^, y=rsin^, and let W2, %, ..., become r^25 ^*^s> •••» 
then two values of r are zero since r^ is a factor of Wo + ^3 + • • •, • If » then, 
be chosen so that v^ tends to zero, another value of r will tend to ' 
zero. The equation 1^2 =0 is a quadratic for tan 6, and therefore when | 
its roots are real and different we get two gradients ; when they are 
real and equal we get one gradient ; when they are imaginary the 
values of tan 6 are imaginary, and the origin is then an isolated point 
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Dbfinition. a point on a curve at which there are two distinct 
tangents is called a node. 

At a node two branches of the curve cross each other, intersecting 
at a finite angle. In Fig. 61, p. 312, and in Fig. 63, p. 313, the origin 
is a node. 

17. If ai'-\-2af^if-\'6a^+a^a^-bh/^=0, find the value of di//dx when 

18. If, when ^ becomes infinite, <f>{a;) converges to zero, show that 
when jn becomes infinite <^'(.r), if it converges to a finite limit at all, 
will converge to zero. 

Suppose </)'(^) has the limit A different from zero ; the equation 

<^(^)=<^(c)+(^-c)<^'(^i)> (c<^i<.r) 

shows that <^(.r) must tend to infinity, because the term (x — c)<f/(xi) 
tends to (x — c)A, that is, to infinity. But this is contrary to the 
hypothesis that ^(x) tends to zero, so that if A is finite, it must be 
zero. 



19. Show that the series 

1 



f^: 7Z+T, 17-- + ... 



(log2)'^ (log 3)* (log 4)* 

is divergent for every positive value of a. 
Compare with 1/2 + 1/34-1/4+...; the limit for w = oo of 

= — , that is, of \n°^/\ogn) 

(logw)* n 

is infinite (§ 162, ex. 1). Hence the given series is divergent since the 
harmonic series is divergent. The series is obviously divergent when 
a is negative. 



CHAPTER XX. 

DIFFERENTIAL EQUATIONS. 

§ 163. Diiferential Equatioiui. We propose in this chapter 
to discui^ a few differential equations that occur in elemen- 
tary work. Nothing beyona the merest outline can be 
S*ven ; the student will find ample treatment in Forsyth's 
ifferential Equations (Macmillan) or Murray's Differential 
Equations (Longmans). 

An ordinary differentiAl equation is an equation between 
one independent variable, one dependent variable and one or 
more derivatives of the dependent variable. 

A partial differential equation is an equation between two 
or more independent variables, one dependent variable and 
partial derivatives of the dependent variable. 

We deal only with ordinary differential equationa 

The order of a differential equation is that of the highest 
derivative contained in it ; the degree is that of the highest 
derivative when the equation is cleared of fractions and the 
powers of the derivatives are positive integers. 

Thus the equation 
is of the second order and of the first degree. The equation 

is of the first order and of the second degree. 

By the theory of elimination explained in algebra we can 
eliminate one quantity from two equations, two quantities 
from three equations, n quantities from (n+l) equations. 
Hence if an equation containing x, y and constants is 
differentiated once the new equation will contain x, y, y and 
constants, and from the two equations one constant may be 
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eliminated; the resulting equation will be a differential 
equation of the first order and will contain (me constant 
fe'wer than the given equation. 

Similarly, if the given equation is differentiated twice, we 
shall have three equations from which two constants may 
be eliminated ; the resulting equation will be of the second 
order and will contain two constants fewer than the given 
equation ; and so on. 

The given equation is in each case called the complete 
primitive of the resulting differential equation and we see 
that the complete primitive contains one, <ie;o ... constants 
that do not occur m the differential equation when that 
equation is of the first, second ... order. In the process of 
elimination no account is taken of the particular value of 
the constants; these constants may therefore be called 
arbitrary, 

£x. 1. Let the given equation be 

y=^Aa^+B, (1) 

and differentiate twice ; we find 

Dy=2Aa;; (2) 

B^=2A (3) 

Tbe first differentiation eliminates B ; we can eliminate A from 

(2) and (3), getting xI^-Dy=Q (4) 

whatever be the value of B, equation (1) represents a parabola 
^with a eiven latus rectum 1/^, and with its axis lying alone the 
v-axis ; nence (2) is the di^erential equation of all such parabolas. 
Equation (4) a^ain is the differential equation of all parabolas whose 
axes lie along the y-axis. 

!Ex. 2. Let the given equation be 

{x-afHy-hf=<?, (1) 

and differentiate twice ; we find 

(^-a)+(y-«»)%=0; (2) 

\Hi>yfHy-h)Dh,=o (3) 

If we eliminate a and h from equations (1), (2), (3), we find 

<P{mff={\Hi>yfY (4) 

ESquation (4) is the differential equation of all circles with radius c ; 
equation (2) is the differential equation of all circles whose centre is 
the point (a, h) ; equation (3) is that of all circles whose centres are on 
tbe liney=6. 
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§ 164. Ck»miftl0te IntegxaL If in example 1 of last article , 
we suppose equation (4) to be given, and if we pass from the 
differential equation to equation (1) we are said to integrate 
or 9olve the oifferential equation. From this point of view 
(I) is called the complete integral of (4), and A and B are 
called the arbitrary constants of integration. 

Equation (4) is of the second order and (1) contains two 
arbitrary constants. It is proved in works on Differential 
Equations that a complete integral exists for every 
differential equation and that when the equation is of the 
n^ order the inte^^l contains n arbitrary constants. 

A particular vntegral is one obtained by assigning a 
definite value to one or more of the arbitrary constants in 
the complete integral Thus y=a5*— 1, y = 2x^, y = a?' are 
particular integral of (4) in Ex. 1 of last article. 

Another way of considering the inte^:^tion of a differential 
equation may be illustrated thus : — -Find a function y (i) 
that shall satisfy the equation 

xDhf-Dy^O. 

(ii) that shaU be equal to b when x=a and (iii) that shall 
have its first derivative equal to c when x=a. 

Since the complete integral y=Ax^'{'B contains two 
arbitrary constants A, B we can determine them to satisfy 
conditions (ii), (iii). These conditions give 

b = Aa^+B; c = 2Aa, 

HO that A = c/2a, B^b— Joe, 

and the function y = — ic* H "^ — 

satisfies conditions (i), (ii), (iii). 

For another illustration of a similar kind see § 69, exs. 1 , 2. 

The student should work through the following set of Exercises ; 
several of the dififerential equations occur frequently in physical appli- 
cations. The primitive, considered as the integral of the differential 
equation, is in each case the complete integral. It will be noticed (see 
examples 7, 8) that the one differential equation may arise from 
different primitives into which the constants enter in different forms. 
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EXEBOISES XXXVII. 

1. If ^= Jj7+ 5, then Dh/=0. What is the geometrical meaning of 
the equations By—A^ />2y=0? 

2. If y=-4^'*~^+-fi^~^+...+jr^+Z, a rational integral function 
of degree (w- 1), prove D^y=0. 

3. If y = -4^ + Bx + C, then L^ = 0. Interpret geometrically 

4. Ify=^^+5^+(7a7, then 

6. Ify=i4/;r+J?, then 

6. Ify=A \ogx+B, then 

7. If y=ilcos7w?+iBsin7M7 or if y= (7 cos (wo;- ^) then 

8. If y = -4e"* + Be~^ or if y = C cosh ?m7 + ^ sinh no?, then 



9. If y=J/a:+i?+a^^, then 

10. If y=ilco8 7M7+-6sin«^+jE'cosj»a7+/'sinjDa? where A^ B are 
arbitrary and n^ p unequal, prove 

11. If y = er^(A cosnx+B sin nx\ then 

12. If y = 6-4**(ilc~ + ^ef-'^X *lien 

13. If y = AeT^ + i?e"*, then 

D^-(m+n)Dy+mny^O, 

14. If.y=(il+5a?)c«', then 

(Compare 13 and 14.) 

15. If y={A+ Bx) cos wo? + (^ + Fx) sin rw?, then 

/)*y+2w2Z)2y+w4y=o. 

16. If y = (4 cos nor + 5 sin nx)lxy then 

2)2(:Fy) + /i2a;y=0, or D^-¥^Dy-¥nhf=0. 

X 
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17. Ify=(i4tf~+5«-"»)/;F, then 

18. li y^mx+ajmy m being arbitrary, then 

x{Dyy-ifDy+a=0. 

19. If x^/(a^+k) -k-fl{}^-{'k)= 1, k being arbitrary, then 

The primitive represents a family of central conies having the same 
foci (conf ocal conies). 

20. Show that the complete integral of equation (iii) § 154 is 

f{x) = A sin (a sin~^ x)+B cos (a sin"* x). 

§ 166. Equatioiis of the First Order and of the First Degree. 
We will now state one or two types of equations which can 
be readily integrated ; at any rate their integration can be 
reduced to the evaluation of an ordinary integral So far 
as the theory of differential equations is concerned, the 
solution may be considered to be obtained when the equa- 
tion is reduced to either of the forms 

for these equations give at once 

and the rest of the work is ordinary integration. 

Type I. Variables Separable. The variables are said to be 
separable when the equation may be written 

f(x)dx+F(y)dy = 0, 

where f(x) is a function of x alone and F(y) a function of 
y alone. The solution is 

Ex. 1. n(x+a)lh/+m(y+b)=0. 

We have 2!^+!^=.0; 

therefore n log ( ?/ + 6) + m log {x+a)— const. , 

or log { ( y + hy\x + a)"*} = const. , 

or (y+6)%t?4-a)**=a 
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Any one of the last three equations may be taken as the solution, 
but tne last form is usually the most convenient since the integral is 
algebraic. 

Type n. Homogeneous Equations. An equation is called 
homogeneous when it is of the form 

Dy=f(x,y)/F(x,y\ 

where f(x, y), F{Xy y) are homogeneous and of the same 
degree in x and y. 

To solve, change the dependent variable by the substitu- 
tion y = vx; the equation becomes 

xDv+v=f(l,v)/F(\,v) = <t<v\ 
and the variables are now separable. 

Ex. 2. 2^%=^2+y^. 

We find 2xh{a;Dv+v)=a^(l +v^), 

whence ^.p^^O; 

therefore, log { J7(l - 1;^) } = const. = log (7, 

or a^—y^^Cx. 

The equation (ojx + 6y + c) By = dx + h'y + d 
msbj be made homogeneous by the substitutions 

i=ax+by+c, fi-a'x+Vy+c\ 
provided ah'— ah is not zero. (See Exer. XXXVIII., 6, 7.) 

Type III. Linear Equations. An equation is said to be 
linear if the dependent variable and its derivatives occur 
in it only in tlie first degree. The linear equation of the 
first order is therefore of the form 

Dy+Py = Q, 
where P, Q are functions of x (or constants). 

Let i? = \Pdx and multiply by e ^ ; 

then since De^^ = e-^Di? = e-^P, 

we find e^^Dy + e^^Py = D{e^y). 

Hence, I>{e^^y) = e-^Q ; 

and therefore e^y = I e-^Q dx+C. 

CJoR. The equation Ih/+Pv^Q^ may be reduced to the linear 
form hj putting v=y-"+i ana taking v as the dependent variable. 
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Ex. 3. (l-j:*)Z)y+jry=ajr. 

Here Z)y+ ^ ^ 



^^ A-/l^=-ilog(l-^=log-;^y 



7(1-^)' 



Therefore -j^^y^ /"_?f?^+C=-,^= + C; 

and y=a+C;/(l-:r*). 

Ex. 4. When an electric current of strength x is flowine in a circuit 
of inductance L and resistance R subject to an extraneous electromotive 
force S, the equation of the current at time t is 

LA-^Rx=E. 

First suppose E constant, equal to E^L and R being constant. We 

and therefore eKv^^je^dt-^C^ ^e'- + C, 

and .r=^°+(7«"^ 

Wlien <=0 the current jr=0, and therefore C*= -EJR ; hence 

The part E^ '•/R is the extra or induced current and dies away to 
zero as the total current attains its steady value EJR, 
Next suppose E=^EQCoa(pt-a) ; then since 

e'' cos (p^ •- ^dt— .^ g ,g {/ig cos {ft - a)+pL ain(pt - a)}, 

-- E. 

we find .r = (7« ^ '^ /?84. 2/2 ^ /? cos ( />< - a) 4-jt>X siii( je>^ - a) \, 

As t increases, the term Ce'^"' becomes of less and less importance ; 
the other term gives the steady oscillation. The steady oscillation 
may be put in the form 

'where tan a. ^^pL/R. The quantity ^{R^+p^U) is called the im- 
pedance of tne circuit. 



/• 
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Tsrpe IV. Exact Eauations. The equation 
M+NDy = 0, or, Mdx-^Ndy^O, 

where if, N are functions of x and y, is- called an exact 
equation if Mdx+Ndy is a complete differential, that is, if 
ZM/'dy is equal to dN/dx (§ 94). In this case there exists a 
function u such that du = Mdx+Ndy, 

and, obviously, the integral is u = constant. 

Ex. 5. 2a:y-y'^ + 2a7+(^-2^ + 2y)Z)y = 0. 

Here i/'=2a;y-y2+2^, N^a^-'i^xy+'i.y, 

and 'dMfbi/^%x-2y=?iNfdx, 

ao that the equation is exact. Knowing that the equation is exact, 
we can readily arrange Mdx+Ndy as a sum of complete differentials ; 

we find {^dx-\-a^dy)'-{yHx'\-2jcydy)'{-^,xdx-\-2ydy^ 

that is, d{a^) - d{xy^)+d{x^)+d(y^), 

so that u=j^-xy^+x^+y\ 

and the integral is xh/ - xy^ 4- x^ •\-y^ = C. 

Ex. 6. :tr»-2y2+ 2^23^=0. 

This equation is not exact, but it becomes exact when multiplied 
byl/^. we find ^^,^^^^^^^y 

and the integral is {s^-{-y^)lx^=C, or, a^-^-i/^^Cx^, 

The factor l/a^ which makes the equation exact is called an inte- 
grating factor ; when an equation is not exact it may be possible to 
guess an integrating factor and thus integrate it. 

§ 166. Equations of First Order but not of First Degree. 
Let Dy be denoted by p; the equation, when of the 
yjth degree, will have the form 

Ap''+Bp^'^+ ... +J5rp+i = .' (1) 

where A, B, .,. are functions of x and y (or constants). 
If possible, solve for p ; there will be in general n values 

and each of these . equations when integrated will give a 
relation between x and y that will satisfy (1). 

Ex. 1. xyp^ - (x^ '\'y^)p+xy=0. 

Therefore p=yl^ or P'r^/yt 

and these equations have as integrals 

y — Cx, y^-3t^=C, 
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£x. 2. Clairaut^s Equation^ < 

y^xp^-fip) \ 

This equation is of a special form and is integrated thus : 
Differentiate (i) as to jr, and we find 

P-P+^^+/(p)J: or {^+/(p)}^=0 (i 

Hence either dp/dx=Oy that is, jt> = constant = (7 ; or 

^+f(p)=o (ii 

The substitution of C for p in (i) gives the complete integral 

y^Cx+f{C) ' (ii 

On the other hand, if j9 is eliminated between (i) and (iii), we sha 
get a relation between x and y that will satisfy (i). This relation i 
not obtained by assigning a particular constant value to (7 in (iv), an 
is called a Singular Solution, 

The singular solution is in fact the envelope of the family < 
lines (iv); for if we eliminate C between (iv) and x-\-f(C)=Oy w 
clearly must get the same equation as that called the Singula 
Solution (we have simply interchanged C and p). As we have see 
^§ 145), the gradient of the envelope is the same as that of the famil; 
iv) at their points of meeting. 

For example, the complete integral oiy=xp-\-alp is 

y — Cx+ajC^ 
and the Singular Solution is given by 

y^—^ax, \ 



\ 



§ 167. Equations of the Second Order. 

Tjrpe I. D'^y =/(aj), a function of x alone. 

Integrate twice with respect to x ; two constants will b^ 
introduced. 

Type IL If^y —f{y\ a function of y alone. 
Multiply by Dy ; then since DyBhj^B {\{Dy^) 

It may now be possible to integrate this equation of the 
first order. 

Ex. 1. The equation of motion of a simple pendulum of length I 
is l6^ -^'sin B, To integrate, multiply by ^, then 

^Z(^)2=^cos^+a 
When f=0, let d=a, ^=0 ; then 

C= -^cosa 
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ae negative sign being taken because 6 decreases as t increases. 
^ If we put sin^^=sinja8in </>, we get after reduction 

rf<^ " 'V \^ / v/(l - sin2ia sin2<^y 

The inte&cration cannot be carried further by means of the elementary 
inctions, but t ma^ be expressed by an infinite series. The value of t 
)r the quarter period is KiJ(l/g) [§ 156, ex. 3]. In general, 



=v©r; 



d<t> 



J^ V(l ~ sin^a sin^i^y 

-' Type ni. I^y=f(Dy)y a function of Dy alone. 

: Let Dy = v and we get Dv =f{v) and it may be possible to 
nd V, and then y, 

!* Ex. 2. The equation cBh/= {1 +(%)2}* gives (p. 276) 

^=ct;/(l+v2)^_^fl{ (constant). 
;;5ien Dy=v= ±{x-a)l»J{<^-{x-af), 

y =: T ,^{ c^ - (^ - a)2} + 6 (constant), 
r (^-a)2+(y-6)2=c2. 

§ 168. Linear Equations. The typical equation of the 
econd order is 

D^y+PDy + Qy^R (1) 

rhere P, Q, R are functions of x alone (or constants). 
h The complete integral of aU linear equations is the sum 
rf two functions : — 

I. The Complementary Function (c.F.) which is the 
omplete integral of the equation when R (or in general the 
erm independent of y and its derivatives) is zero. This 
tmction will contain two (when the equation is of the 
i^ order, n) arbitrary constants. - 

II. The Particular Integral (p.i.) which is any solution 
l^hatever of the equation as it stands. This function 
^ntains no arbitrary constant. 

^We prove the proposition for equations of the second order, but it 
easy to see that tne reasoning is general ; for the equation of the 
' order there will be n functions like u^ v, and n constants. 
li y=u and y^v satisfy 

I^y^PDy'\-Qy^Q, (2) 

ac. 2 b: 
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80 doea y^Au+Bv where J, B are constants. For if 

then also J}\Au-^Bv)-^PD(Au-^Bv)-^Q(Au+Bv)=0, 

and therefore Au+Bv satisfies (2), and since it contains two constants 
it is the oomplete integral of (2). « 

Next, if tf=w is the particular integral, that is, if tc^ verifies 
equation (1) and if Au-^Bv is the complementary function, then 
AU'\-Bv+w will satisfy (1). For when y=^Au-\'Bv+w^ 

Il^'{'PDy'\-Qy = m,Au+Bv) + PD{Au + Bv)+Q{Au+Bv) 

+l)»w+PDw+Qw. 

The first line on the right is zero, and, since w satisfies ^1), the 
second line is equal to R. This value of y therefore satisfies (1), and 
since it contains two constants it is the complete integral of (1). * 

The only equations we consider are those in which P, Q - 
are constants. 

§ 169. Complementary Function. The equation to be 
integrated is Dh,+aDy + by=0 (3) 

I. Let y=e^ (\ constant); then ^ 

(\^+aX+b)e^ =0. 
If therefore X is a root of the equation (the auodUary 

equation) x^+a\+b = (4) 

e^ will satisfy (3). The two roots Xj, Xg of (4) are 

Xi= -.ia+V(K-6), ^2= -ict- V(K-6) 
and e^i*, e^ are two solutions of (3). Hence the complete 
integral of (3) is ! 

y = Ae^''^+Be^^=e'^(Ae'''^+Be''^) (5) , 

where n = ^(^a^— 6). 

We must however consider special cases. 

II. If {^2 = 46 equation (4) has two equal roots, namely 
Xi = Xg = — ia. In this case (5) becomes 

y = (A+B)e-^, 

and there is only one distinct constant, for we might 
obviously replace A+Bhy 0. 

When a2 = 46 let y = e-^u and (3) becomes, after reject- 
ing the factor e-^^, l^u = 

'^f which the complete integral is u = A+Bx, 
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Hence the complete integral of (3) when the auxiliary 
equation has two equal roots, each = — Ja, is 

y==(A+Bx)e-^ (6) 

III. If a^<46 the roots of (4) are imaginary. Again, let 
y = 6~**»*u and equation (3) becomes 

iy^u+m^u=0 (7) 

where \a^—b= —w? and m is real. Now (7) is satisfied 
by u = cmmx, u^smmx; its complete integral is thus 

u = A cosmx+BsinmXy 

and therefore the complete integral of (3) when a^ < 46 is 

y = e~^^u = e-^^(Aco&7nx + BQmmx) (8) 

We shall now show how to write down (5) and (8) when 
the roots of (4) are known. 

Let i denote as usual ^( — 1). When the roots of (4) are 
real let \a^—b = n^; the roots then are 

and the solution is y^e'^iAe'^+Be-^). 

When the roots of (4) are imaginary let ^a^ — 6= — n^; 
the roots then are 

and the solution is 

yz=e'^^(A cos nx+B sin nx\ 

so that instead of 6***, e""*^ we have coanx, sinnx. 

It should be noticed that the auxiliary equation is ob- 
tained by replacing Z) by X and rejecting y, 

Ex. 1. />2y4-7/)y-8y=0. 

Aux. Eq. XH7A-8=0; \^ = l, \^=-8. 

Solution y=Ae'+ Be-^. 

Ex. 2. Z>^+2i3^+iqy=0. 

Aux.Eq. A2+2X+10=0; Ai=-l + 3t; X^^-l-Si. 
Solution y—e^*(Acoa3a:+B sin 3^). 

Ex. 3. 2)V-2Z)^ + 5i)^-8Z>y+4y=0. 

Aux. Eq. A*-2As+6A2-8A+4=0.; 

Xi = 1 = Aa, A3 = 2i, A4 = - 2t. 

The equal roots Ai, A3 give (A ■\-Bx)e^ ; the imaginary roots 2t, - 2t 
i ve E COS 2a? + /'sin 2.r. Hence the 

)lution y=(il+-B^)c*+^cos2a?+/'sin2a7. 
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§ 170. PurtieiilAr IntegnL The most important practical 
cases are those in which i2 is a sum of terms of the form 
lA^y LfsOLox^ Leosax; the simplest method of finding a 
particular solution is by substitution. Equation (1) is now 

D'y+aDy+by^R (9) 

L R^Le^. Let y^Ce^ and try to find C so that equa- 
tion (9) shall be verified. We find 

C(a* + aa+ 6) e-* = LeT*, 

and Cfe« will satisfy (9) if C = Z/(a2+aa+J). 
There are exceptional cases, however. 

I. (a). If a is a root of the auxiliary equation (4) then 

a*+aa+6 = 0, 

and the value of C is infinite. In this case try Oxef^ or 
Cx^t^ according as a is a single or a double root of the 
auxiliary equation. 

Ex. 1. i)»y-2Z>y+y=(5»+c2«. , 

Aux. Eq. A*-2X+1=0; A=l twice. 

To find P.I. take «* and ^ separately ; that is, since the coefficient of x 
in «* is 1, and 1 is a double root of Aux. Eq., try (7a7V, for p.i. corre- 
sponding to «*, and Ef?' for p.i. corresponding to c**. Hence we put 

and the equation becomes 

so that (7=:j^, E^\^ and therefore 

p.i.=i^e*+e2«. 

The jMirt corresponding to «** may be obtained at once by direct 
application of I. The complete integral is now 

y=c.p.-f P.I. 
II. i2 = i sin 005 + Jf COS CKC. 

Take as trial solution 

1/ = ^ sin aX + -Pcos ax. 
We find 

(•^Q^E- aaF+ hE) sin okb + ( - a^F+ aaE+ bF) cos ax 

^L sin ax + if cos ax^ 
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and the equation will be satisfied if 

(b-a^)E^aaF=:L; aaE+(b'-a^)E=M; 
„_ (b^a^)L+aaM ^_ -aaZ+(6-a2) jtf 

If a = we get 

^=i/(6-a2); F==M/(b-a^); 

but this solution fails if a^=6, that is, when the com- 
plementary function is -4 cos aa;+5sin ax. We have then 

II. (a). If a = and a^ = 6 it will be found on trial that 

L . M . 

P.L= — gj-a;cosaaj+^r-ajsmaa3, 
2a 2a 

wlien i2 = Z sin or+ilf cos ax, 

Ex. 2. The equation 

ir+ifec+/iU7=acos(w^-a) (i) 

is typical in dynamical and electrical theory. 
c.F. is easily found. To find p.i. try 

x=Eco^{nt-a)+F^\n{nt-a\ (ii) 

and we find by substitution in (i) 

( - n»^+ JcnF-{- fxE) cos (nt-a) 

+(-n^F- knE+ fjLF)ain(nt-- a)=aco6{nt-a). 

Hence (ii) will satisfy (i) if 

(fi-n^)E-^knF=a; -knE+(jjL-n^)F=0. 

TTAnr^p p t _ «{(M-^^)co8(^^-a)-H^sin(f^<- a)} 

±ience p.i.- {{fx-n^f+kV} " 

= a cos(w^ - a - ai)U{{ix - n^Y + HM^ 

where tan a^ = knl(jx - n^. 
It k=0 and n^=fi, we have II. (a). In this case 

P.I. =Q~^ sin(w< - a). 

III. If i2 is a rational integral function of x we may put 
for t/ a rational integral function and try to determine the 
coefficients so as to satisfy the equation. 

§ 171. Simultaneous Equations. We will illustrate, by 
solving one or two examples, some methods of integrating 
dmultaneous ordinary differential equations, the number of 
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equations being equal to the number of dependent variables. 
We take t as the independent variable and restrict our- 
selves to two dependent variables, x and y. 

Ex. 1. x=-(tfy; (i) 

'j=(AV. (ii) 

Differentiate (i) and substitute for y its value ou? given by (ii) ; we 
thus get an ordinary equation with (me dependent variable, namely, 
^ + o)'j:=0, of which the integral is* 

x= A COB iot+Bsimat or x=Cco&(iot — E) (iii) 

The value of t/ is now found from (i) ; we get 

^ = A sin (ot — B COB tat or i/=Csm(<s>t — E) (iv) 

It should be noticed that although A and B are arbitrary, yet the 
constants in y are determinate as soon as those in a: are chosen. If, 
however, (i) contains x alone, and (ii) y alone, the constants in x do 
not condition those of tf. Thus the equations 

give x=A cos (ot+B sin w^, y = j^cos tot + Fsin (at, 

and there is no relation between A, B and B, F. 

Ex. 2. :fe + 5.r--3y=0 (i); y + 16^-7y=0 (ii) 

Differentiate (i) ; ^+5i;-3i/=0 (iii) 

From (i), (ii), (iii) we can eliminate y and y ; we find 

^-2i:+10a;=0, (iv) 

of which the integral is 

x^fH^AcoB^t+BsmZt) (v) 

Equation (i) now determines y, namely, 

y^^{{2A+B)cosZt+{2B-A)miZt} (vi) 

If (i), (ii) had each contained both & and y, we should have differ- 
entiated both (i) and (ii), and from the f(mr equations we should have 
eliminated the three quantities y, J, y. 

Ex. 3. As the last example we take the equations 

Lx-\-My-\-Rx=P, (i) 

M±+Ny + Sy=Q, (ii) 

which connect two mutually influencinj? electric circuits, x and y 
denote the currents, L and N the self-inductances, M the mutual 
inductance, R and S the resistances, and P and Q the extraneous 
electromotive forces. The product LN is greater than IP. 

We may proceed as in example 2 by differentiating (i) and (ii) and 
eliminating y, y, y ; but we will illustrate another method. The prin- 
ciple of complementary function and particular integral evidentlj 
holds for simultaneous linear equations ; P, Q are either constants cif 
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functions of t, and we may applv the principle to (i) and (ii). The 
complementary function is thus obtained from 

Lx+My+Rff^O; (iii) 

Mx+N'g + Sy=0, (iv) 

Let x=Ae^\ v=B€^^ where -4, B are constants, and substitute in 

(iii),(iv). Weffnd (L\ + R)A+M\B=0; (v) 

MkA-\(NX+S)B=0 (vi) 

If we eliminate the ratio A : B from (v) and (vi) we get the condition 
that (v) and (vi) should be simultaneously satisfied, namely 

or (LN-M^k^+(LS+NR)X+BS=^0 (vii) 

The roots of (vii) are real ; for 

(LS-\- NRf -4(LN- in)RS=^iLS-NRy+4M^RS, 

so that the discriminant of (vii) is positive. Also, since LN>M\ the 
roots of (vii) have the same sign ; both are negative. If we call them 
— Ai, — X2 and take the constjEints as Aiy A2 and Bi^ B^ we get for 
the solutions of (iii), (iv), 

x^A^e'^^^+A^e-^, y=B^e-^^^-\-B^-^ (viii) 

Bi is connected with ^i, and B^ with A^hy equation (v) or (vi), that is, 

Bi=Ai{R-Lki)/I£ki, B^^A^iR-Lk^Wk^. 

If P, Q are constants, the particular integrals are clearly 

x^P/R, y^qiS, 

and these added to (viii) give the complete integrals of (i), (ii). 

- The oiAy other important case is that in which P=Ef^co&{nt-a) 

Q=0, and the particular integral is found by assuming as a trial 

solution, x=Eco»{nt - a) + /'sin {nt - a), 

y = O cos(n^ - a) + iTsin {rU - a\ 

and determining the constants E^ jP, (?, H. 

The equations 3F4-/fcj4-c^ar=0, y-ifc*+c^=0, 
are the equations for the small motions of the bob of a prostatic 
pendulum (gyroscope axis along suspension), and also the efementary 
equations of motion of an electron in a magnetic field in the theory of the 
Zeeman effect. (See Gray, Mcufnettsm and Electricity j Vol. I., § 566. 
In Chapter X of this work will be found several instructiye e2uunples.) 

EXEB0ISE8 XXZVIIL 

Integrate equations 1-16. 
L (l+^%=l4-3^2. 2. J{\-x^Dy^^(jL^y^i 

3. y-xDy^m{^'^+Dy)\ 4. (xy+x^)Dy+y^=0; 

5. xDy'y=^(x^+y^); 6. {2x+l8y-'U)J)y=Qx+f^-1 ; 

7. (cuv ■\-hy-\-c)Dy^ in(ax + by) +g ; Eeplace y by the 
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substitution f7s(U7+^. 

8. (ow?+6y+c)Z>j5r=/ir-ay+5r; 9. Dtf+y=e''; 
10. ^Z)y+y«:r; U. (l-^)Z>y-a?y=l ; 

12. (l+x^)Ihf'^2xy=jfi; 13. i)y+ay=cos(6:r+c) ; 

14. xDy-\-y^s^\ 15. 3s^Dy->irf^xy \ 

16. y(^-y«-6«)Z)y+:r(^+y«-a«)=0. 

Find the complete integral and the singular solutions (where thej 
exist) of equations 17-19. 

17. (y-/>^)*=a2j9*+6*; 18. i/=px+p^; 19. a^{2f-px)^yf^. 

Solve equations 20-27. 

20. Z)V-(a+6)Ay+<%=0; 21. Z)^-5Z>V-He/)y=0 ; 

22. 2>2y-6/)y-|-l%=8in2a7; 23. II^-'ZDy+2y=f^ \ 

24. Z>^-hw^=acoswa7-|-6sinrwr; 25. Z>^-w^=a^-f6e~*"; 

26. 2)^-623^ + 133^=^; 27. D^y+^JO^y+y=Q, 

Integrate the simultaneous equations 28-31. 

28. x-lx^-y^O, ^-2^-5y=0; 

29. ir-Hy+2^+y=0, y+bx+Zy=0; 

30. ir-h2jF-3y = ^, i>-aF-h2y=e2« ; 

31. iF-3ar-4y=0, y-f-a;+y=0. 

32. Integrate the equations i)^=0, y = -^, determining the constants 
so that 4?=0, y =0, x= Tcos a, ^= Fsin a when t—0. 

33. Integrate the equations x—-iiXy y=~fiyj choosing the con- 
stants so that ^=a, y=0, A=0, y=b,JfjL when <=0. 

34. Integrate the equation x=—fji>/a^y choosing the constants so 
that a7=a, x=0 when i=0. 

35. The equation BD^y^w occurs in the theory of the bending of 
beams, B being the flezural rigidity and w the weight per unit length ; 
integrate the equation under Uie conditions : 

(i) y=0, D^—0 when x=0 and when x=l ; 

(ii) y=Oy Dy — when a?=0 and when x=l ; 

(iii) y=0, Dy=0 when ^=0 and 2)^^=0, l)^y=0 when 4?=/. 

36. The plates of a charged condenser of capacity C are connected 
by a wire of self -inductance L and resistance R; if at time ^ the 
difference of potential between the plates is T, then V satisfies the 
equation 

CLV+RCV+V=0, 

and the current y is -Ct. Show that the discharge will be oscil- 
latory if CR^<4L, that the period Tia given by 

r=47rZ/V{4Z/C-/22}, 
and that the logarithmic decrement of the potential is RT/AL, 
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•2 

37. Integrate the equation Dhf^ — Dy-\-nh/—0 by changing the 

dependent variable from y to u where u—xy. 

Give the complete integral, and also the integral which remains 
finite as x converges to zero. 

38. Show that the complete integral of 

is y = Ax^ + Bx^ 

where A.i, A2 are the roots of the equation 

A(A.-l)+aA.+&=0. 
Take as trial solution y—ao^ and proceed as in § 169. 

39. Integrate 

(i) xIJ^y^2Dy=^Qx ; (ii) ar^L^y-Za^Dh/+^Dy-Qy=:^x^ ; 

(iii) a^I)^-2y=x, 

40. Integrate the equation 

x^IJ^+xDy+nh/=0 

by changing the independent variable from xtod where x^^. The 
equation for A, corresponding to that of example 38, has in this case 
imaginary roots. 

41. Integrate ^(*f+2'')=0. 

aT\ar r J 

42. Integrate ^+1 ^=0. 

43. Find Dy from the equation 

a2/)^=y{l4-(Z>y)2}^. 

44. If y^uvy where u^ v, are functions of x^ show that the linear 
equation 

mf-\-PDy+Qy=R (i) 

becomes, the accents denoting ^-derivatives, 

wr-\-{W-\-Pv)u'Hv"-¥Pv'+Qv)u=^R (ii) 

It follows that if t; is any solution of (i) when i2=0, the value of u 
Tand therefore of y) can be found ; for the coefficient of u is zero, and 
(ii) is linear, and of the first order when u' is the dependent variable. 

45. Integrate a^L^ -{-xDy-y^a^, 
V\xty'=^xu. 
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CHAPTER I. 

S •, p. e. 1. 3i ; 2 ; -3 ; 4*56. 8. (i) + ; (ii) - 

S •, p. 9. 9. The locus in each case is a straight line : in cases (i), (ii), 
(iy) the line is perpendicular to the axis of abscissae, and in (iii) the 
line is the axis of ordinates. When the ordinate is given the lines are 
parallel to or coincident with the axis of abscissae. 

4. «)+; (li) -. 

t 7, p. la a. (i) ^5; (ii) ^17 ; (iu) ^6; (iv) V13; (v) 3ir^/2/2 or (i) 2-24; 

(ti) 4-12; (iii) 2*24 ; (iv) 7-21 ; (v) 6*66 

Set L, p. 19. 

I. 1, I, 1. a. (eMj+6)«-(oa: + 6)-2. 

8. «*-&b"+1; a^-&K* + l; sin%c-58ina;+l ; -2-04. 



CHAPTER II. 
Set n , p. 29. 

I. A9 C, D on curve ; B^ E not on curve. 

8. F'OF is an axis of symmetry for (i), (iii), (vi), (vii). Point (1, - 1) lies ^ 
on (i), (ii). 0=0. 

8. Tummg points, (i) (0, -1); (ii) (0, -1); (iii) (0, 1) ; (iv) (f, |); 

(V) (-i I); (vi) (f, i). Abscissae (i) -1, 1; (ii) --^, ^; 

(iii) -^» ^; (iv)0,|; (v)^(-l±V5); (vi) ^, 1. 
8. (i), (ii), (iv). In (iii) y is imaginary when x is negative. 

Set m., p. 32. 

1. (i) - 1, 2 ; (ii) I, - 1 ; (iii) - f , - 1. 8. C lies on line. 
8. (i)a:+y=3; (u)a:+y=l; (iii)x+y=0; (iv) 3a;-2y+6=0. 
7. y=2a;-5. 8. y-6=c(a;-a). lO. (1, 1), (-3, 9). 

Set IV., p. 41. 

a. (i) -2-84, -44, 2-40; (ii) -314. 8. -1-98, ^ -06^2.06, 3-98. 
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CHAPTER III. 
Set v., p. 54. 

11. (i) >^, (ii) iyi5. 14. (i) -^ ; (ii) -^. 

la. The equation is equivalent to y + 1 = ± ^(o; - 3). 

Set VL, p. 60. 

la. (i) an ellipse, (3, -4), 2a=6, 26=4; (ii) a hyperbola, ( - 11, 5), 2a=4, 

^=^^- 1.. (i)J,(u)-|-3. 

20. (i) ahl,J(ahaxL^-\-l^Q(M^e) which may be written 6/^(1 -c^cos^d) when 

(ii) (1 -€COB^)(a6/^(a28in2^ + 62co8«tf)=6(l -eco8^)Ml -eaco8«^); 
(iU) 6(1 + e C08 ^)/^/(l - Ajob^^). 

CHAPTER IV. 

S sa, p. 67. 4. The values of ^^^Xi are in order 331, 315*25, 303*01, 
900*3001, 300*030001. 

5. The values of SyJSxi are 

(i) -016038, *016077, *015100, 015107 ; 
(u) -008594, -008661, *008701, -008713. 

6. The values of 9i/ilSxi are 

(i) 001332, -001334, 001335, -001336 ; 
(ii) -005950, -005990, -0060-28, -00603. 

S 87, p. 74. 1. 0, ig, g, 2g. a. -a/vj" 

CHAPTER VI. 
S AS, p. 106. - 10, - 4, 0, 2, 8. 
S 57, p. 111. a. 5^*, -4/^», SI2Jt, -2f^. 
4. x», far* 4^x, - 1/x, - 3/4a:*. 

Set Vm., p. 115. 

1. 21a;»+10a;-*'4. a. 112a:- 10. 8. 3a:»-4a;-5. 

4. l/(5-2a?)a. 5. J_-s^,- •• Jt-(s/x--^Y(^^\ 

'^ ' %Jx %J3(^ ^Jxy' »JxJ \ X ) 

7. n(a:*-^-a?"""^). 8. m(aaf^-^ -hx~^'^), 

8. 6ar^+^a;~^+Ja;"*-^a;"i lO. 2(aj + 1 )(«:»- l)/«». 
11. (arf - 6c)/(c^ + d)2. la. -ac/(6 + cO". 
18. 2{(aB-hA)fi-\-{aG-cA)t-\-{hC-cB))l{A^+2Bt+Cf, 

6(^ — 2) 

"• (t+intUf *•• ^«+««**+^'^'^* 

17. Abscissae of turning points (a) ^i (6) ±1, (c) 0, ±1. 

18. (i)a:»-«+C; (ii) |«»+i + C; {m)\asi^+\h3?+cx+a 

X 

18. y=^a^-^a:2+a.. ai. Vt - ^gt!^ ieet. 
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Sat DL, p. 119. 

-2a; (a5-M)a:»+(aa-c^)a:+(50-c5) 



7. 



(«»-l)^(a;*-l)- •• (Ja:«+25a:+C7W(aar»+26a;+cM^ar»+2jBa:+(7) 



^ (a?+7)(af+l)* .-^ («ia;-na: + m6-na)(a: + a)"*"^ 
O. -. TTs — . lO. , .. ^ 



(a; -1)8 • (a:+6) 

"" ^^ rk JM 2 2 2 2 

**• :^(a;-l)** *** -2ar/3y, -y, y, -ir, y. 

16. -(2a: + 2y-5)/(2a:+2y+l), grad. = l. 16. a, 6-c« ; tan0=(6-c«)/a. 

Set X., p. 125. 

a. yyi=2a{x-\-Xi); {y-yi)2a + {x-Xi)yi=0, 



CHAPTER VIL 

Set XI., p. 131. 

2ir 2ir 
1. 3(oo8 3a;-smda;). 9. — cos — (a? +6). 

8. mcoBmxcoanx-nBbimx&innx. 4. a; cos a;. 6. a; sin a;. 6. sin^a;. 
7. cos^. 8. cos'a;. 9. sin'a;. lO. ^ (sin 3a; + cos 3a;). 

11. -sin (eta; + 6). 19. -tan(aa;+6). 18. _J^ i^ sin 2a;. 

14. ^a?-fsin2a;. 16. - t^ cos 6a; -^ cos 2a;. 

16. - 2a cos (aa; + 6) sin (aa;+ 6). 17. tan(^a:+l)sec*(^a;+l). 

18. cos 2a;//^ sin 2a;. 19. sin a; (3 - cos^a;)/cos^. 

90. sina;/(l+cosa;)^. 91. 2sina;/(l+cosa;)^ 

99. (cos a; - sin a; tan^)/(l + tana;)^. 

26. (i) t='{{N-{-i)ir + e}, »=0; (ii) t=-{Nir+e), 8= ±a where N is any 

integer. 
96. - a sin ^, h cos t ; tan 0= - (b/a) cot t 
98. &tan(a;/6); (aV2&) sin (2a;/&). 

. For cos a; the inequalities are not changed ; for sin a; put >- in place of •<. 
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Set XTI., p. 134. 

3 1 3 

*• ^/(l-9x^y *• ^{2 + x-a^y •• 6-2a: + 2a;2- 

Set XIII., p. 139. 

1. l+loga;. 2. a?"~^(l+wloga;). 8. cot a;. 4. -tana;. 

5. 1/sina;. 6. 2/co8a;. 7. 2/sina;. 

8. alia^-xyx. 9, 2J(a^-a^y ^^' (^+1)«* 

11. a:*»-^(a? + n)6* 12. -2c-*sina?. 18. ji- — rs. 

\ 1 + Xf* 

1 jc — tt 1 2x — 3 

14. Jlog(3x+4). 16. 2Sl°«ST^- »•• i2^°8a;+3- 

1 2 — 

17. log(a; + \^ar*+l). 18. -c«*. 81. a; -€". 



Set XIV., p. 146. 

1. 28«8-6a;2; 84^2-120;; 168a; -12; 168. 

a. (ar»+iri 8. 12ar^-12aar+2flf2; 12(2a;-a). 

4. y'=-(a;-l)-2-(a;+l)-«+(a; + 2)-2; 
/=2(a;-l)-3+2(a?+l)-8-2(a; + 2)-S; 

y(«) = (- 1)»» (w !) (a; - 1 )-«- 1 + two similar terms. 

5. y<") = - 2» - 1 cos (2a? + nir/2). 

8. y<'»> = a;3 cos ^+2na: sin ^-«(n-l) cos ^ where e=x+nir/2. 

7. y=Jsin2a:+^8in4a;; y<">=2«-«sin(2a:+?Mr/2) + 2»«-8sin(4a:+nir/2). 

1. (-l)"(n-2)! 
•• ^J ^S^T •• «*(» + «)• 

lO. e*{a:»+2na:+n(7i-l)}. 18. Ex. 1. x=^i Ex. 2. x=0. 

18. /=0 when a:= - 1/^3 or + 1/^3. 88. - ^. 84. - ^jA^. 
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CHAPTER Vm. 
S 70, p. 157. - 87 X 10-«, 50 X 10-*. 

Set ZV., pw 159. 

4. - dN/dt is the tlme-imte of deertaae of the nnmber of lines that pass 
through the circiiit ; OTf the time-rate at which liDes are wUhdrmm 
jTom the drcuit. 

•. E^RO-^LdCldL 9, X^-dE/dx, 

7. {i) klogivjv,) ; {ii)k{v^''^-v,^-y)l{l-y)oT{p,v,-p^My-l)' 

CHAPTER IX. 

Set XVI. a., p. ne. 

I. a;= - 1, max.; x=2, min. a. x=l, max.; x=3, min. 

e. x=0, min.; xs^ -4/7 max. 

4. x= -a, muL.; x= -\a, min.; x=\a, wmx. 

e. a;= - 1, min.; a;sl, max. e. r= - 1, max.; a;=^, min. 

7. xs -1, min.; x=l, max. if a>0. 8. x= -1 min.; x=l max. 

e. x^-^a^ max. lO. a;= --s*, min.; x=-^, max. 

II. x=c, min. if 6>0. IS. No max. or min. 

18. TO*ii*{*/(m+ii)}"»+". 15. (o + 6)«/c; 4a6/ca. 

18. (miXi+fi4ar,+ ...)/(mi +«!,+ ...). 19. 3abc. 

. a&e/as/3 ; 3(i>/(a6c)^ 80. 2a6. 



Set XVI. b., p. 177. 

I. taaiQAB=blaJ2. 8. ^(a + N/a^+Sfc^). 

8. J^(a + 6-V'a*-a6 + 6"). lO. x=^; a;=^. 

14. o/V2. 18. AP;PB=a:h, 

Set XVI. C, p. 179. 

lO. ^^. 18. AI^ : PB^=a* : 6». 

18. (i)tan<?=A/lr); (ii)A/(rJ; (iii) r- 17. \' 18. -^ 



. (i)tan^=>yg);(ii)^(|);(iii)J. 

g » 

a/ "W 



18, e, 80. 2^. 81 
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Set XVII., p. 182. 
I. Origin a point of inflexion on (i), (iii), (iv). a. a;= ±-i«* 

8. X for points of inflexion (i) ±al^S; (ii) 0, ±a^JS; (iii) ±a//^3; 
(iv)0, ±a^3, 

5. The origin. 7. (i) 0, ir ; (u) |, ^ ; (iii) 0, ir. 

9. (i) x=2, (ii) a;= ±-L. lo. a:=^iog(^). 
11. 6aj+c-2^=wir (§ 75, Ex. 4). 

CHAPTER X. 
Set XVIII., p. 201. 

©. (i)ia^W-M; {2)W{i^-j^; (3)iaMog^J; 

(4) ia2tana(e2«««>*«-e2«i^^*'^); (5) |a2[6^ - 8 sin ^ + sin 2^]J^. 
lO. |a2. 

CHAPTER XI. 

$91. p. 218. 2. axjx + by^y + czjZ = 1 ; (a; - a;i)/oa;i = (y - yii/byi = (z - 2i)/o2p 

8. byjy + cziz=x+xi; -(ic-a;i)=(y-yi)/6yi=|z-Zi)/czi. 

4. aa?ia; + 6yiy + czi2=0; (a:-aji)/ow?i=(y-yi)/6yi = (2-2i)/c2i. 

. Set XIX., p. 239. 

a. r^ + 2(Ar)^-rZ)2r=0. 8. -i±^'. 

CHAPTER XII. 
Set XX., p. 253. 

1. 2137 812. a. -226074. 8. 2188920. 

4. 2-588968. 5. 057 014; 1467 65. 6. 1895494. 

7. -739085. 8. 1-165 6; 4604 2. 9. 91-964. 

lO. (i) 4-730 04 ; (ii) 1 875 1. 11. 5*600 257, or in deg., 320' 52' 16". 

18. a:=l-996, y=-909. 

Set XXI., p. 260. a. 1-57 in. 

CHAPTER XIII. 

S 111, p. 266. 1. fa:* ; %Jx; ^Sx - 4)^ ; f ^(3a? - 4) ; ain"'^. 
a. 2; 0; 1; log(6a/a2); -log 3, 
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Bet XXTT, p 269. 

1. J«*+faf» + Va^+51x + lfi01og(«-8). a. a:+log(2x- 1). 

•. |log(2a;+s/4a^3). •. 7X+T8m2x. 

to. '^tinSr + f sinx. 11. 7X+ j^8in2(ax+&). 

19. fx~7Siii2x+3V*^^* ^*- ^sinx--^8m7x. 

14. Y«*(J^+l)-rr«»(7x+6). la. Jx + |^Bin2a; + ^8m4a:+^8in6a;. 

X9. ir/4. 17. ir/4. 18. r/S. 19. 7 log 3. 

SO. Tlog(T)- S^- '/6« 39. t/2. as. (iii) 4ira&c/3. 

Set XXm, p. 280. 

4. »in-»^ ^- y 5. ilog(a« + x«). 6. ^/ia^ + x*). j 

/x*-l\ fl /2oc^ + 1 \ 

10. logsiQx. 11. log (1+ sin a;). 12. log(x+8mx). 

18. ytan'x-tanx + x. 14. — Y0ot*x+^cot*a;+log8mx. 

16. ritan"^( -tanx j- 18. -cosx + cos'x-f^cos'x + ycos'as. 

17. - Ycos'x + y cob'x-'J-cob'x. 18. tanx-cota;. 

19. }Bec*x. 90. 2^(a-x){\{a-xf'^\a{a-x), 

91. -f (x + 2o)v/(a-a:). 99. log(a; + \^x^)-^tan-^f ^^^Jg^^*^^ ') 

98. (i) 8/15; (ii) 8/.315; (ui) ir/a6 ; (iv) ilog3; 

(v)ilog2; (vi)T/3V3; (vu) 2ir/3^/3; (viii) ir/2. 

1 , « ,.1 ,/2a: + l\ 

94. ^log(a:2 + a: + l)+j3tan-M— yg-l- 95. x-2tan-ix. 

98. i(x-l)3 + 21og(j:a + 2a; + 3). 97. f log(a:a-2) + |^log(ar^ + 2). 

98. x + 41og(a;-l)-4/(aj-l). 99. 8in-ix- ^(1 -a^*). 

80. J{x^-\) + \og(x + ^!x'^~\). 81. V{^ + ax) + |log(.r + | + %/x»+(Kc). 
... V(a.-^)+|.in-.(^). ... Bin->(^). 
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^^_,,. „..,^ "--Vdil)- 

"•-V(f?-:> -N(5^} ••■S7(^^)- 

40. ^a; + ^log(sina? + co8a;). 41. fa; -| log (sin a: + 2 cos a;). 

42. (i) ir/4; (ii) ir/2; (iii) ir/4; (iv) irl(l-r^) or ir/(r2-l) according as 

r^<lorr2>l; (v)a/sina; {vi) t/2^{\ - J:^) ; (vii)ilog3. 
48. (i)T/2;(ii) -ir/2. 45. Sa^/lS. 46. Each=2a73. 47. ^(2a2 + 62)7r. 

Set XXIV., p. 288. 

I. -(a:+l)c-*. 2. -{x^+Sat^ + Qx+Q)e''. 8. sin a; -a? cos ar. 

4. a: sin a: + cos a:. 6. -xa;cos2a; + isin2a;. 

e. -a:=»cosa: + 2a;sina:+2cosa:. 7. — r^loffa;-7 tto- 

w + 1 ° (w+lr 

8. i(loga;)2. 9. -|e-« +3-^6"* (cos 2a; -2 sin 2a;). 

10. c«/(l+a;). 11. -^e-**. 12. a;8in-ia;+V(l -a?'). 

18. a;tan-ia;-^log(l+a;a). 14. ^sin-ia;-isin-ia; + i^a;^(l -a;^). 

15. |(l+a;2)tan-ia;-ia;. 18. ^(a;- l)V(3 + 2a;-ar2} + 2sin-i^. 

17. i(a;+iy(ar^ + 2a:+3)+log(a; + l + \/a;a+2a; + 3). 

18. I (a; - o)V(2aa? -sc^) + ^a^ sin - 1 ^^. 

10. ^(a;+aW(2aa; + ar»)-|aMog(a; + a+>/2aa; + a;2). 

- - 2; sin a; c ~ ^ 

20. ■y8in-ia;-^a;V(l-ar'). 21. i^jT"^^- 32. -gg" (4 sin 4a; - 3 cos 4a;). 

_ » 

88. ^(oo8har8ina; + sinha;cosa;). 24. ^ (cosh a; sin a; - sinh a; cos a:). 
25. 36ir/256, 5ir/16, 3ir/256, 4/35, 7ir/266, 13/15 - ir/4. 
88. iraVie, Ta72, 5ira*/8. 27. (ir-2)a2/4. 

28. w! n!/(m+n + l)I. 88. ml w!/(wi + »)!. 

84. iraV32,(21ir/32 -28/15) a«. 86. 3^2/15. 87. wa^ 

88. 4a(l-co8^/2). 40. ^V(l + ^^)+ialog(^ + \^r+^). 41. (r- a) sec a. 

Set XXV., p. 296. 

1. log(a;+2)-^log(2a;+l)-Jlog(3a;+2). 

2. 15a;a-51og(a;3-l) + 801og(aJ»-4). 8. Z ^^ _ ^^'^ __ ^^ log (a; - a). 

- 1 1 1, a;-l 1 1 , x-i 

*• -2^+T+4^^«^Tl- •• 2^ + i+^^«^- 

. l_i 1 1 ,3/1 1 . x-l\ 

•• 16(a?+l)« T6(a;-l)2'^16Va;+l a;-r ^*^^^Tl/ 

^- 4(^»- •• ilog(a; + l) + ^log(a^^a.+ l) + ^tan-i^^ 

o.c. 2 F 



^- 
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!•. |log(as-l)-glog(«»+l)-lun->x+|i^ 

"• 16 2 "*"a:»+2ar>6 8x»+ar+6* 

la a' a', aa;+& 



l-COBOf 



COB a; 



.^ 1. .,38mx ^_ 1, 2+coBX 1, 1- 

*•• 12*" -T- «^- I2^^2r^5^+6^^r? 

1 x+4 8 x-l-2 ,V2 -i«+2 

"• ~8(x«+4x+6)«""32ar« + 4x+6 64 ~i^' 

"• 2o*'*x«+airf^«' 

. j^log(x + l) + j-J^log(:^ + 4)-llog(4x«+l) 

+^tan-i2x-^tan-^Jx. 

X 21+x" 2 (a-o)"»+* V \M / 

. V*-2taii-V*- •^^ 2x*-3x^ + 6x^-61og(l+x^). 

. 2^(x-l)|x + ?(x-l)«+l(x-l)«j.. 
^^ 2 2a±bx 1 ., x^ 

■*• ^2^*" ^/(l+x«)"2V2*^^^/(i^"+l)-x^• 
_ x" xjix^ -a) 1 , , r-5 — 

88. ^^(a+6x«)|l(a + &x»)«-|a(a + 6x8)}. 84. ^{l + x^^ -^{l^-x^. 
85. (2x3- 1)^(1 + x»)/3x». ae. -(a-x)%a + x)* 

"• V^*^«l+tanx + v/2lit^ V2 ^^^«^°^ ^^ 

+ j2 tan - 1 (\/2tanx + 1 ). 
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CHAPTER XIV. 
Set XXVI., p. 306. 
1. al{a^ + h% a. bl(a^ + b^). 8. ir. 4. 3ir/16a». 

6. 5ira7l6. 6. va, 7. ir. 8. ir(6-a)a/8 

•. irl^ia^-b^), lO. 7r/2a6. 11. ir{a^-{-h^)/ia^h^. 

la. (e-tan-i6)/e3. 18. 2^N/(l+e2)-2^3log(e+N/r+?). 14.0. 

2ir , /1-e 

15. -1. 18. -1/9. 18. n\ 18. ir2/4. ao. ^(i .^2) tan'^y^p 



+ e 



Set XXVII., p. 312. 



I. 2TaA2. ^^a[(a + A)^-a^]. a. tt^VCM- 8. |a6; 4ira67l5. 

4. T(6-a)2(6-ba)/4c. «. fl-(a« + 62)/2. 7. a5/30. 

•. (4-ir)a2/2; (4 + ir)a2/2. lO. Sira^; 27rV. 11. ira2; irV/2. 

12. (ir-2)a2/2. 18. ira3(10-3ir)/6. 18. 2. 

18. 3ira2, 4a (1 - cos a/2), 5iraa», iHaS. 18. a6c/6. ao. irac^ft. 

•• ^/ a 1 ^a\ 
aa. -^{ta.n2+^^T^^2r 

Pe ( sina ^ 2 ^ i/a/^""^* *'^\ 
2(I^^r r+Vco8a + ^7r^)*^^"\ VlT"e**^2^ 

28. Ta2/12.. 84. ira2/4, iraV2. 85. (3 - 2 log 2) a*/4. 88. (4-ir)a«/2. 

Set XXVni., p. 322. 

8. 16a2/3. 8. llT. 8. 2^\^^+^2J- 



CHAPTER XV. 
Set XXX., p. 347. 

1. (i) W + a2'+ ... +0/2. (ii) (V + V+ - +0/2. 
a. (ajil i + 6i5i + 02^42 + &2^s)/2- 

7. (i) 3/*/5, 3ife/8. (ii) 2A/5, ^/2. (iii) §a sin^ a/(a - sin a cos a), 0. 

(iv) S=|a(l+cosa). (v) 5a/6, 0. 

10. (i) 5ilfa2/4. (ii) IMa^S. (iii) i//i76. 

(iv) 3iifa710, 33f(a2+4A2)/20. 



Il 
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CHAPTER XIX, 
Set ZXZV., p. 416. 

€L (l-ati)(l- 6a()-Vif'=0; «,, «, are the flquares of the semi-axes U 
the oonio ox* + 2Aafy + &y* = 1. 

f. floV(«'-<*)+«»'^/(^-«)+«'<^/(<^-tt)=0; «i, tt, are the sqaares of 
the Mmi-axet of the conic in which the plane cuts the ellipsoid. 

Set ZXZYL, p. 422. 

I. ^(11+ 1). •. l/2a. •. flk 4. (ai+a^-h ...o^,)/*. 

e. OD and 1. e. - 1 and - 1. 7. 2 and 2. 

•. 1 and - L 0. afb and 2a/&. lO. 1/2. 

II. (loga-log6)/(loge-log(7). 19. 1 and 1. 18. aja^..,a^. 

14. iandL le. «-•»/»■ and 0. 17. ±(a/6). 



CHAPTER XX. 
Set XXXVUL, p. 439. 
I. y-x=C(l+xy). a. sin-V-8in-^a:=C. 

•. Oy={l-fny){x-^m). 4. xy»=C{2jf+x). 

e. y=Ca!«-I/4C. 6. (2a--3y+l)»(a;+2y-2) = a 

/n ^c 
D-^V9 where R={a+mb)-n+ac-{-bg. 

•. 6y"+2oa:y-/«'-2^*+2cy=C. 9. y=(a:+Cl«-* 
lO. y^\x+Clx. II. y=:(8in->a?+C)/V(l-««). 12. (l+aJ^)y=^+a 
IS. y=C7e-**+{ocoe(6a: + c) + 6Bin(6a; + c)}/(fl^+6»). 
14. l/y»=|jB»+a«». 1«. ar/y=C+loga:. 

le. a;*+2xy-y*-2a«x»-269y'=C. 
17. (y-Oa?)«=a«(7« + 6«; a!»/a« + ya/68=l. 
la y=Ca?+C«; 27y" + 4a:»=0. 19. t/^=Gx^+Cf^. 

90. y=i4e-*+^e*«. 21. y=-4+5€««+Ce»*. 

as. y=e**Moosx + 58ina?) + (2oo82{r+8in2a?)/30. 
as. y=u4e*+^«««-«e*. 

S4. y=J 006na; + £ sin na; + x(a sin no; -6 cos na;)/2n. 
S«. y=^e"»+^«-"*+aKae"*-6e-'«)/2n. 

as. y=c»'Mcos2a: + J5sin2a:) + (169a:2+15ea:+46)/2197. 
a7. y=(-4+j5a:)co8a: + (^+/'a?)sina:. 
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da. a;=e«(^ cos t + B sin t), 

y=e^{{A-B)coBt + {A+B)Bixit}. 
39. x^AooBt+Bsintt 

y=^B--SA)coat- i{A + 3^) sin t 
ao. a:=-4e«+5e-«-|«-i| + fe«, 

y=i(5-^ - Bt)€*-^E+ F+ Ft)e-\ 
•9. «= F^ cos a, y = Fi5 sin a - ^gf«2 
••. a;=acosn^, y=:&sinn/ where n=i^/«. 

•*• dt^~'^^^^^\l{x''a)' ^'Y(^)=^ + sin^cos^, where a;=acos2^. 

86. (i) 5y = ^M?(ar* -2l(x^ + l^x) ; 
(ii) By=^3(^{l-xf', 

(iii) %=^tiw;a(a:*-4;^ + 6^). 

87. y=(il cosna;+5sin «a:)/a:; y=5(8inwa:)/a?. 

89. (i) y=J+j?/a?+a:«; (ii) y=^a;3+ 5a;«+Ca?- a? log a:; 
(iii) y=Aoi^+Blx'\x, 

40. y=ilco8(«loga?) + jB8in(nloga?). 41. w=Ar-\-Blf^. 

4a. r=^logr + 5. 411. (Z>y)2+l=4aV(C-y2)2. 

45. y=i»'+-4a;+5/a:. 



INDEX. 



AbcUnk-AlMhkaiiowics, 192. 
Abers Theorem, 386. 
Abeciaaa, 4^ 7. 
Aooeleratioin, 160. 

angular, 153. 

normal, 359. 

radial, 239. 
Adiabatic cnrvee, 127. 

exnansion, 230. 
Algeoraio fanctiona, 43. 
Amder's planimeter, 321. 
Anohor-ring, 322, 349. 
Angle, 31, 219. 

Mtween two lines, 42, 207. 
Appell, 822. 
Approximation!, 196, 244-269. 

rule for, in expansions, 249. 

to areas and volnmes, 328. 

to integrals, 299, 306, 328. 

to roots of equations, 244. 
Arc, derivative of, 124, 201. 

of circle, Huyghens' approxima- 
tion, 396. 
Area, approximations to, 328. 

derivative of, 185, 201. 

interpretation of, 187. 

of closed curves, 316. 

of surfaces, 193, 338. 

of some common curves and sur- 
faces, 309. 

sign of, 186. 

swept out hy moving line, 319. 
Argument of runction, 14. 
Asymptote, 38, 1250. 
Auxiliary circle, 54. 

equation, 434. 
Attraction, 151, 154, 241. 
Axes, change of, 52. 

rectangu&r, 6, 20.5. 



Bernoulli's numbers, 404. 
Bessel Function, 407. 
BeU Function, 350. 
Binomial Theorem, 394. 

Gardioid, 202, 360. 
Catenary, 139, 360. 
Cauchy, 121. ^ 
Cauchy's form of remainder, 393. 
Centre of curvature, 354. 

of gravity, or inertia, or mu», 

341. 
Centroid, 341. 

Chrystal's Algebra, 173, 250, 290^ 
375, 382, 386, 395, 396, 404. 

EHementary Algebra, 20. 
Circle, Area of, S. 

of curvature, 354. 

involute of, 373. 

perimeter of, 85. 
Cissoid, 314. 
Clairaut's equation, 432. 
Commutative property of deriv* 

tives, 221. 
Complementary function, 433. 
Complete differential, 213, 224. 

integral, 426. 
Compound interest law, 97. 
Concavity, 180. 

Cone, surface and volume of,86| 
309. 

moments of, 349. 
Confocal conies, 428. 
Conic section, definition, equatioi 
and properties of, 47, 54, 61 

polar equation of, 63. 

tangent properties of, 124428. 

confocal, 428. 
Conical point, 218. 
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Conicoid, 218. 
CoDsecutive normals, 355. 
Constant, 13. 

arbitrary, 262, 425. 

elimination of, 424. 
Contact of curves, 361. 
Continuity, 12, 87. 

of elementary functions, 90. 

of series, 385. 
Convergence of series, 375. 

absolute or unconditional, 382. 

conditional, 382. 

uniform, 385. 
Convexity, 180. 
Coordinate geometry — 

of two dimensions, 27. 

of three dimensions, 205. 
Coordinates — 

cylindrical, 210. 

polar, 10. 

rect^angnlar, 7. 

spherical polar, 210. 
Corrections, small, 258. 
Cos X, expansion of, 394. 
Curvature, 352. 

centre of, 354. 

chord of, 354, 360. 

circle of, 354. 

formulae for, 353, 355. 

radius of, 354. 
Curves — 

contact of, 361. 

derived, 183. 

equation of, 23, 209. 

family of, 365. 

inte^al, 190. 

tracmg of, 311. 
Cusp, 46. 

of second kind, 261. 
Cycloid, 368. 

properties of, 369, 373. 
Cylinder, surface aqd volume of, 
86,309. 

Decreasing functioh, 104. 
Definite integral, see * Integral.' 
Definite value, 15. 
Density, 341. 
Derivatives, 101. 

geometrical interpretation of, 
105. 

not definite, 107. 



Derivatives of sum, product etc., 
112-114. 

of a function of a function and 

of inverse functions, 116. 

of implicit functions, 119, 214. 

of arc, 124, 201. 

of area, 185, 201. 

of surface and volume, 193, 346. 

successive or higher, 142. 
Derivatives, partial, 204. 

commutative property of, 221. 

geometrical illustrations of, 214. 

of higher orders, 220. 
Derivatives, total, 212. 
Derived curve, 183. 

function, 102. 
Differential, 120. 

complete or total, 213, 224. 

higher, 234. 
Differential coefficient, 102 see 

* Derivatives.* 
Differential Equations, 424. 

degree of, 424. 

exact, 431. 

homogeneous, 429. 

linear, 429, 433. 

order of, 424. 

ordinary, 424. 

partial, 424. 

simultaneous, 437. 
Differentiation, 101. 

logarithmic, 113. 

of series, 400. 

see * Derivatives.' 
Dimensions of magnitudes, 68. 
Direction cosines, 207. 
Directrix of conic, 47. 
Discontinuity, 88, 154, 387. 
Divergent series, 375. 
Durand, 193. 
Dynamics, 149-155, 225, 341-347. 

£k^centric angle, 55. 
Eccentricity of a conic, 47. 
Elasticity, coefficient of, 156, 230. 
Electric current equations, 159, 

430,438. 
Elimination of constantcu 424. 
Ellipse, definition and simpler 
properties of,jl:9, 54, 61. 

area of 281, 310. 

curvature of, 363, 359. 
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EllipM, evolnte of, 362. 

perimeter of, 405. 

tangent properties of, 124-128. 
ESUipaoid, moments of inertia of, 
345. 

▼olnme of, 270, 310. 

of revolation, «ee ' spheroid.' 
Elliptic Immtn ft- 

centioid of quadrant of, 342. 

moments of mertta of, 345. 
Enersy, kinetic, 150. 
Envelopes, 364. 

contact-prcnperty of, 366. 
Epicycloid, 360. 

properties of, 373. 
Epitrochoid, 370. 
Equations, of a curve, 23, 209. 

of a snr&ce, 209. 

theory of, 242-254. 

differential, 424. 
Errors, superposition of small, 258. 
Euler, 253. 

theorems of, on homogeneous 
functions, 412. 
Everett, 70. 
Evolute, 361. 
Expansion, coefficient of, 156, 

230. 
Expansions of functions, 390, 408. 
Explicit function, 16. 
Exponential function, 96, 394. 

graph of, 58. 
Extension, 152. 

Fluent, fluxion, 109. 
Focus of a conic, 47. 
Forms, indeterminate, 418. 
Forsyth's Differential Equations, 

424. 
Function, algebraic, 43. 

definition of, 14. 

explicit, 16. 

graphical representation of, 20. 

homogeneous, 412. 

implicit, 17. 

inverse, 18. 

multiple-valued, 17. 

notation for, 16. 

of a function, 90. 

pNBriodic, 56, 303. 

single- valued, 17. 

transcendental, 56. 



Gamma Function, 349. 
Grennochi-Peano's Calculus, 421. 
Geometry, coordinate — 

cf two dimensions, 27. 

of three dimensions, 205. 
Gradient, 32, 102. 
Graphical integration, 192. 
Graphs, 20, 311. 

general observations on, 59. 

of inverse functions, 44. 
Gray's, Absolute Measurements, 
70, 175. 

Magnetism, and Electricity, 439. 

Physics, 154, 160. 
Gray and Mathews, Bessel Func- 
tions, 407. 
Gregory's series for ir, 401. 
Gyration, radius, of 344. 

Harmonic motion, 152, 160. 
Heat, conduction of, 157. 
Henrici's Report on Planimeters, 

322. 
Hobson's Trigonometrv, 257. 
Holditch's Theorem, 323. 
Homogeneous functions, 

Euler's theorems on, 412. 
Huyghens' rule for circular arc, 

396. 
Hyperbola, definition and simpler 
properties of, 50, 54, 61. 
area of sector of, 289. 
curvature of, 359. 
evolute of, 371. 

rectangular, referred to asymp- 
totes, 54. 
tangent properties of, 124-128. 
Hyperbolic functions; 139-142. 
Hypocycloid, 369, 373. 
Hypotrochoid, 370. 

Identical Equality, theorem of, 

388. 
Impedance, 430. 
Implicit function, 17. 

differentiation of, 119, 214. 
Increasing function, 104. 
Increment, 65. 
Indeterminate forms, 418. 
Inductance, 159, 430, 438. 
Inertia, centre of, "341. 

moment of, 343. 
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Infinite, 60, 80, 196. 

series, see * Series.' 
Infinitesimals, 195-200. 
Inflexion, point of, 36, 180, 239. 
Inflexional tangent, 36. 
Integral curve, 190. 

function, 188. 
Integral, complete, 426. 

definite, 263, 298-309. 

double, 334. 

general, 189, 262. 

geometrical representation of, 
188, 263. 

indefinite, 262. 

limit of a sum, 324. 

line, 347. 

particular, 426, 433. 

related, 301. 

standard forms, 266, 278. 

surface, 347. 

triple, 338. 

see * Approximations.' 
tntesrand, 262. 

infinite, 304. 
iXntegraph, 192. 
'Integrating factor, 431. 
JIntegration, 262, 296. 

*t>y algebraic and trigonometric 
transformations, 267.' 

by change of variable, 271, 340. 

by partial fractions, 268, 290. 

by parts, 281. 

by successive reduction, 284. 

of quadratic functions, 274. 

of trigonometric functions, 278. 

of irrational functions, 294. 

of rational functions, 292. 

of series, 399. 

along a curve, 318, 347. 

over an area, 337. 

through a volume, 338. 
[ntercept, 31, 33. 
ntrinsic equation, 367. 
n verse function, 17. 

differentiation of, 116. 

graph of, 44. 
nvolute, 361. 

lated point, 313. 



kgrange's remainder, 392, 409. 
imb's Calculus, 348. 
kplace's Equation, 223, 236. 
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Leibniz, 121. 
series for ir, 401. 
theorem on derivative of pro- 
duct, 144. 
Limits, 74-86. 
distinction between limit and 

value, 81, 406. 
theorems on existence of, 100, 

377. 
of a definite integral, 263. 
Line integral, 347. 
Linear differential equations, 429, 
433. 
function, 31. 
Lituus, 202. 

Lodge's Mensuration, 331. 
Logarithmic differentiation, 
113. 
function, 67. 
series, 396. 
Logarithms, calculation of, 396. 
derivative of, 136. 
graph of 68. 
Ltiroth, 267. 

Maclaurin's Theorem, 391, 411. 
Macrean's Physical Units, 70. 
Magnitudes — 

dimensions of, 68. 

directed, 13. 

geometrical representation of, 
13. 
Mass-centre, 341. 
Maxima and Minima, 166. 

elementary methods, 171. 

of functions of several variables, 
412. 
Maxwell's Heat, 232. 
Mean-Value Theorems — 

Derivative, 162, 419. 

Integral, 300, 309. 
Mean value of a function, 332, 

339. 
Mechanics, «ee *' Dynamics." 
Minima, gee *' Maxima." 
Moment of differential, 121. 
Moment of inertia, 343. 
Momentum, 160. 
Multipliers, undetermined, 416. 
Multiple-valued function, 17. 
Murray's Differential Equations, 

424. 
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Napier*B buse, 59, 92. 
Newton, 109. 

his method of approximating to 
the roots of equations, 244. 
Node, 423. 

Normal, 123, 201, 216. 
Number f , 92. 

«-, 85, 401. 

Order of differential equation, 424. 

of infinitesimals, 195. 
Ordinate, 7. 
Oriffin of coordinates, 8. 

change of, 52. 
Oscillating series, 375. 
Osgood on Infinite Series, 375. 

Pappus' Theorems, 348. 
Parabola, definition and simpler 

properties of, 48, 54, 61. 

arc of, 127, 314. 

curvature of, 353. 

evolute of, 367, 371. 

semi-cubical, 127. 

tanffent properties of, 124-128. 
Parallel curves, 361. 
Parameter, 365. 

Partial Derivatives, see ** Deriva- 
tives, partial." 
Peano, 413, 421. 
Pendulum, period of oscillation of, 

402, 432. 
Pericycloid, 369. 
Period of a function, 56, 303. 
Perpendicular, length of, 63. 
Plane, equation of, 209. 

tangent, 215, 411. 
Planimeter, 321. 
Plotting of points, 9. 
Points, conical, 218. 

distance between two, 9, 206. 

isolated, 313. 

turning, 24, 167. 
Polar formulae, 200. 

tangent, normal, etc., 201. 
Potential, 153, 223, 351. 
Power, fundamental limit, 91. 

derivative of, 111. 
Power series, 383. 

continuity of, 386. 

differentiation and integration 
of, 400. 

The nundyera 



Primitive of differential equation, 

425. 
Prismoid, 332. 
Proportional parts, 255. 

Radius of curvature, 35 i. 

of gyration, 344. 
Rates, 65-73, 101. 
Rational fractions, integration of, 

290. 
Rational function, 34. 
integration of, 292. 
Reduction, successive, 284. 
Remainder in Taylor's and 

Maclaurin's Theorems, 392, 

409. 
Ring, see ** Anchor-ring." 
Robin's Tracts, 121. 
RoUe's Theorem, 161. 
Roots, see * Equations.' 

Schlomilch -Roche's form of re- 
mainder, 393. 
Segments, directed, 1. 

addition and subtraction of, 
2,3. 

measure of, 5, 12. 

symmetric, 3. 
Series, mfinite, 375. 

alternating, 382. 

differentiation of, 400. 

integration of, 399. 

multiplication of, 388. 

semi-convergent, 382. 

See * Convergence of series,' 
* Power-series.' 
Sign of area, 186. 
Simpson's Rules, a%, 332. 
Simultaneous differential equa- 
tions, .437. 
sin 07, sin'^x, expansion of, 393, 

401. 
Slope, 102. 
Solution of a differential equation, 

426. 

singular, 432. 
Space-rate of change, 103, 150. 
Sphere, surface and volume of, 

194, 309. 
Spheroid, oblate and prolate, 310. 

surface and volume of, 310. 
Spiral, of Archimedes, 201. 
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